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Address of the President 
Sir Robert Robinson, at the 
Anniversary Meeting, 1 December 1947 

The names that have just been recounted include those of many outstanding 
personalities in the scientific world and it would not be fitting to attempt even brief 
appreciations of their manifold services on this occasion. An exception must, 
however, be made when we mourn such giants as two of the deceased Fellows. 

Sir Frederick Gowland Hopkins, O.M., was elected a Fellow of the Society in 
1906; he delivered the Croonian Lecture in 1916, was Royal Medallist in 1918 
and Copley Medallist in 1926. He was President of the Society from 1930 to 1936. 
Such are the bare facts, and though we are proud of his intimate association with 
the Royal Society, we do not now think of a Lecturer, a Medallist, or even of 
a President. Our memory dwells rather on the lovable qualities and magnanimous 
spirit of a devoted teacher and leader, and on the influenctt of his generous help to 
others as well as of his personal achievements during almost seventy ye&m of 
scientific life. He was early imbued with the conviction that the chemistry of the 
living cell was his subject, that it was not only of transcendent importance, but 
also that it was ripe for development. He dedicated himself to the quest and 
embarked with enthusiasm on a pioneering voyage of discovery. The outcome of his 
courage and industry was the foundation of a new scientific discipline, if not of 
a new science. He was the father of modem schools of biochemistry and was the 
greatest biochemist of his generation. 

Professor Max Karl Ernst Ludwig Planck was elected a Foreign Member in 
1926 and was Copley Medallist for 1929. Originally a disciple of Boltzmann in the 
field of thermodynamics, his most characteristic contribution arose from a thorough 
examination of the experimental data relating to black-body radiation. His 
intuitive insight, powers of analysis, and willingness to accept the logic of his 
deductions however strange the result, made possible the transition to a new system 
of mechanics. It is probable that the historian of the future will date the modern 
era of theoretical physics from Planck’s recognition of the quantum of energy, 
one of the most fundamental discoveries ever made in physical science. 

In temperament and interests, Hopkins and Planck had little in common, but 
they were both the founders of schools of research; they were both great teachers 
and great men whose memoiy will long be cherished by their pupils and colla¬ 
borators. 

, Awards of Medals, 1947 

The Corx.BV Mxdal is awarded to Emeritus Professor Qookbby HanoLn Hardy 
in recognition of his diatfiiguished contributions to mathematics. 

For many years G. H. Hardy has occupied an outstanding position among 
mathmnaticians in this country, whilst his eminent services and original work 

t V] 
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have ako been very widely recogniised abroad. In his memoirs and papers 
published with ooUaborators, especially J. £. littiewood, are to be found the 
origins of the major developments of ‘olassica} analysis’ throughout the world in 
the years 1910 to 1936. 

Among the most influential and original of his works are those dealing with the 
Tauberian theorem for Cesaro summability ( 1910 ); the proof that the Riemann 
zeta-function has an infinity of zeros on the critical line ( 1914 ); the asymptotic 
formula for the number of partitions of an integer (with Ramanujan, 1918 ); 
the papers on Waring’s problem and Goldbach’s problem (with littlewood, 1920 , 
1922 ): the paper in Acta Mathematics on Fourier series (with Littlewood, 1930 ). 
He has made important contributions to lattice-point theory, to the theory of 
integral equations, and (with Littlewood) to the theory of Diophantine approxi¬ 
mation. 

Lying in widely separated domains of analysis, all these papers contain funda¬ 
mentally novel ideas which were the starting points for new significant develop¬ 
ments by Hardy and others. For example, a part of the distinguished work of 
VinogradofF may justly be said to derive from that of Hardy. His influence has 
been exerted, not only by his publication of original work, but also through a long 
succession of pupils, many of whom arc now well-known mathematicians. At 
a time when the vigorous treatment of analysis in' University courses had still 
to win general acceptance, Hardy’s enthusiastic advocacy and his inspiring lectures 
had a decisive effect. In addition, the appearance of his highly individual text¬ 
book Pure Mathematics helped to demolish finally the barriers between the English 
and Continental schools of mathematics. 

It is impossible to characterize in a few sentences the achievement, so varietl, 
and so abstruse, of the Copley Medallist for 1947 but in very ordinary words it may 
be said that Hardy saw clearly what were the most important tasks and problems 
lying before mathematicians; he had good judgment in selecting those which 
seemed ripe for attack, and he displayed the greatest skill and energy in their 
solution. 

A Royal Medal is awarded to Professor Cykil Norman Hinshelwood for 
his outstanding researches in chemical kinetics. 

Professor Hinshelwood has brought a characteristic lucidity of mind and 
directness of approach to bear on the investigation of many classical problems 
presented by the course of chemical change. He has clarified these subjects to an 
extent which seems remarkable to those who recall the mystery which enshrouded 
them only a few years ago. 

The acute suggestion of Lord Cherwell relating to the consequences flowing 
from the relative rates of formation and deoom|) 08 ition of an intermediate additive 
complex was taken up and extended by Hinshelwood. He predicted that on the 
basis of this theory certain apparently monomolecular reactions should follow 
a bimolecular law at low pressures. One example of the justification of this pro- 
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pheoy was found in the decomposition of acetaldehyde» This experimental 
verification of the hypothesis of intermediate complexes of definite life, and the 
new light shed on the mechanism of activation of molecules, are pillars of modern 
chemical kinetics. Hinahelwood has enlarged our knowledge of this subject by 
many other researches of great importance including those on the synthesis of 
water, a classical problem of seeming simplicity and real complexity and those on 
the conditions of ‘chain’ reactions. His ingenious experimental methods, though 
characterized by a lack of unnecessary elaborations, have nevertheless always 
been able to provide accurate results. 

It was a very original conception to apply the principles and methods of 
chemical kinetics to the growth of bacteria and Hinahelwood Has already made 
noteworthy progress in this field. 

The outcome has been to provide a new and more delicate assessment of the 
presence and activity of factors that influence growth at all stages under defined 
conditions. 

During the war he carried out important researches on the absorption of gases 
by charcoal, and on the preparation of suitable adsorbents for different purposes, 
ranging from gas-masks to the production of penicillin. 

The brilliant exposition of chemical topics contained in Professor Hinshel- 
wood’s books places contemporary chemists and students still further in his debt. 
His memorable addresses on the wider implications of chemistry made as President 
of the Chemical Society and on the occasion of the celebration of its Centenary 
were generally acclaimed. Possessing enviable linguistic attainments he has 
frequently been an Ambassador of British Science. Recognizing these achieve¬ 
ments we wish to honour Professor Hinshelwood above all for his pioneering work 
in the laboratory and in the study, which has thrown so much light on the most 
fundamental processes of chemistry, the mode of interaction of molecules. 

A Royal Mbdal is awarded to Dr Frank Macfarlane Burnet for his 
distinguished contributions to our knowledge of the viruses. 

Dr Burnet, Director of the Walter and Eliza Hall Institute, at Melbourne, has 
made a series of extremely significant investigations of bacteriophages and viruses 
since 1925. In twenty-seven papers on the first topic he has made greater advances 
than anyone apart from d’Herelle. He has elucidated the phenomenon of lyso- 
genesis or ‘carrying’ of a bacteriophage, active against other bacteria, by an 
organism which is itself apparently unaffected. He hats shown how study, partly 
on a biochemical basis, of the range of activity of ’phages against various bacteria 
can be used to classify not only the ’phages but the bacteria themselves. Other 
investigations have made an important contribution to our present ideas as to 
what bacteriophages are, 

Since 1988 he has studied many viruses pathogenic for vertebrates. He has 
shown how psittacosis is endemic in wild Australian parrots, and has thrown light 
on the epidemiology of herpes and poliomyelitis. To modern workers he is best 
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known for his development of several techniques for cultivating viniscH in living 
chick embryos and their application in immunologioal and other studies of viruseSi 
especially influenza. He has written monographs on the use of chick embryos in 
virus research, on immunity to viruses, on influenza and on the nature of anti- " 
bodies. 

At present he is examining the agglutination of mammalian and avian red blood 
cells by a number of viruses and virus-products and is thus throwing firesh light 
on the reactions taking place between viruses and the surfaces of susceptible cells. 
He has found that an enzyme produced by cholera vibrios has an action on blood 
cells which is quite similar to that of influenza viruses, and is capable of blocking 
the union between virus and susceptible cell. This discovery indicates one line of 
approach to the problem of the chemotherapy or chemoprophylaxis of virus 
infections. 

Burnet has been active in many other Adds; he has studied staphylococcal 
toxins and he was the first to make a formolized staphylococcal toxoid. He has 
demonstrated that a rickettsia is the cause of Australian Q-fever. 

Whilst his experimental studies have demanded close attention to detail, 
certain continuous threads have connected his interests. The breadth of his 
outlook and his philosophic attitude of mind are well exemplified in his fascinating 
book Biological Aspects of Infeciious Diseases and in the more recent publication 
Viruses as Organisms. 

The Davy Medal is awarded to Professor Linds Paituno in recognition of his 
distinguished researches on molecular structure. 

The unusual breadth of Professor Pauling’s scientific knowledge, his mastery 
of physios and mathematics in addition to chemistry, made him peculiarly fitted 
to apply quantum mechanics to problems of chemical valency bonds. In him, 
theoretical acumen and penetrating insight, are associated with experimental skill 
of the highest order and thus his theories were often tested after the devising of 
new physical techniques. 

This combination of theoretical and practical attainments is very remarkable 
at such a level in both aspects. 

As a natural consequence of his catholic interests Pauling’s work has covered 
a very wide range of chemical structural problems. He has devoted much attention 
to line spectra and many other physical topics but his most individual achieve¬ 
ments are in the advance of molecular structure theory. In elucidating the 
fundamental structure of simple organic compounds he developed the method of 
localized pairs (atomic orbitals) to provide a theoretical treatment of the valency 
conditions of such molecules. By this introduoticm of orbital hybridization he gave 
the first theoretical account of the tetrahedried distribution of the valencies of the 
saturated carbon atom { 1928 ). This was followed by the introduction of the 
quantum mechanical concept that the actual state of a molecule such as benzene 
should be represented as a resonance hybrid of several vaJenoy bond stouotuies 
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(i 93 i)» The application of this idea and the experimental verification of its 
structural implications in terms of increased stability and decreased bond distances, 
greatly increased our understanding of aromatic and general chemistry. 

The calculus of the resonance theory of PauUng, was the first to introduce a 
quantitative treatment of valency problems and its effect has been felt far beyond 
the bounds of the experimental material. 

In 1939 his extensive work was summarized in a great book The Nature of the 
Chemical Bond which will always be one of the classics of chemistry. Here we find 
a general classification of stubborn aspects of valency theory along with valuable 
tables of generalized and correlated data on resonance energy terms, bond distances 
and angles, and atomic radii. 

Ih'oceeding to apply his methods to the study of more complex molecular systems, 
Pauling lias made important contributions to our understanding of the metallic 
bond; of the structure and mode of denaturation of native proteins; and of the 
mechanism of the fundamental reactions of immunology, that is, antibody forma¬ 
tion, and the antibody-antigen interaction. 

Professor Pauling has earned our gratitude, not only for his personal services, 
gi’eat as those have been, but also because he has been a focus of activity and 
a constant source of inspiration to other workers. 

The Buchanan Medal is awarded io Sir Edward Mellanby, for his 

st^rvioes to medical science and in recognition of his outstanding re.soarches on 
dietary factors. 

The Buchanan Medal is awarded every fiv^e years in respect of distinguished 
services to hygienic science or practice in the direction either of original research, 
or of professional, administrative, or constructive work, without limit of sex or 
nationality. 

In each of these respects the award to Sir Edward Mellanby is surely one of the 
most appropriate that could be made. For some thirteen years he has devoted 
himself to the service of medical science and the national organization of medical 
research. 

His personal research work, which has been continued right up to the present 
time, has been concerned mainly with problems of nutrition, and has had important 
results in the relation of diet to the public health. 

His two most imjwrtant contributions have been on the effects of deficiency of 
vitamin I) and of vitamin A in the diet. He first showed that rickets was unquestion¬ 
ably due to the lack of a fat-soluble vitamin, since known as vitamin D, and he also 
demonstrated that other factors, dietary and general, such as lack of exercise, 
contributed to aggravate the condition. Quite recently he has shown that lack 
of vitamin A, in oddlbion to the already recognized effects on general health, is 
capable of producing profound neurological disorders, owing to the mechanical 
effect of abnormal growth of bones around the foramina through which nerves 
leave the central nervous system. The knowledge which has been made available 
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as a result of his investigations has played an important part in the feeding of the 
nation on scientific lines, in war, and in peaee-time. 

The study which he made of the effects of lack of iodine have thrown much 
light on the various forms of goitre, and especially on the hyperplastic and colloid 
forms: the former he showed to be caused by iodine deficiency, particularly in 
young animals, or in ante-natal states, while the latter is produced by the belated 
admission of iodine to such sufferers from the hyperplastic condition. The know¬ 
ledge has been of value in connexion with the lack of iodine in the water and soil 
of some districts. 

Mellanby’s researches on the physiological effects of alcohol have also provided 
valuable knowledge concerning the effects of this substance as a constituent of the 
diet. 

His most recent contribution has been to show that bread which is made from 
flour bleached by the Agene process, that is, with nitrogen trichloride, can cause 
the condition in dogs known as canine hysteria. 

As the Secretary of the Medical Research (kjuncil. Sir Edward has proved himself 
a wise, strong and withal a helpful administrator. 

The Hughes Medal is awarded to Professor Jean Fb^!d6ric Jouot in recogni¬ 
tion of his outstanding researches in nuclear chemistry and physics. • 

Profe.s8or Joliot, Director of the Nuclear Chemistry Laboratory of the College 
de France, was early concerned with investigations leading to the discovery of the 
neutron and with subsequent work on that particle. In 1932 he found that the 
very penetrating radiation emitted when beryllium is bombarded with alpha- 
particles was able to eject protons from hydrogenous material upon which it fell. 
This observation was followed up by Chadwick, who was able to show that the 
radiation consisted of the neutrons which he and Rutherford had sought for years. 

In 1934 Joliot made a discovery of the utmost importance. He found that 
aluminium and otlier light-atom substances were rendered radioactive by bom¬ 
barding them with alpha-particles. Ho showed that these radioactive products 
emitted positive or negative electrons and gamma-rays. By chemical methods he 
proved that the radioactivity produced was due to the formation of imstable 
isotopes of neighbouring elements, for example, in the cose of aluminium, the 
active substance produced was an isotope of phosphorus. It was soon shown that 
the production of these artificially radioactive isotopes was possible by bombard¬ 
ment with other types of particle and that practically all the elements could be 
prepared in radioactive form. In this way Joliot founded an important develop¬ 
ment of modem ‘tracer’ technique and opened up a field of investigation of 
immense importance to physical, chemical, and biological science. 

In 1939 Joliot and his oo-workera observed that in the^process of fission of 
uranium several neutrons are emitted. This important observation indicated the 
possibility of a chain process in uranium and Joliot at onoe endeavoured to produce 
such a self-propagating reaction. With Halban and Kowarski he showed, in 1940, 
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that if the flBsion neutrons wore slowed down in. heavy water a chain-reacting 
system could be produced. The practical success of the heavy-water ‘piles* in the 
United States of America and in Canada is the outcome of these pioneering 
discoveries in the application of atomic energy. 

In a great part of his work, Professor Joliot has been closely associated with 
his wife, Professor Irdne Joliot-Curie. 

I am grateful to several members of Council for their invaluable help in the 
preparation of the notes on the Medallists. 

On 30 January Her Royal Highness Princess Elizabeth was elected into the 
Fellowship and she graciously attended at the Society's Rooms for formal admission 
on 3 July. 

The Society is a privileged body and on the auspicious and happy occasion of the 
marriage of Her Royal Highness Princess Elizabeth to Lieutenant Philip Mount- 
battcm, R.N., an Address was presented to His Majesty tl^e King. The President, 
Vice-Presidents and Officers att>ended for this purpose at Buckingham I'alace by 
P’ommand on 6 November. His Majesty the King replied as follows: 

‘It is with special pleasure that I have received from the Royal Society, with 
which the Crown and my family have been so intimately associated for so many 
jmrs, your address of congratulation on the occasion of the engagement of my dear 
daughter, who was so recently elected into your Fellowslup. On behalf of the Queen 
and myself, I thank you sincere!}^ for the wannth of your congratulations and for 
your good wishes for the future happiness and prosperity of Princess Elizabeth and 
Lieutenant Mountbatten. Ceorge R.’ 

Fellows will join me in expressing sympathy with Sir Alfred Egerton. He has 
borne the pain and tedium caustd by his accident with the greatest fortitude and 
cheerfulness and we hope that he is now well on the way to complete recovery of 
all degrees of freedom. 

At the last Anniversary Dinner 1 referred to the relinquishment of the Foreign 
Secretaryship by Professor A. V. Hill and added, ‘It is a comfort to know that he 
will not be out of reach. I am sure that we shall need his help and lidvice in the 
future and am quite as sure that it will always be willingly given ’. A few weeks later 
it was most unfortunately necessary to find a temporary substitute for Sir Alfred 
Egerton and very fortunately the truth of the remark I have quoted was quickly 
proved, We are indeed grateful to Professor Hill for stepping into the breach as 
Acting Physical vSecretary during the first six months of the year. 

The Society was fortunate in securing the seKvices of Dr D. C. Martin as Assistant 
Secretary &om the beginning of the year. By herculean efforts he managed to cope 
successfully with the operation of taking-over and also with continuing help in the 
organization of the Centenary C/elebrations of the Chemical Society. 
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Undoubtedly the mo«t interesting development in the relations of science and 
administration during the past year was the setting up of two Advisory Committees 
to the Cabinet* The Defence Research Policy Committee was formed towards the 
end of 1946 and the Advisory Council on Scientific Policy at the beginning of the 
present year* 

This represents the success in jx^ace-time of an insistent demand of the war years 
for scientific consultation at the highest levels* Yet the consummation ha*s evoked 
some uneasiness. 

On the one hand it is feared that the freedom of research may be infringed by 
some form of planning or control. Apart from the subtle effects of selective 
encouragement, a danger which can hardly be avoided, 1 do not share these 
apprehensions. As we might have expected, a very sound doctrine was clearly 
expressed by Sir Stafford Cripps when he spoke to us on the last Anniversary Day. 
His reasoned conclusion was that ‘the real encouragement of pxu*e research must be 
left to independent bodies like the Royal Society of London or the Universities’. 
There is every reason to believe that His Majesty's Government as a w^hole realizes 
the vital importance of ifntrammelled scientific research and will not interfere with 
its free development. 

On the other hand it may be thought that the close contacts and collaboration 
with Ministers and their Departments which the Royal Society has enjoyed in the 
past are now endangered by the appearance of a buffer. There are several good 
reasons why no anxiety need be felt on this score and the chief is the enormous 
extension of public and governmental interest in scientific effort of all kinds. There 
is very much more work to do than we could possibly undertake alone, and 
a permanent organization with a full-time staff has become a necessity. The 
measure of our responsibilities continually increases and is likely to increase in the 
future. We have not surrendered the power to take the initiative, and we retain the 
traditional privilege of access to authority. Our public usefulness depends therefor© 
on our own ability to suggest and promote action and wo have even gained potential 
for independent leadership. Examples of our initiative during the past year are 
placed on record in the Report of CJouncil and I draw your attention to three 
topics. 

At the invitation of the Ministry of Education the Society has formed a British 
Committee for co-operation with U.N.E.S.C.O. in the Natural Sciences. This is 
{>erhaps the most widely representative scientific committee in the country. Its 
Chairman is the Foreign Secretary who is at present attending the Second General 
Conference of U.N.E.S.C.O. in Mexico City as a delegate of the United Kingdom. 

You will see from the Report that an investigation has disclosed that a major 
cause of delays in scientific publication is the shortage of skilled compositors. The 
Minister of Labour and National Service expressed interest in our problems and 
w© are deeply indebted to Mr Isaacs for his personal intervention and for his 
suggestions. As a result of these and contacts with officials of the Printers' Trade 
Unions it is hoped that the situation may improve. 
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The following figures show the position of our own publications: 

Delays in publioation 

CoxnpariBon of the time elapsing between the receipt and publication of papers in the years 
1938, 1946 euid 1947 (to September). 





maximum 

mimmtixn 



average delay 

delay 

delay 

Journal 

year 

(weeks) 

(weeks) 

(weeks) 

Frooeedinga A 

193B 

18*9 

26 

12 


1946 

57 

68 

42 


1947 

35-5 

41 

29 

Proceedings B 

1938 

16 

23 

10 


1946 

65 

88 

33 


1947 

41 

63 

32 

Tranaactio7ia A 

1938 

36-5 

56 

17 


1946 

72 

84 

60* 


1947 

55 

66 

38 

Transactions B 

1938 

28-5 

38 

20 


1946 

106 

216 

42 


1947 

86-6 

116 

45 


* Not including papers delayed by security. 


The delay is roughly twice as long as it should be on the assumption that the 
practice in 1938 was reasonably expeditious. It is to be feared that the pubUoation 
lag in many scientific journals is still greater and the harm that results is hard to 
overestimate. 

It is discouraging to the younger men whose advancement often depends on 
a record of publications; it allows of anticipations by other workers, and hence to 
a proliferation of preliminary no tee. 

The third topic is that of the hoped-for improved accommodation of the Scientific 
Societies; it has been adetjuately discussed in general terms on many occasions. 
We have continued talks and negotiations in various quarteire during the past year. 
But it became evident that no agreed scheme of co-operation between the Societies 
most nearly concerned had been prepared and that we have no precise case to 
advance. In order to provide this pre-requisite for action, a committee or working 
party has been formed by the Council to explore the problem in detail and to 
prepare the alternative complete plans. 

Before proceeding to discuss some new scientific matter I would like to read 
a greeting sent by Council on behalf of the Society to Sir Charles Sherrington on the 
occasion of his ninetieth birthday. 

‘The Royal Society sends you its greetings and good wishes for your birthday. 
We think of our former President with esjieoial pride and affection—we are proud 
of your scientific achievement, of the fresh light you have thrown on the hidden 
dealings of the nervous system, of the many pupils you have inspired and of the 
originality and distinction which has informed your scientific writing. We are 
proud of the philosopher who has first learnt the wisdom of the body and of the 
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poet who can toucli the aprings of the mind. But on this birthday we think not so 
much of the great scientist as of the well-loved friend of many years who has won 
universal esteem by his kindness and generosity and by the courage and purpose 
of his life. You have set us an example for which we thank you, and we wish you 
all the happiness which you have so well deserved.’ 


An essay in correlation arising prom alkaloid chemistry 

The incident which I wish to describe is of peculiar interest because it transpires 
that the behaviour of a natural product can only be explained in the light of 
knowledge comparatively recently acquired and never previously brought to bear 
in the analysis of a structural problem. 

When we break up molecules in order to examine the fragments, or submit them 
to transformations in order to recognize the reactive groups, the changes that occur 
usually follow relatively simple rules; the pieces, for example, are clearly related 
to the whole from which they were obtained. In certain classical instances the 
picture has been confused by rearrangements of atoms within the molecule in the 
course of some of the changes examined. 

But these molecular shifts also follow laws which have gradually been brought 
to light and it has always been possible to integrate the data in terms of a particular 
molecular structure. 

Thus camphor showed itself to be a chemical proteus and at one stage it was not 
clear which manifestation corresponded to the reality. The vagaries of this molecule 
which proved most puzzling were explained by Lapworth. Camphor and all its 
derivatives have been synthesized and thus all dubiety was resolved. 

Brazilin is another molecule which twists itself into contortions and here again 
we can follow all the varied transformations and we have the confirmation of 
s 3 mthesis, not it is true of brazilin itself, but of many of its more important 
derivatives. 

But the star performers in the team of molecular acrobats are undoubtedly the 
alkaloids of the morphine group and 1 shall speak especially of thebaine. 

In 1923-6 I discussed the chemistry of morphine, codeine and thebaine with 
John Masson Gulland, whose untimely death in a recent railway accident was so 
great a tragedy. We arrived at a solution of the problem which has since been 
generally accepted but there is no synthetic proof that applies to the thebaine 
structure itself. The certain knowledge from analysis and synthesis relates to the 
various transformation products and the molecular structures of many of these are 
established beyond dbubt. The validity of our formulae, therefore, is estimated 
entirely on their success in interpretation of a complex of data. With an emendation 
in one group of products, suggested by Schopf and gladly accepted, it seemed that 
the book was aU but closed. Yet the most remarkable rearrangement of the 
molecule and one of the most extraordinary changes yet encountered in the whole 
domain of organic chemistry, remained to be recognized. It subjected the Gulland- 
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Robinson formula to a very severe test and triumphant emergence from the 
ordeal was at one time in doubt and has only been guaranteed during the last two 
months. 

In 1906 Freund treated thebaine with phenylmagnesium bromide and obtained 
a new base, phenyldihydrothebaine, which was just thebaine to which the elements 
of benzene (C^Hj, H) had been added. Similar substances were made later using 
other organo-metallic reagents and Lyndon Small and his collaborators have care¬ 
fully re-examined and extended the series. They have established some intriguing 
stereochemical relationships and corrected mistakes of other workers. 

In 1943, in the course of a visit to Washington, I was privileged to hear of 
Dr SmalFs results and to examine the detail of his brilliant experimental work. 
Two conclusions appeared to me then to be inescapable but the full solution of the 
mystery remained elusive. In September of this year Dr Small kindly sent me the 
manuscript of a paper which should appear in the Journal of Organic Chemistry for 
November. He had been unable to make any use of my views and further coiTe- 
spondence showed why that was so, and also led to the understanding that the 
present disclosure should be made. A new idea, based on the postulates of 1943, 
then occurred and the validity of this has recently been indicated by a crucial 
experiment. 

The first of the inescapable conclusions to which I have referred is derived 
from a comparison of thebaine with phenyldihydrothebaine. The latter is out¬ 
standingly more stable. It is hard to hydrogenate in the presence of a catalyst 
(thebaine is easily attacked) and when reduction does occur all that hapj^ens is 
a break of a C—N bond. Thebaine is very easily hj^drolyzed as an enol methyl 
ether but although pheuyldihydrothebaine contains this methoxy group (also one 
other OCH 3 and a phenolic OH), it is not hydrolyzed by hot concentrated hydro¬ 
chloric acid. But hot hydrobromic acid produces the change (OCH 3 )a(OH) (OH )3 
and the action of diazomethane on the trihydroxy-convpound gives a trimethoxy- 
oompound which is the methyl ether of phenyldihydrothebaine. From these facts 
it is perfectly clear that the near-aromatic nucleus of thebaine, which bears the 
hydrolyzable methoxyl, has become truly aromatic in phenyldihydrothebaine. 

The second conclusion follows logically from the first, considered in the light of 
other data. Phenyldihydrothebaine is optically active and by Hofmann's 
exhaustive methylation procedure it gives a series of optically active derivatives; 
this is even true of the second stage in which nitrogen is eliminated. The process 
is C — 0 —N—C—C C—C i NMej j The two double bonds in this optically 
active product can easily be shown to be present by diagnostic tests. 

Now phenyldihydrothebaine is a C 35 base and one carbon atom is in : NCH 3 
(now lost), two carbon atoms are in OCHg groups, and by hypothesis eighteen 
carbon atoms are in three benzene rings (two of the thebaine skeleton and the 
phenyl group introduced by the reagent); that leaves only four carbon atoms for 
the two double bonds. Hence exhaustively methylated phenyldihydrothebaine 
cannot contain an asymmetric carbon atom and it must owe its optical activity to 




xvi Anmmrmr^ AMrtm 8^ 

m asymmetrie moieoiUe of the type familmr to e 3 mthetio ohemiate and stereochemists 
but never before encountered in the study of a natural jn-oduot. 

It is easy to guess what kind of an asymmetrio molecule is present. Thebaine is 
easily degraded to phenanthrene derivatives (such as I) and these in their turn are 
derived from diphenyl (II). 



In 1922 Christie & Kenner showed that the dinitrodiphenio acid (III) could be 
resolved into optically active forms. They also pointed out that this result was 
explicable if the two rings are assumed to be co-axial (as shown by the dotted line) 
but not oo-planar. In 1926 Turner & Le Fdvxe, Bell & Kenyon, and Mills developed 
the hj'^pothesis that restricted free rotation of the phenyl groups is conditioned by 
the position and size of the substituents. It is well known that this hindrance 
theory harmonizes all the extensive experimental data. 

We arrived at the restricted diphenyl idea as a plausible explanation of 
the optical activity of the end-product of the Hofmann degradation but there 
is strong evidence that it must also be applied to phenyldihydrothebaine 
itself. 

Small and his collaborators have shown that Freund’s phenyldihydrothebaine is 
a mixture of two isomerides (equated in various ways, as by reduction, or exhaustive 
methylation) which he calls (-f) a and (-f-) ^. On heating (H-) a is partly changed 
to the optical antipode of ( + )S; similarly (-1-)^ goes partly into the optical 
antipode of (-f) x. The equilibria can be reached from either side. Small 
clearly recognizes that these changes are partial racemifations but appears to 
think it possible that a number of asjmmetric centres could be inverted in step. 
He calls the optical antipode of (+) a, (—) a, but it is preferable to term it (—) ^. 
Thus +, — and a, S can be taken to be symbols representing left-hand or right- 
hand at each of two sources of dissymmetry. The partial raoemization of (-f) a 
gives then (-) a. These facts alone suggest that the phenyldihydrothebaine 
molecule contains two sources of dissymmetry and only two; one of these (repre¬ 
sented by +, -) is a noncoplanar diphenyl configuration, and the other (repre¬ 
sented by a, S) is an asymmetric carbon atom. We are able to substantiate this 
view and the substance is therefore the first in which molecular dissymmetry and 
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that due to an aaymmetrio carbon atom (also, strictly speaking, molecular) co¬ 
exist. The theory extends to this case without modification; there are the usual 
numbers of isomerides, 2”, where n is the number of sources of dissymmetry, Aot 
necessarily all asymraetrio carbon atoms. This principle is quite obvious but has 
not previously been enunciated, chiefly because the mixture of as^ymmetric types 
is itself new. 

All these and many other facts had to be taken into consideration in the 
endeavour to find a structure for phenyldihydrothebaine and it would take too 
long to carry the argument through all its stages. It will be stated more fully 
elsewhere; meanwhile phenyldihydrothebaine is believed to be (V) and its forma¬ 
tion from thebaine (IV) is the result of molecular rearrangement of quite a new 
type. 




It was first formulated as a likely process from the electronic point of view. In 
words: the migrating ethanamine chain is cationoid, (c) is joined to (b) by means of 
the electrons of the link (o b ); the electrons in (c d) go to (d e) and fulfil the demands 
of aromaticity of the nucleus; electrons (e f) are then taken by the oxygen atom 
which acquires a negative charge (on decomposition of the complex by water, 
a proton is attached to oxygen); the phenyl anion brings a new electron pair to (a), 
replacing those lost to the migrating group (c). This connected series of changes can 
be thought of as starting at either end; i.e. attack by Ph—, or assumption of 
a negative charge by oxygen. As in many other migrations in this group the 
driving force is doubtless the tendency of the near-aromatic group to become fully 
aromatic. The formation of isomerides is due to construction of the —CHPh— group 
in each of the two possible senses, the diphenyl skeletons being configured in one 
sense only. 

The formula (V) is perfectly satisfactory; examination of models shows that the 
nine-membered ring allows the phenyl nuclei to be disposed at right angles or at 
any intermediate angle without strain; there is one asymmetric carbon atom 
marked * in the formula (V); all the chemical properties and transformations 
receive natural explanations. But there was thought to be one important exception 
and because of it Dr Small was not disposed (some time before the complete theory 
Was available) to accept the postulation of the two aromatic nuclei. The ultra-violet 
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absorption of phenyldihydrothebaine gave no indioation whatever of the appeartoce 
of a new aromatic ring in conjugation with the first. 

This ought to have been thought decisive, but as it conflicted with other equally 
definite evidence, something had to be jettisoned. Actually a further correlation is 
possible and the parts now fit together like a Chinese puzzle made in ivory. 

1 am indebted to Dr J. W. Cornforth for pointing out that non-ooplanar diphenyls 
do noi exhibit normal ultra-violet spectra. This was first noted by Picket, Walter & 
France ( 1936 ) and a clear ease is given by O’Shaughnessy & Rodebush ( 1940 ). In 
this example a large ring of eighteen members is formed by a bridge across the 
m-positions of a diphenyl derivative. There is no diphenyl band and only end- 
absorption. 

In the last few weeks we have sought and obtainc^d experimental confirmation 
of the structure (V). Mr K. W. Bentley has oxidized phenyldihydrothebaine 
with potassium {lermanganate and obtained benzoic acid, benzaldehyde, and 
4-methoxyphthalic acid (VI). This was identified very thoroughly uith an authentic 
specimen. 

By exhaustive methylation, including that of the phenolic group, an optically 
active product (VII) (made by Freund but stated to be optically inactive) was 
obtained and oxidation of this by permanganate in acetone afforded a trimethoxy- 
diphenic acid (VIII). These are very cold, hard facts and it is to be feared that in 
the future they will be cited first and all our interesting arguments will be forgotten. 



(VI) (VII) (vni) 

Ojie further punctilio. The thebaine transformations are like the variations of 
a chess problem in that they have a common key-move. Are we justified in 
assuming that the problem as set has a unique relation to the variations? Is the 
thebaine structure proposed by Qulland & Robinson the pnly one which serves to 
explain the whole of the results? The key-move is the migration of the ethanamine 
chain from (d) to ( 6 ) in (IV); it is only the position after the migration that we have 
proved to be correct. Taking everything into consideration one alternative can 
indeed be seen. This can best be explained by reference to the intermediate 
(IX) now postulated in the complex changes that thebaine undergoes in acid 
solution. 

(IX) arises from (IV) by migration from ( 6 ) to (d) and by hydrolysis. It could 
equally well arise from (X). The only way of distinguishing between (IV) and (X) 
seems to be by a study of the a- and /^-methylmorphimethines and the optical data 
on these substances strongly support (IV) and would remcun inexpUoable on the 
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hwsiB of (X). According to Dr R, Strauss the ultra-violet absorption of a-methyl- 
morphimethine is not styronoid and would be consistent with the arrangement, 
^.C,C:C.C:C—, On the other hand that of the yff-isomeride shows strong con¬ 
jugation consistent with ^. C: C. C: C,. The skeleton of (IV) permits these rearrange¬ 
ments and structural elements, but that of (X) does not. The question is related to 
that of biogenesis and further enquiries must be instituted. 





The basic reactions in the upper atmosphere 
II. The theory of recombination in the ionized layers 
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Keoombination in the ionized layera is discrussed. It is point(?d out that the results of recent 
work make the ionic recombination theory very tliffioult tf> maintain. . Consideration is 
thopofore given to two alternatives, the dust recorrihination theory and the molecular 
recombination theory. It is concluded that of thew> only the latter is at all promising. In 
the E layer the recombination process wouUl bo 




while in 

the cfTective reactions would be 




XY+ + e >J£-'+y' ). 


N+ + <>-h-N' + N'. 

and 

X+ + A'K^A-r'+N,) 


A'Y+-|-e-A'+l" j 


The molocule XY possesses a lower ionization potential tlian () and need fortn only a very 
small fraction of the upper atmosphe^ric content at the altitudes concerned. It is not identitied 
but may be Oj or NO. The reaction involving ()^ must be uitroducod, as otherwise the con* 
eentration of this ion would build up to impossibly large values. In the same reactions 
would be supposed to occur os in but the reduced ammmt of X 1' would lead to a lower 
and pressure-dependent rtjcombination coefficient. Confirmation of the theory must await 
proper determination of the reaction rates. 

1. iNTBonncnoN 

Difficulties of the ionic reernnhination the/iry 
A number of investigations have been carried out on the theory of recombination 
in the ionized layers of the upper atmosphere. The most obvious action to consider 
is of course the electronic process 

+ e -> X + hv (X = O, Oa, N,). ( 1 ) 

Bates, Buckingham, Massey & Unwin ( 1939 ) have calculated the rate at which this 
can occur and have found that it is much too slow to account for the experimental 
data,* Another possibility is that a quasi-equilibrium of oxygen negative ions is 
set up between attaoliment by 

0-t-e->0 +AV (2) 

and detachment by 0“-f0 -> 02 -l-e (3) 

and by 0 +Av-->0 + c (reverse of (2)), (4) 

* A atirvey of the information relating to the layers has been made by Bates <k Massey 
( 1946 ). In Appendix 1 we reproduce for reference a table showing the main properties of a 
simpiifled model ionospliere. Individual references will be found in the original paper. 

[ 1 ] 
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and that recombination proceeds through the removal of the negative ions by 

+ + (6) 

This (the ionic recombination theory) has been studied in some detail by Bates & 
Massey ( 1946 ). They concluded that, if the attachment rate associated with ( 2 ) is 
abnormally high owing to a resonance efiFect (cf. Bates & Massey i943)» 
electron affinity of 0 is taken as 3 * 1 eV (as measured by Vier & Mayer ( 1944 )) rather 
than as 2*2 eV (as measured by Lozier ( 1934 )), then the basic observational facts 
can be satisfactorily explained provided the associative detachment coefficient k 
involved in ( 3 ) is 2 x lO^^^c.c./sec,, and the iomc recombination coefficient 
involved in (5) is 3 x lO^^c.c./sec,* While reliable determinations of k and are 
not available, theoretical estimates suggest that both are much smaller than is 
required. This difficulty, which was emphasized by Bates & Massey ( 1946 ), is 
enhanced by certain recent developments. 

(а) It is doubtful whether the assumption of exact resonance in assessing the 
attachment coefficient rj is correct. Some Justification is provided by the experi¬ 
ments^! results of Lozier ( 1934 ) and Hagstrum k Tate ( 1941 ), who found evidence 
for the existence of a stable excited state of 0~ with low binding energy. It m\ist 
be remembered, however, that the binding energy must be very close to zero to 
give tfje full resonance effects. Moreover, the nature of the excited state is obscure. 
Thus a theoretical investigation by Bates & Massey ( 1943 ) showed that, to introduce 
a stable excited state, the effective field acting on the outer electron must be con¬ 
siderably greater than would be anticipated even when allowance is made for 
polarization of the neutral atomic core. 

If, in spite of the objections, the resonance phenomenon is accepted, allowance 
must be made for its full implications. In particular, the exceptionally large electronic 
scattering coefficient associated with it must be used in computing collision fre¬ 
quencies. The evaluation by quantal methods of this coefficient has now been com¬ 
pleted. Details of the work are given in Appendix 2 . The essential result is that, at 
resonance, the magnitude of the coefficient is of order 10 '‘®c.o./ 8 ec. At the level of 
the E layer there are some 2 x 10^* oxygen atoms/c.c. The predicted collision fre¬ 
quency for the electrons is therefore 2 x 10 */sec. This is significantly greater than 
the value 2 x 10 ®/sec. deduced by Bailey & Martyn ( 1935 ) from the interaction of 
radio waves in the lower part of the layer, suggesting that resonance does not in 
fact occur. Similar but less definite evidence is provided by the upper layers. 

( б ) Bates & Massey ( 1943 , 1946 ), following a suggestion of Sayers,f considered 
the possibility that an alternative means of attaining the abnormally high attach¬ 
ment rate needed in the theory might be through the dielectronic process 

0 (ls*, 2 ^ 2 , 2 ^)*,«P)-he^O^(ls*, 2a, 2p\^^), \ 

0^{U\ 2a, 2p\ *8) 2a\ 2p\ ^P) + huj 

♦ This value is actually only required for the E layer particles. Somewhat lesser values 
are sufficient in the upper layers. 

t Private oommunioation. 
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To be at all elFective this requires the energy of the state to lie just within the 
continuum. At the time this did not appear at all likely, but it could not be com¬ 
pletely ignored. Recent work by Bates (1947), however, has confirmed that the 
energy condition is not satisfied. In consequence dielectronic attachment is so slow 
that it can be neglected. 

(c) In order to decide between the two determinations of the electron affinity of 
oxygen, Bates (1947) made a study of negative ions using semi-empirical methods. 
He found the evidence to be in favour of the value 2-2 eV rather than the value 
3*1 eV (the one required by the ionic recombination theory, Bates & Massey (1946)). 

If either the high attachment rate, or the high electron affinity of oxygen, is 
abandoned, the difficulties already mentioned in connexion with the negative-ion 
recombination theory are intensified. Should both be abandoned (as is suggested 
by (a), {b) and (c)), it would appear that the theory can no longer be regarded as 
tenable. 

The extent of the failure can most clearly be demonstrated by considering the 
E layer. It can be shown (Bates & Massey 1946) that after discarding certain small 
terms (such as those involving the electronic recombination coefficient) the 
formula for the effective recombination coefficient a is simply 

a ^ Aa,., (7) 

where A, the negative ion to electron ratio, is given approximately by the relation 

A = (8) 

Here is the electron density, is the oxygen atom density, q is the effective rate 
of electron production, p is the rate of photodetachment/negative ion, and the 
remaining symbols are as above. 

The basic experimental facts to be explained are that a is of magnitude 
1 X 10~®c.c./8ec. and that it is independent of and Now 


l*5x lOVc.c.,! 
2 X 10^^/c.c. 1 


(cf. Appendix 1), 


7 w 1*1 X 10'”^®o.c./8oc.,l (cf. Bates & Massey (1943), 
p = 0-35/sec, I (b) and (c) being accepted). 

Clearly from (8) A < ifnjp, 

or, substituting, A < 6-3 x 10“®. (9) 

As a consequence of the smallness of this number must be so large to satisfy (7) 
that a^nl becomes the major term in the denominator of (8). If q and Kn^n^ are 
neglected, is actually required to be about 5 x 10““*o.c./sec. Since this is greater 
than the value found in air even at atmospheric pressure* it can scarcely be accepted. 


• Cf. Sayers (1938). 
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Further* the predominance of a^nj results in a depending both on and on 
which is in direct conflict with observation. Difficulties also occur in connexion 
with the upper layers. Unless, therefore, some factor has been overlooked, or unless 
some of the data used are incorrect, it would seem that the ionic recombination 
theory is not valid. Up to the present, little attention has been paid to the possible 
alternative theories, but it would now appear necessary to study them closely 
to see if any of them are at all plausible. 

2. The dust particle recombination theory 

Bates & Massey (1946) suggested that an enhancement of the recombination rate 
in the ionized layers might be provided by the presence of dust particles, originating 
perhaps from volcanic action or from meteors. Although this is not an attractive 
possibility it cannot be dismissed without examination. 

At first sight it would appear likely that any dust particles in the ionized layers 
would be negatively charged owing to the velocity of the electrons being greater than 
that of the positive ions. However, in daytime, sunlight will produce photoelectric 
emission from the particles. If this emission is comparable with the rate at which 
electrons are encountered it becomes difficult to decide whether, on the average, the 
particles will have predominantly a positive or negative charge. As an approximate 
estimate shows that the two rates may well be of the same order (the flux of quanta 
with quantum energy greater than 5 eV is 1000 times that of the electrons in the 
E layer) it is necessary to consider, as separate possibilities, the presence of posi¬ 
tively and negatively charged dust particles and respectively. 

2-1. Positively charged dust particles 

The first possibility is that a dust particle is ionized by collision with one of the 
positive ions formed in the layer and that subsequently an electron recombines with 
it, the energy of neutralization appearing as heat (as in wall recombination in a 
discharge tube). The sequence of events leading to the disappearance of a positive 
ion and an electron can then be written 

+ (10) 

(!!)♦ 

If it is presumed that the number of dust particles/c.c. is sufficiently great, then 
almost all of the positive ions will be in the form of rather than This would 
ensure not only that the effective recombination coefficient would be independent 
of and but also that it would not change with any influx of dust particles—^the 
former at least is essential in view of the observed constancy of the recombination 
coefficient in the E layer. 

♦ Recombination of electrons and particles formed photoeleotrioally is of course 
ignored here. 
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Little is known of the rates of such processes as (10) and (11), but the eflFective 
cross-sections are likely to be of the order of the geometrical cross-section Q of the 
dust particles. Using the observed rate of recombination in the E layer (of. Appen¬ 
dix 1), together with the mean electron velocity of lO’cm./sec,, the vahie of Q 
required is found to be 10“^® cm.^, rather more of the dimensions of a molecule than 
a dust particle. The equilibrium concentration of tree positive ions will be given by 
where is their mean velocity and q their rate of production/c.c. by 
photo-ionization. This must be considerably smaller than the electron concentra¬ 
tion. Substitution of the values 1*5 x 10®/c.c., 220/c.o./sec., 10™^®cm.^ and 
5x 10^ cm./sec. for q, Q, and respectively, shows that must be at least 
10®/c.c. Almost the same figure is obtained for the layer. With any normal altitude 
distribution one would exjxsct the value of Ujy at the level of to be as much as 100 
times that at the level of This would increase the minimum acceptable value to 
nearly lO^^^.c., which is improbably high. Among other difficulties the production 
of electrons bj^ photoelectric omission would bo very rapid—the number of electrons 
emitted/c.c./sec, would be where ^ is the flux of solar quanta of suitable 

energy and x if^ the efficiency of photoelectric emission. Taking the work function 
of the particles as about 6eV, (j) becomes of the order 10^®/cm.*/sec., giving an 
emission of l()^‘*;^/c.c./sec., which is likely to exceed considerably the value 
220/c.c./sec. due to photo-ionization of atmospheric atoms and molecules in the 
E layer. Further the formation of D“ has so far been neglected. Though tins may be 
justified during the day (owing to their destruction by solar radiation) it is probably 
not justified at night. It can be seen that with the values of and Q found necessary 

all the free electrons would disappear immediately after sunset. 

2 *2, Negatively changed dwt particles 

The second possibility is that electrons attach to dust particles, 

( 12 ) 

and that negative ions of atomic oxygen are then formed by collision 

j[)“-4-0->D + Cr. (13) 

The dust particles thus act essentially as catalysts for the production of O . If, 
by so doing, they enable the negative ion-electron ratio to increase sufficiently, 
then the ionic recombination theory might be revived. 

Omitting the minor terms in the obvious modification of (8), the expression for 
the negative ion-electron ratio is given by 

A = (14) 

The observed constancy of a and hence of A demands that: 

(а) The concentration of dust particles should not fluctuate. 

(б) The rate of collision detachment should be greater than that of photodetaoh- 
ment. (This requires /c to be unexpectedly large just as in the original ionic recom¬ 
bination theory.) 
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(c) The acale height associated with the dust particles should be the same as that 
of the main atmospheric gases. 

It is very doubtful if these conditions can be satisfied. Apart from this the same 
difficulty about photoelectric emission arises as in the previous case. Taking for 

a value of say lO'^c.c./seo. (Bates & Massey 1943), then from ( 7 ) A must be unity 
in the E layer. Numerical substitution in ( 14 ), assuming that the rate of collision 
detachment is atleast three times that of photodetachraent, gives Qnjy of the order 
10^’ cra.^/c.c. Taking the same flux of effective quanta as in § 2-1, the rate of photo¬ 
emission becomes greater than 10®x/c-€./sec,, where % is, as before, the photoelectric 
efficiency. Consideration of the layer leads to an even higher figure (os in § 2-1). 
The situation is not improved by taking account of recombination between X 
and directly. 

In any event it is very doubtful if the indispensable process ( 13 ) is energetically 
possible, and, unless it is, the recombination law could not be obeyed as the equili¬ 
brium would be determined by photo action. 

2 * 3 . Although it is not possible to produce a conclusive proof of the unimportance 
of dust particles, the above discussion shows that the possibility of their increasing 
the recombination rate is slight. 

3. The molecular recombination theory 

It has been pointed out in previous papers (Massey 1937; Bates et aL 1939 ; Bates 
& Massey 1946) that non-radiative recombination of an electron to a molecular 
positive ion can occur, the energy released by the capture producing dissociation 
as, for example, 

02 +e-> 0 ' + 0 ". ( 15 ) 

It is not easy to assess the rate of such reactions and, while alternative mechanisms 
of recombination seemed adequate, the tendency was to ignore them. As that is no 
longer the position it is necessary to explore the possibilities presented in detail. 

First of all consider the ions present to be all molecular. This may well be true of 
the E layer, the ions being Oj. To obtain the observed recombination coefficient, 
the effective cross-section for the reaction ( 15 ) (with electrons of average velocity 
10^ cm./sec.) would have to be about 10^^® cm.*. If this were so,.no further difficulty 
would arise, as the recombination coefficient is, of course, independent of and 
It was previously supposed to be unlikely that the actual magnitude of the effective 
cross-section would be as great as required, but recent quantal estimations have 
suggested that the cross-sections may be adequate. Bearing in mind that the collision 
is one of the second kind, the required orosS'Seotion is not indeed unduly largo. This 
may be emphasized by noting that it corresponds to a cross-section of only some 
10 cm.® for the inverse process. Further, indirect indication that the reaction may 
be fast enough is afforded by the work of Mohler & Boeckner (1930) on the photo¬ 
ionization of caesium vapour. They found that ionization occurred when the quantum 
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energy was insufficient to produce it directly. This was explained as due tn the 
process 

Cs(?i*P)-f C8->Csi +e, (16) 

The value of where t is the radiative lifetime of the particular state and 
the effective collision cross-sectiorl, was derived from the observations for values 
of n ranging from 8 to 29. With the reasonable estimates for t, was found to be 
large (for n “ 9, Q^. is 10"'® to 10"'^ cm.®). For recombination, 

CV, (17) 

the cross'section will be even greater. Arnot & M’Ewen (1938; 1939) have also 
observed associative ionization (as (16)) in mercury and helium. 

It is clear, however, that there is not enough evidence to decide whether or not 
(15) is adequate to provide tlic observed rate of recombination in the E layer and, 
in view of its importance, further study of the reaction is being made. Meanwhile, 
if we accept that the mechanism is sufficiently rapid the question arises as to whether 
it can also explain the recombination in the and Fg l^yc^rs. 

,3*1. The and layers 

The chief difference which arises in the Fi and layers is due to the necessity of 
regarding atomic ions 0^ as forming an appreciable proportion of the ionization. This 
has important consequences because these ions will not be removed by the recom¬ 
bination process postulated. Probably the main direct recombination process by 
which they would disappear would be the radiative one 

0^4 -(18) 

for which the coefficient is known to be no higher than about 10 c.c./sec. (Massey 
& Bates 1943). Though we might suppose that the Ng ions also present disajipear 
by the process 

(19) 

at a much foster rate, with a coefficient of order 10"® to 10"® c.c./sec. this would not 
account for the behaviour of the layers. Denoting the concentrations of oxygon 
atomic ions by and of nitrogen molecular ions by then 

dnildt = (2^) 

dri'tfi jdt === *** 2 i) 

where are the respective rates of production and a„, of recombination of 

O^andNjf*. In equilibrium 

<!< = (2^) 

Hence dnjdt === d(n‘Ji; +n^)/d< 


( 23 ) 
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The apparent recombination coefficient would then be aa(l +?«/?«) («a/^e)* Since 
q^nl^a unlikely to be greater than about 4 (and is probably actually less), and since 
smaller than the observed recombination coefficient (4 x 10 ® ox.jmc. 
inij and S x 10 ^^^ to 3 x c^c^/sec. in The same general conclusion is reached 
even if allowance is made for ionic recombination. 

It is thus clear that the simple version of the molecular recombination theory 
becomes untenable when applied to the F layers because of the fact that it has been 
supposed that the atomic oxygen ions can be lost only by a relatively slow process. 
If any way can be found, by means of which they can be removed rapidly, the 
difficulty can be overcome. Now the ionization potential of the nitrogen molecule 
is higher than that of the oxygon atom, so the process 

Ni^ + O^Na + 0 ^ ( 24 ) 

can occur in the upper atmosphere, whereas its inverse cannot.* This aggravates the 
position by reducing still further the fraction of ionization present in the form of 
molecular ions. On the other hand, if another molecule XY say, with lower ioniza¬ 
tion potential than that of O, were present, the reaction 

( 25 ) 

could proceed. This would remove atomic ions, forming new molecular ions which 
might disappear rapidly by the process 

XY-^i^e^X'^Y'. ( 26 ) 

The molecule X Y would act a very similar way to that of the dust particle in § 2d, 
To see what limitations must be imposed on the rates concerned the /’i and layers 
will now be considered. 

In the F^ layer the main ions formed initially are probably 0 ^ (Bates & Massey 
1946). If recombination is to proceed through the stages ( 25 ) and ( 26 ) and still yield 
an effective electron recombination coefficient independent of the electron and of 
the neutral atom and molecule concentrations, the rate of the electron transfer 
Ttiaction must be fast enough to ensure that most of the positive ions existing at any 
instant are X Y^ ions. Let n^, Uxr be the concentrations of neutral O and X Y respec¬ 
tively, n^y of the respective positive ions, and ocxr^ recombination and 

electron transfer coefficients for the respective reactions ( 26 ) and ( 25 ). Then in day¬ 
light equilibrium 

^ recombination rate 

80 ( 27 ) 

* The tranafer will occur at the crossing point of the appropriate potential energy curves. 
Though the effective collision area is probably not lai*ge the process is not necessarily so alow 
that it can be neglected in the upj)er air (as might be concluded from Meyerott’s dmeussion 
(t947))- 



9 


The basic reactions in the upper atmosphere 

To Batisfy the observed conditions must be appreciably less than say 
at most, must then be 6 x 10"® c.c./sec. to give an effective electron recom¬ 
bination coefficient 4 x 10"®c.c./sec. Finally, since is 2*5 x 10®/c.c. 
be 3 X 10"®/sec. (or more). It is difficult to assign a suitable value for /iy, but it is 
not impossible that it be as large as 10"^^o.c./sec. (taking the effective cross-section 
as about 10"^® cm.® somewhat less than gas kinetic) if near resonance occurs. With 
this value of nxy would only need to be as large as 3 x 10®/c.c., which is only 
about 3 x l()“® of the main particle density. 

Now turn to the layer. This is thought to be produced by the ionization of 
atomic oxygen and molecular nitrogen.* At first it might seem that since and 
Ns both form XY^ by collision with XY, the subsequent recombination through 
( 26 ) would give rise to the same effective recombination coefficient as in the 
layer. This is not the cose, however, as the low particle density severely limits the 
rate at which the transfer process can occur. In the F^ layer found to be 

3 X 10"®/8eo, Allowing for the lower particle density and for some dissociation of X Y 
in the F^ layer it is not unreasonable to take /ifi^nxy there to be of order 10 ^/sec. 
This gives the rate of formation of XY^ as 10®/c.c./8ec. in satisfactory agreement 
with the observed rate of recombination ( 80 /c.c./ 8 ec.).t With the figures assumed 
it can readily be seen that is only slightly over 10^/c.c., which is a very small 
fraction of the total ion density. An immediate consequence of the slowness of the 
transfer process, thus limiting the number of XY^' ions, is that the effective recom¬ 
bination coefficient is not a constant as in the E and F^ layers, but is instead approxi¬ 
mately proportional to n^yjn^. The laws governing the disappearance of electrons 
are therefore much the same as if the mechanism involved were simply attachment, 
which is in accord with the radio measurements of Mohler (1940) and others. 

So far dissociative recombination to Ng, ( 19 ), has been neglected. This is justified 
if the relevant coefficient is much less than 10"^®c.c./8ec. as then the main loss 
of ions is probably through ( 24 ) or 

Nt^XY^N^^XY^. ( 28 ) 

If these are at all rapid it may also be justified even if the value of cc^ for N^ is 
as great as that for X (6 x 10"® c.c./sec.). In any event the effective recombination 
coefficient in the layer remains owing due to the linfited rate of disappearance of 

* While it is not the purpose of the present paper to extend the earlier discussion by 
Bates* Massey (1946) on the ionization processes, the opportunity is taken of pointing out 
that the recent suggestion of Woolley (1946) that the action 

0eS) + 0(*S)H.0*^40“ 

might be important is imaoceptable as, under upper atmospheric conditions, the colliding 
atoms have insufficient energy. 

t Woolley (1946) suggests that Appleton’s estimate (1937) of the recombination rate 
(given above) is too high. If this is correct it is necessary, on the present theory, to reduce 
the value of implying a much greater degree of Association of JC F in the upper of 

the two F layers. However, the recent eclipse measurements of Wells & Shapley (J946) 
support the faster rate. Further, it is not easy to reconcile the observed nocturnal decrease in 
the ionization with Woolley’s figure for the coefficient (I0“^^ o.c./sec.). 
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0 “*'. The theory is the same as that given above except that has to be taken 
smaller by a factor of perhaps 4 (depending on qml^a)- 

The intermediary X Y has still to be identified. As only minute concentrations 
are needed, and as the sole property known is that the ionization potential is below 
13 ’ 5 eV many possibilities can be suggested. Two that may be mentioned are 
and NO. Unfortunately, it is difficult to estimate the distribution of these gases with 
altitude owing to lack of knowledge of such factors as the rate of atmospheric mixing. 

3*2. Summarizing remarks 

From the above discussion it would appear that the modified molecular recom¬ 
bination theory is capable of giving a plausible general explanation of the behaviour 
of the ionized layers. It miist be realized, however, that the values used for the 
constants, though not unreasonable, were arbitrarily chosen to give agreement 
with the observed data. Until direct determinations of these (in particular of the 
electron transfer coefficients and of the dissociative recombination coefficients*) 
have been made the whole theory must be regarded as tentative and is therefore 
scarcely worth developing in greater detail than that given. At the same time, in 
assessing the probability of its validity, weight should be attached to the fact that, 
in spite of the efforts of several workers, no satisfactory alternative has yet been 
found. The conclusion that there must be a rapid recombination process involving 
the atomic ion 0 ^ is felt to be of great significance. Thus it is difficult to imagine 
mechanisms other than: 

{a) electronic recombination, 

(6) ionic recombination, 

(c) dust particle recombination, 

{d) charge transfer with a molecule followed by dissociative recombination (as 
suggested here). 

Of these (a) is certainly, and (6) and (c) are probably, inadequate, leaving only (d).t 

4. Other oonsequences of thk MOLEcnnAR eeoombikation theory 
4 ’l.*T/te negative ion-electron ratio 

Since the negative ion-electron ratio A in the E layer is a quantity of some im¬ 
portance in dett^rmining the direct-current conductivity of the layer it is of interest 
to evaluate it. Using the relations given by Bates & Massey (1946), then 

A = {j/n,n„-{nJl + A)dA/d<}/{#f»en„+/o»<, + a<«*+^-a,n*), ( 29 ) 

* It should bo noted that the values of these coefficients for different gases may cover a 
wide range. As comprehensive an investigation as possible is desirable. 

t It must not be forgotten that the high rate of recombination in discharge tubes (recently 
confirmed by Sayers (1947)) has not yet been explained. The process is apparently a pressure- 
independent atomic one. However, the fact that its measured coefficient is greater than that 
found in the F , layer (day) suggests that it does not occur under the conditions of ionization 
prevailing in the upper atmosphere. 
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but one is not now forced, as in the ionic recombination theory, to assume that k is 
so large that the term effectively determines the denominator of the expression. 

If, as is more natural, pn^ is taken to be the major term during the day, then it can 
be that .t noon 


10 ™*. 


( 30 ) 


At night the situation is complex. Owing to the presumed rapid dissociative re¬ 
combination OLg is no longer small, and the two negative terms in ( 29 ) and 
(rigll + A) d^/dt may not be negligible. As the magnitude of some of the other terms 
is uncertain any purely theoretical prediction is difficult at present. However, the 
behaviour of the layer at sunset and sunrise at least suggests that the nocturnal value 
of A is not large. 

4 - 2 . Dissociation of molecular nitrogen 

It is of interest to notice the effect dissociative recombination would have in 
producing atomic nitrogen, a result which is probably difficult to achieve by the 
direct action of ratiiation. 

Averaging over day and night, the mean rate of formation of nitrogen atoms in 
the region of the upper layers may well be of order 10 to lOO/c.c./seo. Now the atoms 
associate again mainly by a three-body process,* the coefficient for which is unlikely 
to be greater than 10“*' cra.*/8ec. As the total particle density is only of order 10'* to 
10"/c.c., it follows that in equilibrium nitrogen molecules would be almostoompletely 
absent. Because of mixing with the atmosphere at low’er level where association 
occurs rapidly, this equilibrium, which would require years to be reached, is never 
even approached. However, after 10 days (which is perhaps a reasonable time to 
consider) the number of nitrogen atoms might be as many as 10^ to 10*/c.c. 

The effect may have to be taken into account in any study of the complex problem 
of the formation of the oxides of nitrogen. It may be noted here that the most 
frequent collision a nitrogen atom is likely to suffer is one involving an oxygen 
atom and leading to the formation of nitric oxide. This substance, which is not 
readily destroyed, may be an important constituent of tlie upper atmosphere. 
Evidence for its presence has been given by Elvey, Swings & Linke (1941) and by 
Price (1943). 

Appendix 1 


E layer 
Altitude 

Maximum electron density 
Recombination coefficient 

Scale height 
Gas density 
Temperature 


Model ionosjthere 
a 120 km. 

=* 1'6 X 10*/c.c. (day), 1 x 10*/c.c. (night). 
e= 1 X 10“*c.c./8ec. (day and night) (independent of 
Ug and n). 
a# 10 km. 

= 6 X 10 '*/c.c. 

« 600 °K. 


* The formation of molecular nitrogen by two-body aeaooiation ia of course very alow. 
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layer (merged with layer at night) 


Altitude 

Maximum electron density 
Recombination coefficient 

Scale height 
Gas density 
Temperature 


= 220 km. 

= 2'6 X 10®/c.c. 

» 4 X 10 “® c.c./sec. 

and w). 

= 30 km. 

=== 1 X 10 ^^/c.c. 

1000° K. 


(approx, independent of 


JPg layer 
Altitude 

Maximum electron density 
Recombination coefficient 

Scale height 
Gas density 
Temperature 


= 300 km. 

=== l* 0 x 10 ®/c.c. (day), 2*5 x 10 ®/c,c. (night). 

= 8 X 10“^^ c.c./sec. (day), 3 x 10“^° c.c./sec. (night) 
(probably not independent of and n). 

= 70 km. 

= 2 X KP^/c.c. 

= 2000°K. 


The gas densities in particular are uncertain. 


Appendix 2 

Elastic scattering of alow electrons by oosygen aiorna 

(1) For alow electrons to be appreciably scattered by an atom they must in general"® 
possess zero angular momentum about the nucleus. A complex consisting of an 
oxygen atom in its ground state and a free a electron will be in either a *P or *P 
state. The total elastic scattering coefficient acj^ is thus given by the weighted mean of 
the partial coefficients (for the doublet state) and (for the quartet state), that is, 

= Jt;(47rag/e) (8in®(J‘* + 28in*^«)o.o./8ec., 

by where v is the electron velocity (units cm./aeo.), e is the electron energy (units 
13’63 oV), Uj as usual, is the radius of the first Bohr orbit of hydrogen ( 6 ' 28 j x 10~*om.) 
and are the phase angles of the radial wave functions P‘*>«(ea | r)jr of the electron 
as defined by the relation 

P'*'«(e« I r) ~e“* sin (eV + 

(of. Mott& Massey 1933). Clearly, therefore, the major part of the evaluation of the 
elastic scattering coefficient lies in the determination of the radial wave functions. 
In an earlier paper Bates &, Massey (1943) set up and solved by numerical integration 


* See, however, § 2 (below). 
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the relevant Fook equations. Owing to uncertainties in the atomic field it was there 
necessary to employ a polarizability parameter p and to give any results obtained 
(for example attachment coefficients and absorption cross-sections) over a range of 
values of it. The same procedure is adopted in the present instance. Correlation 
with the previous work can thus be made at once. 



Figuek 1 . The effects of resonance on tho elastic scattering of slow electrons 
by atomic oxygen {*P and states of tho complex shown separately). 

It is found that as p is increased from zero Lt which initially has a 

small negative value beoomeB positive and tends to infinity at p = 17'6 atomic units 
for the doublet term and at p = 14'0 atomic units for the quartet term.* If p is 
further increased Lt(e-*8in^^■«) changes discontinuously to an infinite negative 

value and then declines steadily in magnitude. This behaviour is illustrated in 
figure 1. The energy variation of e-^aini*® in the low-energy region also depends 
markedly on p —well away from resonance there is actually no dependence on e, 
but at exact resonance there is a variation as 


* These are, of oouree, the resonance polariscabilities that give 'P and *P states of 0~ 
with aero binding energy (Bates & Maeeey 1943 ). 
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In practice the elastic collision frequency rather than the elastic collision 
coefficient is of interest. The two are directly connected by the simple formula 

being the number of oxygen atoms in unit volume. Figure 2 depicts curves in 

representative cases, (A) for p = 5*7 atomic units (the predicted value), (B) for 
p = 18‘3 atomic units (a value just above resonance). 

As the electrons in tlie upper atmosphere have a distribution of energy, normally 
assumed to be Maxwellian, it is convenient to determine the mean value of the 
elastic collision frequency given by 



energy of incident electron in eV 

Fiottru 2 . Elastic collision frequency curves for two representative cases. 
A, polarizability = 5*7 atomic units. B, polarizability = 18*3 atomic units. 


being the number of electrons in unit volume and their temperature. has 
been computed over a range of values of p and for = 250 , 500 , 1000 and 2000° K. 
The results are given, on a logarithmic scale, in figure 3 . Once again the striking 
effect of resonance is apparent. 

(2) Before leaving the problem of elastic scattering it is desirable to consider the 
contribution to ocg; (or arising from electrons with azimuthal quantum number 
unity. In general this is negligible (as has already been mentioned), but it is large 
if resonance occurs (that is if an extra node in the free wave function is just intro- 
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duced), as the phase ohaiige is then The incidence of p-resonance is thus a matter 
of great importance. Owing to the orthogonality parameter in the Fock equations, 
at least one node (apart from that at the origin) must always appear in the free wave 
function—but there is no possibility of it just appearing so that resonance elfects 



polarizability p (atomic units) 

PiatTRK 3 . Mean collision frequency at various temperatures; I at 250 ® K, H at 600 ® K, 
III at 1000 ® K and IV at 2000 ® K. (For simplicity curves not shown separately for p between 
8 and 13 atomic imits.) 

are not associated with it. A further node would, of course, be introduced if the 
polarizability were sufficiently groat to allow a 3 p state, and here true resonance 
effects could occur. The possibility of such a polarizability can, however, be dis¬ 
missed, It can therefore be taken that for atomic oxygen p-soattering is small 
compared with s-scattering. 
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The electronic structure of conjugated systems 
II. Unsaturated hydrocarbons and their hetero-derivatives 

By C. a. Covlson and H. C. Lonouet-Hioqins 
{Communicated hy R, P. Bell, F.R.S.—Received 29 January 1947) 


The theory of Part I (Coulaon k Longuet-Higgins 1947 ) is applied to hydrocarbons and 
their hetoro-derivatives. An equation is given relating differences in activation energy to 
electron densities and atom polarizabilities (in the sense of Part 1) for a heterolytic reaction at 
different positions in a conjugated system. The equations of Part I ath then applied to hydro¬ 
carbons containing no odd-membered unsaturated rings. It has previously been shown 
that in such hydrocai‘bons all the electron densities are unity, and it is here proved that when 
one coulomb integral is altered slightly, the electron densities are alternately increased and 
decreased througfioufc the molecule. This fact is shown to provide a theoretical basis for the 
experimental law of alternating polarity in conjugated systems containing a hetero-atom. 


Introdttction 

In the first paper of this series (Coulson & Longuet-Higgina 1947) we showed how 
it was possible to calculate electron densities, bond orders and mutual polariz¬ 
abilities in any conjugated system. In the present paper we shall those results 
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to inteipret the chemical behaviour of the more simple types of conjugated system, 
and to predict how the reactivity of different positions in more complex molecules 
is altered when an atom is changed. 


ElKOTBONIO STBUOTIJBE and CHEMICAI. BBACnVTTY 


Let us begin by considering the energy changes which occur when a charged 
reagent is brought up to a reactive position in a conjugated system. We may think 
of this energy change as arising from various causes, including (a) polarization of 
non-bonding electrons and or-electrons, (6) interpenetration of electronic shells in 
sj)ace, i.e. steric effects, and (c) changes in the energy of the mobile electrons. It is 
reasonable to suppose that the last factor principally determines the differences in 
activation energy for a given reaction at different positions in a conjugated system, 
when structural and steric conditions are nearly the same. 

Now the energy S' of the mobile electrons is a function only of the resonance 
integrals of the bonds and the coulomb terms of the atoms. Therefore when 
we are considering the approach of a reagent to position r, say, we should expect the 
change in ^ to arise mainly from the induced change in a,., the coulomb term for 
that atom. We may express this dependence by expanding 8 S as a Taylor’s series 
in thus: 


_ dS ^ IW. 2 

SS = r*4" ^ -H 

dcL^ 2 0a; 


( 1 ) 


But by equations ( 24 ) and ( 46 ) of Part I 


aa* 


( 2 ) 


Therefore for a given type of reaction we are correlating the activation energies at 
different positions primarily with the electron densities and secondarily with the 
self-polarizabilities ^ of those positions. 

At this point we must distinguish two tyjies of reagent. These are familiar to 
organic chemists as cationoid and anionoid reagents. One difference is that the 
former bear a net positive charge at the attacking point, and the latter a net negative 
charge. We should therefore expect the approach of a cationoid reagent to lead to 
a decrease in a^, and that of an anionoid reagent to an increase in a^. Now the larger 
the value of S in the transition state the larger the activation energy. We deduce 
that cationoid reactions will be favoured by high values of and anionoid reactions 
by low values of (This agrees, of course, with the qualitative resonance picture, 
which is explained fully in Wheland {1944).) 

These expectations have been entirely confirmed by calculations for a number of 
familiar molecules, mostly of the hetero-aromatic type, such as pyridine and indole; 
the oaloulated electron densities are found to agree very well with the above general¬ 
ization (Wheland & Pauling 1935; lA)nguei-Higgm8 & Coulson 1947). However, 


Voi tga. A. 


1 
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there are many hydrocarbons, as we shall see later, in which the values of are the 

1 0 ®^ 

same at a number of positions. In such cases we must fall back on the term 2^^^ 

in equation (1) for information about the relative activation energies of a reaction 
at these positions. Now whatever the value of is positive, and is neces¬ 

sarily negative (by Part I, equation 71 ). Therefore whether we are considering an 
anionoid or a cationoid reaction, we should expect the reaction to go more easily 
the larger the numerical value of And in fact Wheland & Pauling (1935) showed 
that in naphthalene the greater reactivity of the a-positions towards both cationoid 
and anionoid reagents was paralleled by the greater self-polarizability of the a- 
positions, the electron densities being equal at all positions. We shall discuss other 
examples later in this paper. 

(We shall not consider homolytic reactions here, i.e, reactions involving free 
radicals, because the formulae of the present theory do not all hold for molecules 
containing odd numbers of electrons.) 


The liAW OF aeteenating polarity 

Having established a relation between calculated electron densities and observed 
chemical reactivities, we may now inquire whether the theory enables us to make any 
general predictions about the effect of structural changes on electron densities and 
hence on chemical behaviour. In anticipating what general results to expect we 
must obviously be guided by the experimental evidence; and a very great deal of 
this is summed up in the law of alternating polarityy which may be stated in the 
following form: in a conjugated molecule containing one hetero-atom or substituent, 
the atoms are alternately more and less susceptible to anionoid or cationoid reagents 
as we proceed through the molecule. This result is so familiar as to be almost com¬ 
monplace, but it has not hitherto been given a quantitative interpretation in 
resonance theory. 

The form in which we have stated the law makes clear at once what types of 
molecule we should choose for investigation. It will be no use trying to derive the 
law for molecules which have odd-membered rings of unsaturated atoms, if only 
because it is meaningless to speak of the atoms round an odd-memhered ring as 
being alternately more and less susceptible to a given kind of reagent. Also, the sub¬ 
stitution of more than one hetero-atom in a conjugated hydrocarbon Will clearly 
alter the form of the law as we have stated it. To begin with, therefore, we investigate 
unsaturated hydrocarbons in which there are no odd-membered rings, and later we 
shall see how their electronic structures change when one carbon is replaced by a 
hetero-atom. 

Alternant hybeocaebons 

Suppose we have a hydrocarbon in whose molecule there are no rings composed 
of an odd number of unsaturated carbon atoms. Then it is possible to divide the 
unsaturated carbon atoms into two sets in such a way that no two atoms of the same 
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set are joined by a bond. Therefore as we move along any chain of unsaturated bonds 
the atoms will belong alternately to one set and to the other. For this reason we shall 
refer to such a hydrocarbon as an alternant hydrocarbon (a.h.). Thus naphthalene is 
an alternant hydrocarbon (in the accompanying diagram the black circles represent 
atoms of one set and the white circles those of the other), whereas azulene is not. 
This type of molecule has been investigated by Coulson & Rushbrooke (1940). We 
shall restate many of their results in what follows. 



naphthal<ina 


azulene 


The secular equations 

If we number all the atoms of one set from 1 to A, and all the atoms of the other set 
from A-f 1 to n, the secular equations will be (see Part I, equation (12)): 

-ec^+ = 0 (r = 1,2,...,A), 

1 

h 

s 1, h + 2, n). 

ii-i 

The secular determinant for an alternant hydrocarbon is therefore of the form 

^ ^ ^ • •• A. A, /i-H 8 • • • 

0 — e 0 ... Aa,/i+i 

0 0 --e 

• • » 

* « « 

/1(e) s= 

A3,a+i 

• » » 

• • # 

• • » 

••• A.n - -« I 

Here the first h rows and columns refer to the atoms of one set, and the other n — h 
rows and columns to those of the other. For brevity we may write 

-el A 
A -eJ ’ 





(4) 
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where / and J are unit matrices of orders h and n — h, and A, A are the two blocks of 
resonance integrals /?„. Although it is customary to put all the jS's equal in numerical 
calculations for hydrocarbons, none of our general results will depend on the equality 
of the /?’s. 


MoLEOTTLAB OEBITAL8 IN AN ALTEBNANT HYDEOCABBON 


As Coulson & Rushbrooke have shown, there is a close correspondence between 
the occupied and unoccupied m.o. of an alternant hydrocarbon. If we multiply 
the first h rows of A (e) by — 1, and then the last n — h columns, we obtain the identity 


A(e) = 


-el A 


el -A 


el A 


= (-)* 


= (-)« 


A —ej\ 


A —eJ 


A eJ 


(-)»d(-e). 


(fi) 


Now A(e) can be expanded as a polynomial in e; so if n is even only even powers of 
f: occur in the expansion, whereas if n is odd only odd powers occur. Therefore if 
n is even the roots of A{e) ~ 0 occur in equal and opposite pairs, whereas if n is odd 
there is also a root c = 0. We shall now consider these two cases separately. 


n even 

As we have seen, when n is even the m.o, occur in pairs with equal and opposite 
energies. We have supposed that there are no repeated roots of d = 0, so no m.o. 
can have zero energy. If we label the m.o. energies in order from Cj to e„, so that 

ei<ej<...<e*„<0<6j„+x<...<e,„ ’ (6) 

it follows that fc'n-i+i “ 

Now in an uncharged a.h. with n unsaturated carbons there will be n zr-electrons; 
so in the ground state these will occupy the ^n lowest m.o. Therefore the require¬ 
ments laid down in Part I are satisfied by even-numbered a.h., and our general 
theory applies to them. 

Now if in the secular equations ( 3 ) we write — e for e throughout and -c^ for c, 
when r has the values 1,2. h, the equations are unaltered. It follows from ( 7 ) that 

= when r=l,2 , ...,^ 

=^+c,.j when r>=A-fl,A-f2 .n, (8) 

i.e. that the coefficients in the (w-j-l- l)th m.o. equal those in theyth apart from 
a factor -1 for all the atoms of one set. 

We can infer at once that when we excite an electron from the m.o. to the 
m o. fhe contribution of that electron to the order of any bond is reversed in 

sign but unaltered in magnitude. This is because any two atoms forming a bond must 
belong to different sets by the definition of an a.h., and therefore the product 
Cr.n -y+i An important special case is when an electron in the 

highest occupied m.o. is excited to the lowest unoccupied m.o. ^in+v 
electron contributed to the binding between two atoms before excitation, it will be 
antibonding for them after excitation, and vice versa. 
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In Part 1 we defined the mutual polarizability of a pair of atoms or a pair of bonds 
(see Part 1, equations (46) and (51)). With the aid of equations (7) and (8) we can 
simplify equations (64) and (67) of Part I by expressing the right-hand sides entirely 
in terms of quantities referring to the occupied m.o. The results are 


*• \ daj 


'8j^rk^8k 


■f or “ according as r and s belong to the same set or opposite sets, and 


/_ . ‘v V - C ^C^ k) - C„^C,fc) 

"“I WJ" ihkh ~ 

j^k 


where r and t are understood to be in the same set. 


n odd 

As we saw, when n is odd all the m.o.of an a.h, except one occur in pairs with equal 
and opposite energies, the remaining one having zero energy. We may label the 
m.o. energies in order thus: 

6 j < 6'2 < ... < fiKn,-!) ®|(n+l) ^ ^ < ^4(n+3) < • * * < ^ ^ ) 

where (12) 

as for an even-numbered a.h. Of the n Tr-eleotrons, n—\ will be allotted in pairs to 
the orbitals iji to and the remaining electron to the m.o. *^*“0 energy. 

Just as for an even-numbered a.h., we can see from the secular equations (3) that 


^r,n -}+\ — +*^rj ~^t} 


(13) 


according as atom r belongs to one sot or the other. This means in particular that in 
the m.o. the coefficients are zero for all the atoms of one set. The importance 

of this fact is conveniently illustrated by the benzyl radical; the coefficients 
are 



o 1/V7 


In the first place we may observe that the odd electron is distributed entirely over 
the atoms of one set, as suggested by the ordinary resonance theory. Secondly, the 
contribution of the odd electron to any bond is zero, this contribution being measured 
®r,«»+i)C«, ««+!)• Thirdly, the removal of the odd electron or the insertion of 
another into the same m.o. will alter the electron densities at the atoms of one set, 
but not at those of the other. Now, as we shall show later, the electron density at 
every atom in an uncharged a.h. is unity; continuing with our example of benzyl 
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Therefore in this case ^ even or odd powers of z according as n is 

even or odd, ^ 

We may summitrize our knowledge of the oddness or evenness of A(z) and its 
minors in table 1. 

Table 1 

n even n odd 


A(z) 

even 

odd 

(6) 

Ar^,(z) with r, s identical or in same set 

odd 

even 

( 16 ) 

^r,i(*) with r, « in diflerent sets 

even 

odd 

( 17 ) 


Electron densities and bond orders in alternant hydrocarbons 


We shall now prove some results about electron densities and bond orders in 
alternant hydrocarbons. By equation ( 43 ) of Part I 


r/,= 1 



A{itj) 


dy, 


( 18 ) 


the principal value being taken if we are considering an odd-numbered a.h. But 
from table 1 we see that Af,g(z)lA(z) is an odd function if atoms r and s are in the same 
set or are identical. Therefore the integral is zero and 


g,-l. ( 19 ) 

Hence the electron demity is unity at every atom in an a.h. That is, the net charge 
(1 — g^) is zero at every atom in an a.h. This was proved in a different way by Coulson 
Rushbrooke, and is an important result for several reasons. First, it means that 
by assuming the coulomb integrals of all the carbon atoms equal we obtain a self- 
consistent field, so that the condition of minimal energy is satisfied within the limits 
of our variational treatment. Secondly, it shoM^s that there is no piling up of charge 
on single atoms in an a.h., so that we should expect their dipole moments to be very 
small. Thirdly, it leads us to suppose that the differences in chemical reacjtivity 
between different positions are due to second-order effects, viz. differences in the self- 
polarizabilities of different positions. Fourthly, we can infer at once that mobile 
bond orders in an a.h. cannot exceed unity, since by equation ( 70 ) of Part 1 

( 20 ) 

That is to say, no double bond in an alternant hydrocarbon can bo more un¬ 
saturated than the double bond in ethylene, where jd = 1 . 


■ Atom-bond polaeizabiutiks 


The polarizability of an atom r by a bond e-t, and of a bond a-t by an atom r were 
defined in Part I by the equations 
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and it was proved that 

But in an alternant hydrocarbon, by equation ( 19 ), is constant at unity, in¬ 
dependently of the valve of therefore 

^r.iK = 0 ( 21 ) 

This result can also be seen from the oddness of the integrand in equation ( 59 ) of 
Part I, by table 1 of this paper. Physically speaking it means that the introduction 
of a methyl group, for instance, does not change bond orders appreciably in an a.h., 
and that small changes in resonance integrals, such as occur during vibrations, do 
not produce fluctuations in electron density. 

Mutual atom polakizabujtibs 

The mutual polarizability of two atoms r and a was defined in Part I by the 
equation ^ 



and it was proved that (Part I, equation ( 57 )) 



But in an a.h., by the results in table 1, A^^g(iy)jA{iy) is imaginary or real according 
as atoms r and a are in the same set or opposite sets. Therefore the integral in (22) 
is positive or negative according as r and $ are in opposite sets or the same set. Hence 
in an alternant hydrocarbon the mutual polarizability of tioo atoms is positive or negative 
according as the atoms are separated by an odd or an even number of bonds. 

This is a result of great importance because it provides a clear theoretical basis 
for the experimental law of alternating polarity which we referred to earlier. This 
may be seen as follows. In an a.h., as proved above, all the electron densities are 
unity. Therefore if we replace one carbon atom in an a.h. by a hetero-atom h with 
coulomb term (= the altered values of q^. throughout the molecule 

are given approximately by 

( 23 ) 

But the values of tt,. ^ are alternately 4- and - as r varies along any chain of un¬ 
saturated bonds, as just proved; therefore is alternately greater and less than 1 
throughout the molecule. Using our correlation between electron density and 
chemical reactivity we obtain a direct derivation of the law of alternating polarity. 

In the above discussion we have confined our attention to hetero-molecules 
having the same number of Tr-eleotrons as the parent a.h. This is true for pyridine, 
for instance, which has six TT-electrons like benzene; but it does not hold for aniline, 
which has eight tt- electrons, whereas the parent benzyl radical has only seven. We 
shall extend our treatment to molecules of the aniline type later in this paper. 
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Again, we have supposed that hetero-substitution alters only one coulomb 
integral. In fact other parameters will be altered slightly, such as the coulomb terms 
of the atoms next to the hetero-atom, and the resonance integrals of the bonds at it. 
It would be more exact to write 

« iu 

But as we have shown, all the terms are zero; and the values of a, will all be 
small except a^. Therefore the relative values of will still be governed mainly by 
and the other terms will not alter the general picture. 


Examples : benzene ajjd naphthalene 

In the present section we shall apply our general results to benzene and naph¬ 
thalene, both of which are obviously alternant hydrocarbons. We shall follow the 
usual convention in numbering the atoms in these molecules, namely, as follows: 



benzene naphthalene 

The coefficients in the m.o., taken in their real forms, are well known for benzene. 
They are, in our present notation, 

*“ *'*1 * *^81 “ ®41 “ ®61 ““ ''*1 “ Vi’ ~ 

Cjj » 0 s= c^jj, i “ Cjj, Cj, = — ^ = c,2, e, A> 

^18 “ Vi» “ VlV ® ®e8> ^88 “ “ ^5a> <^48 ~ ~Vi> *8 = A* 

For the unoccupied m.o, the energies are —fi, -fi, - 2 j 3 , and the coefficients (see 
equation (8)) have opposite signs to those in the corresponding m.o,, for every 
alternate atom. The electron densities are given by 

i-1 

as they must be by equation (19). 

The mutual atom polarizabilities are quickly calculated from (9); the mutual 
polarizabDityofparo carbon atoms is 4 = -11/108/?,of wetoatomswi^, = 1/108/?, 
and of ortho carbon atoms »rj^, *= —17/108^?; the self-polarizability ni^i of a carbon 
atom is 48/108/?. Particularly interesting is the low value of ,, which means that 
the mduotive effect hardly operates at all between meto-positions. The atom-bond 
polarizabilities are of course zero, by equation (21). 
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Hiickel (1932) calculated the energies and coefficients of the molecular orbitals 
in naphthalene, assuming that the resonance integrals of all the bonds were equal to 
some value /?. The electron densities calculated fit>m these coefficients are unity, 
and the atom-bond polarizabilities zero, as they must be by equations ( 19 ) and ( 21 ), 
The mutual atom polarizabilities are most easily calculated from equation ( 9 ). 
They are given in table 2, where each number is to be multiplied by l//ff. It is inter¬ 
esting to note that the interactions between atoms in different rings are much smaller 
than those between atoms in the same ring, as suggested by the chemical evidence. 

Table 2. Mutual atom polarizabilities in naphthalene 

(THE FIOUBE GIVEN IS TT, , X /?) 




2 

9 

r^\ 

0-443 

-0-213 

- 0-089 

2 

-0'213 

0*405 

0-007 

3 

0-018 

-0-110 

- 0-049 

4 

•-0139 

0-018 

0*004 

6 

-0023 

0-007 

0*004 

6 

0-007 

-.0-033 

-0*049 

7 

-0-033 

0-000 

0-007 

8 

0-027 

-0-033 

-0-089 

9 

-0-089 

0-007 

0-330 

10 

0-004 

-0-213 

-0*077 


These values illustrate well the law of alternating polarity, and may bo used in 
estimating the charge distributions in hetero-derivatives of benzene and naph¬ 
thalene. Let us take quinoline as an example, using the parameters quoted by 
Longuet-Higgins &■ Coulson (1947), in which the nitrogen atom is at position 1 . 
To successive degrees of approximation we may calculate the electron densities as 
follows: 

(a) from the equation = l-fir, ^aj, with aj = 2 /J, 

(b) from the equation Qf— 1 -f ti, 1 aj + 7r,_ g -f ^ a„ with = 2 /?, a* = /?/4 » a„ 

(c) by direct solution of the secular equations (Part I, equation (10)) using the 
same values of aj, «g, a#. 

The values of obtained by these three methods are compared in table 3. The 
results of (a) and (b) agree with those of (c) in the following important respects: 

(i) Of the electron densities that at the nitrogen atom is by far the largest. 

(ii) The other electron densities lie close to imity except for and q^, which are 
considerably less than 1. 

(iii) The electron densities alternate in magnitude as we move along any bond 
path in the molecule. 

Now the most important features of the chemistry of quinoline have already been 
correlated with the values of q^ calculated by method (c) (Longuet-Higgins & 
Coulson 1947): therefore the enhanced coulomb integral of atom 1 is undoubtedly 
the most important single factor governing the chemistry of this molecule. 
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Table 3. Electron densities in qitinolinb 


method 

(a) 

(6) 

( c ) 

r = 1 

1-886 

1-810 

1-633 

2 

0-673 

0-676 

0-789 

3 

1-036 

0-996 

0-978 

4 

0-721 

0-727 

0-772 

6 

0-963 

0-966 

0-968 

6 

1-016 

0-994 

0-989 

7 

0-933 

0-936 

0-947 

B 

1-063 

1-023 

1*003 

9 

0-822 

0-907 

0-969 

10 

1-007 

0-976 

0*973 


Appucation of the theory to the polyenes 


The pol j^enes (general formula C„H„^ j) have been treated in some detail by Coulson 
(1939), who solved the secular equations in the general ease. We shall use his results 
as a basis for calculating mutual polarizabilities in these molecules. 

The secular equations are satisfied by n energy-values and sets of coeflfieients 


Since a polyene is an alternant hydrocarbon, the electron density at every atom is 1, 
and the at/om-bond polarizabilities are all zero. The mutual polarizabilit3^ of a pair 
of atoms in a polyene is given by equation ( 57 ) of Part I, namely, 


’tJ-ooI A(iy) 


2 

dy. 


( 22 ) 


Let us denote the secular determinant for the polyene CH2(CH)„_jCHj by />„ (the 
suffix here must not be confused with the pair of suffixes denoting omission of rows 
and columns); that is, we put 


-e /? 0 0 0 

/? -e /? 0 0 

0 -e 0 

0 0 /? -e 

0 0 0 /? -e 


(n rows and columns) = D„{e). 


Then by Laplace’s expansion of a determinant, {U„),,, is equal to 


Therefore 


n, 


r,$ 


i\{iy) I 


T-i:i 


dy. 


Replacing y by 2ifioosd, and using the identity 

I>„( — 2 y? 008 d) » sin (n + 1) djsm 6, 
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■"sin*a6> sin* 60 




d(2icofl 0), 


sin^ sin* ^ 

where a = r, 6 — w — ^+ l and c — w + 1. This may be written 








where 2 = Now as z goes from ooi to Oi along the imaginary axis, t(z-f ] /z)goes 
steadily from —00 to + 00 * Therefore 


i r® Z“*) 


fin 


f- 






But the integral is unaltered if we write 1 /z for 2 as variable of integration; therefore 


It follows that 


r-i ^0 ri ^ooi 

J — ooi J—i Jo Ji 

21 ri ^^c-a~~b) — 1 )* — 1 )* 


(z=^-l)»(z*-l) 


(26) 


We can simplify the above expression under certain limiting conditions, using the 
fact that if I z I < 1, z^ tends to zero as N tends to infinity. 

(a) If we have a pair of atoms far from the ends of a long polyene chain, n, r 
and a will all be large, but not necessarily a—r. Therefore 


z ^-1 ~ Jo 


This takes the values 


2^ 

2 /?’ 



(27) 


= 0-600, -0-137, 0-076, -0-052, 0-039, -0-032x 1//?, 


when « - r = 0,1,2,3,.... 

(6) When one atom (r) is the first in a long polyene chain and the other (a) is not 
far from it, the expression for is approximately 


pnjo 


{-)‘-^Sa 

Jn(W-iy 


(28) 


This takes the values 0-86, - 0-34, 0-22, —0-16, 0-10 x Ijfi when «-r = 0,1,2. 

(c) We can obtain an explicit expression for tt, , in a finite polyene chain when 
r = 1, as follows: 

An alternative expression for w,, is (see equation (26)) 

1 f - (z*“ -1 )* (z» -1 )* _, 

2ffl^j»i ~' ■(**“-l)»(z»-l) '**• 
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If this is regarded as part of a contour integral, the other part being a zero integral 

over the infinite semicircle, we see that it is equal to 1 //? times the sum of the residues 

of the integrand at its poles to the right of the imaginary axis. (We shall assume n 

to be even so that c is odd and there are no poles on the imaginary axis.) These poles 

occur at y • / v i i ^ 

» exp{we7r/c), where m = ± 1, ±2, ±(C“-l)/2, 


but there is no pole at = 1, since there the numerator vanishes more strongly 
than the denominator. The residue at is 






-b\2 


^c\z„ 






Therefore 




(c -X) 


. „nui7T . 

sin*-sin* 


nibn 

c 


sin 


mn 


nton , 7nbn ^ mn 

2a cot-h 26 cot-cot — 

c c c 


(29) 


Remembering that a ^ r, 6 = w —+ c — n+1, we can simplify equation (29) 
when r = 1, obtaining for n^^ the expression 


2y?(n+l)* 


|(2n — 25 + 1) cosec 


(25-f l )7r 

2'H + 2 


+ (2w —25 4-3)cosec 


(25 — l)7r 
2n-\-2 


"f (— )* 2 oosec 


2n+2/ 


(30) 


In all these special cases we see that the mutual polarizability of a pair of atoms 
in a polyene decreases with their distance ax>art, as well as alternating in sign as 
required by the law of alternating polarity. The same is true for pairs of bonds, as 
we shall show in a later paper. 

We shall close this section on the polyenes with a table of mutual atom polariz¬ 
abilities in butadiene and hexatriene (see table 4). It will l>e observed that in both 
these molecules the terminal atoms have the highest self-polarizabilities, so that 
we should expect them to be the initial points of attack in chemical reactions, at 
least of the heterolytic type. 


Table 4. MoTtrAL POLARizABinmEs atoms in botadikne and hexatriene 
(the figures given are to be MITLTIPLIEI) BY l/)ff) 



a — 

1 

2 

3 


4 

r = 

1 

2 

0*626 

-0*402 

-0*402 

0*402 

butadiene 

0*046 

-0*046 


-0*268 

0*045 


5 = 1 

2 

3 

4 

6 

6 

r = l. 

0*686 

-0*376 

0*083 

-0*221 

0*016 

-0*187 

2 

-0*376 

0*389 

-0*034 

0*007 

-0*002 

0*016 

3 

0*088 

-0*034 

0*470 

hexatriene 

-0*304 

0*007 

-0*221 
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Other types op hetebo-moeecule 

So far we have discussed only hetero-molecules such as pyridine and quinoline 
which have the same number of electrons as the corresponding alternant hydro¬ 
carbon. We shall now consider hetero-molecules such as aniline and chlorobenzene, 
derived from an odd-numbered alternant hydrocarbon by replacement of one 
carbon by a hetero-atom, the total number of 7r-electrons being increased by one. 
The secular equations for such a hetero-molecule differ from those of the corre¬ 
sponding a.h. in having a negative value of a for one atomic orbital. 

Before applying our general formulae we must make sure that the occupied m.o. 
all have negative energies. Now by Part I, equation (22), 


Be. 


da, 


i- = 


(31) 


Therefore, since the coulomb term af^ for the hetero-atom is negative, the energy 
of a m.o. in the hetero-molecule is negative if the corresponding m.o. in the parent 
hydrocarbon has negative energy. Now the only m.o. of the parent hydrocarbon 
with non-negative energy is which zero energy. So if the hetero-atom 

replaces a carbon atom r for which *== 0, will be zero in the hetero¬ 

molecule also, since the value of will not affect that m.o. However, it seems that 
for all real hetero-molecules this situation does not arise, so that < 0 for all the 
m.o. Further, in the hetero-molecules we are considering all the electrons are paired; 
hence our general equations may be applied. 

Now by equation (43) of l^art I 



where d* refers to the hetero-molecule, the limits of integration are — oo to +cx:), 
and the determinants in an integral are understood to be functions of iy. If A refers 
to the parent a.h., we may expand this and write 


1 “ 






Now /J^ and A% f^ are even functions of y, and A^ ^ and A^g f^^Af^ J^ are odd functions of y ; 
therefore the second integral is zero. But by Jacobi’s theorem 






Therefore 


(33) 
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Now" by table 1 the last integral is negative or positive according as h and s are in the 
same set or not. Therefore when < 0, is greater or less than 1 according as h and 
s are in the same set or not. This shows that our interpretation of the experimental 
law of alternating polarity does not depend on being small, and that it applies 
when the number of 7 r-electrons is one greater than the number of atomic orbitals 
involved in the conjugation. 

Equation (33) holds for all values of a/^. However, if we may neglect a\ in the 
denominator, we obtain 

As we should expect, this is simply equation (23). But since A^iy) and A\^i^{iy) 
have opposite signs, it also follows that use of the simple formula (23) instead of 
the more accurate (33) always exaggerates the magnitudes, but does not change 
the signs, of the charge displacements g, — L 

It is worth noting that in molecules such as aniline, where n is odd 

iff, = n+l, (34) 

80 that may be considerably greater than one for the hetoro-atom and the other 
atoms in the same set. An electron density of 2 on the hetero-atom would correspond 
to the classical valence diagram, which takes no account of the participation of the 
‘unshared pair’ in the aromatic system. When n is even, on the other hand, 

2 9, = w, (35) 

that is to say, the available electrons are less lavishly distributed, so that the excess 
electron density on the hetero-atom must he compensated by a considerable positive 
charge on one or more atoms of the other set; this explains why molecules such as 
pyridine are most susceptible to anionoid reagents, and those such as aniline to 
cationoid reagents. 


CONCLCSION 

Although the law of alternating polarity as we have derived it holds strictly only 
for a molecule whose secular determinant differs from that of an alternating hydro¬ 
carbon by one coulomb term, it will be expected to apply locally in more complex 
molecules in view of the rapid falling ofP of mutual polarizabilities with distance. In 
molecules where there are two or more hetero-atoms we may still use mutual atom 
polarizabilities for calculating electron densities, taking the corresponding hydro¬ 
carbon as basis for a first-order perturbation treatment. This may save a great deal 
of labour in enabling us to predict roughly electron densities in a number of different 
hetero-molecules derived from the same hydrocarbon. 
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The theory of chemical orientation put forward in this paper does not conflict in 
any way with the current qualitative resonance picture; but it makes possible the 
assessment of the relative extents to which substitution will affect different positions 
in a molecule, a problem which has hitherto eluded satisfActory treatment by the 
resonance theory. 
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A study by a double-refraction method of the development 
of turbulence in a long circular tube 

By a. M. Binnie akd J. S. Fowler 

{Communicated by Sir Oeoffrey Taylor^ F.B.S.—Received 5 March 1947) 


A streaming double-refraction method was employed to examine the flow in a long glfiws tub© 
of a very weak solution of benz-opurpurin in water. Two kinds of turbulent entry were used; 
with one, laminar flow at a Reynolds number of about 1900 was observed at cross-sections 
more than 120 diameters from the entry; with the other the corresponding distance was 90 
diameters. The nature of the breakdown of laminar flow at a cross-section was found to de¬ 
pend upon the kind of entry and upon the distance of the cross-section from the inlet. The 
development of complete tvirhulence at various cross-sections was also investigated. 


1 . Introduction 

In a previous paper (Binnie 1945 ) an account was given of an investigation of the 
onset of turbulence in a liquid flowing through a straight circular glass tube. Use 
was made of the fact that certain liquids exhibit the property of streaming double- 
refraction. A beam of polarized light was arranged to traverse a diametw of the tube, 
the nicols being set to give extinction when the liquid was stationary. With the 
liquid in motion at a low velocity it was found that a steady beam of l%ht emerged, 
the intensity of which depended upon the velocity of the liquid. When, however, 
the velocity exceeded a certain limit the beam became unsteady, and the disturbances 
are believed to indicate the development of turbulence. 

The motion of a liquid has often been examined by introducing into it some form 
of indicator such as a thread of potassium permanganate (Reynolds 1883 ), oil drops 
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(Relf 1913 ; Jones, Farren & Lookyer 1927 ), or ‘phosphorescent’ zinc sulphide 
which can be made visible by exposure to ultra-violet light (Binnie & Bowen 1941 )* 
Another method which has been used is to employ the particles always present in 
tap water, their tracks being followed by means of an ultramioroscope with a rotating 
objective (Fage & Townend 1932 ). The possibility that the insertion of the indicator 
may disturb the flow should not be overlooked, and this is a question which musf 
be decided, not by ex cathedra assertions, but by comparison of the experimental 
results with those of other methods. The standard method not involving an indicator 
is the measurement of the pressure drop between two tappings on the tube. ITiis 
procedure, however, suffers from two disadvantages: (i) the flow is examined over 
a length of tube, not at one definite cross-section; (ii) the pressure-indicating 
apparatus must be extremely sensitive if it is to detect the transient bursts of 
turbulence described by Reynolds as flashes. It therefore seemed worth while to 
attempt to develop the double-refraction method, which enables the nature of the 
flow to be investigated at any cross-section of the tube and which (unlike the 
permanganate thread method) is feasible when the conditions at the tube entry 
are turbulent. 

In the earlier work it was found that, as the velocity was increased, the first dis¬ 
turbances at a cross-section 95 diameters from the entry appeared at a Reynolds 
number of about 1970, calculated with the mean velocity of flow and with four times 
the hydraulic mean depth—a definition which will be adhered to throughout this 
paper. This figure is in satisfactory agreement with the results obtained by other 
means, but it became evident in the light of experience that the method could be 
improved. Accordingly, new apparatus was assembled at the Engineering Labora¬ 
tory, Cambridge, incorporating important modifications. 

Experiments with a Couette viscometer had revealed that the working fluid, 
although very dilute, possessed anomalous viscous properties at small rates of shear. 
At the mean rates lifeed in the apparatus the viscosity was lower and almost in¬ 
dependent of the rate, b\it nevertheless an element of doubt remained. Not only 
was it difficult to decide what value of the viscosity should be used in the calculation 
of Reynolds numbers but also the presence of anomalous projwties suggested that 
the velocity distribution might be appreciably different from that in pure water. 
Two steps were taken to minimize this difficulty: (i) the strength of the working fluid 
was reduced to one-fifth of its former value, incidentally increasing the life of the 
fluid from 2 weeks to 2 months; (ii) the tube diameter was decreased from 1 in. to 
6 mm. These changes had the effect of pushing up the mean rate of shear in the 
interesting range of Reynolds numbers into a region where the difference between 
the viscosities of water and of the working fluid could hardly be detected, and the 
uncertainty in the value of the viscosity was reduced below that in the velocity 
measurements. 

An investigation at one cross-section of the tube with one type of turbulent entry 
showed that many of the difficulties encountered in the earlier work had been thus 
overcome. The apparatus, being very suitable for the purpose, was then employed 
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to examine the flow at varioue distances from the entry, and in this work two types 
of entry were used, one giving a high degree of turbulence and the other a low, A 
detailed account follows of the working fluid, the apparatus and the two series of 
experiments. 


2. The working liquid 

Humphrey ( 1923 ), in his demonstration of the possibilities of the method, employed 
a solution of vanadium pentoxide, but this is so troublesome to work with that it 
was decided to continue to use benzopurpurin. After some trials a 0*005 % solution 
in distilled water, one-fifth of the strength previously used,* was found satisfactory. 
To make it, 0*1 g. of benzopurpurin was ground lightly in a mortar with a little 
water to eliminate any lumps and to ensure that all the powder was wet. It was then 
added to about 300 c.c. of warm water, and, if the temperature was sufficiently high, « 
the powder readily dissolved on stirring, giving a clear red solution which was 
diluted to about 900 c.c. with more warm water. After further stirring, cold water 
was added to make up the volume to 2 1. It was fotmd that, unless the warm water 
used in the first stage was at a temperature of about 50*^ C, the powder did not dis¬ 
solve completely even after further heating and stirring; the resulting liquid was 
slightly cloudy, its opacity being greater as the temperature of mixing was decreased. 
In order that the liquid should exhibit the required double-refraction properties 
the benzopurpurin molecules were aggregated exactly as in the earlier work although 
the benzopurpurin solution was now weaker. A solution of 80 g. of potassium sul¬ 
phate in 900 c.c. of distilled water was made, and 100 c.c. of this was added to each 
litre of benzopurpurin solution to form the working liquid. After one day optical 
activity had developed, and after two or three days no further alteration was 
noticed. The experiments were not concerned with the magnitude of the double- 
refraction effect, hence a change in activity during a series of readings was 
immaterial. After 8 or 9 weeks a precipitate was formed in the liquid when left 
overnight, and a fresh charge was then inserted into the apparatus. Even when the 
imperfect solutions mentioned above were used the liquid remained active for about 
the same length of time. It must be remarked that the earlier work was carried out 
in an open laboratory whereas the new apparatus was housed in a dark room, hence 
the great improvement in the life of the liquid may be due to the absence of daylight 
as well as to the reduction in the strength of the solution. 

As the optical properties of the liquid changed in the first few days after mixing 
it was thought that a similar alteration in the viscosity might exist. Accordingly, 
experiments were carried out to establish the variation of the viscosity with rate of 
shear and with time. The Couette viscometer which was used was described in the 
earlier paper, but the drive was altered so that the limits of mean velocity gradient 
which could be obtained were 1*6 and 7 seo.“'. The Ostwald viscometers were of the 
usual design, the two alternative instruments used having mean velocity gradients 

♦ A misprint in the earlier paper gave the strength m 0*25 %, 
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of approximately 660 and 960 Three working liquids were tested, the solution 

temperatures of which were 30, 40 to 45 and 60° C, and they will be referred to as' 
A, B and C. It was found that at high rates of shear the viscosity attained a steady 
maximum value after two or three days, while at very low rates the times before 
steady conditions were reached were longer, being as much as 30 days for a mean 
velocity gradient of 2 sec.“*. The results, which are given in table 1, are derived 
from the steady values recorded when no further change was detectable. They are 
expressed (for various velocity gradients) in the form of the percentage excess of 
viscosity above that of water. As in the earlier work the excess of viscosity above 
that of water will be taken to diminish in an exponential manner to a steady value 
at the large velocity gradients obtaining in the Ostwald viscometers. Now the 
mean rate of shear in the 6 mm. glass tube at a Reynolds number of 2000 and at 
21° C was ^20'^ sec., and calculations showed that on the above assumption the 
excess viscosity at this velocity gradient was virtually the same as that given by the 
Ostwald viscometers. Thus the j^ercentage excess for solution A may be taken as 
0*6 and for B and C as 1|. The density of the liquids was 1*005 g./o.c. so that at 
220sec. the excess of lunematic viscosity above that of water was %, except 
for solution A in which it was negligible. As no appreciable change of viscosity at 
liigh rates of shear could bo detected after three days, these figures were used in the 
calculation of Reynolds numbers throughout the ex|)eriment8. Solution A was 
employed in the first series of turbulence observations; subsequently all liquid was 
mixed at 50° C and had the properties of solution C. 


Table 1. The percentage excess op viscosity ok the 

WORKING LIQUIDS ABOVE THAT OF WATER 



A 

B 

c 

D 

strength (%) 

0-005 

0-005 

0-005 

0-025 

velocity 

gradient 

(sec.”^) 

2 

8 

14 

16 

39jt 

7 

H 

8 

9 


660 

— 

li 

1! 

— 

800 

— 

— 

— 

3 

960 

0-6 

— 

—. 

— 


For purposes of comparison the properties of the liquid used in the earlier experi¬ 
ments are shown in table 1, column D. The mean rate of shear at i? = 2000 in the 
1 in. tube used in that work was only IT^sec.*-^, and the excess kinematic viscosity 
of the solution employed was 9 % at this velocity gradient. Thus it is clear that the 
use of a smaller tube, with the consequent higher rates of shear, together with an 
even weaker liquid effected a considerable improvement and reduced almost to 
vanishing point the disadvantages inherent in the use of a colloidal solution. 
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3. DESCBIPTtON OF THE APPABATtTS 

As shown in figure 1 the working liquid flowed under gravity from the upper 
reservoir A through a 4 ft. length of Messrs Chance’s Veridia 6 mm. glass tube to 
the lower reservoir B, control being effected by the pinchcook C. The inlet end of 
the tube was sharp-edged and protruded into A through a rubber bung. The liquid 
was supplied to A from B by the same electrically driven centrifugal pump that was 
used in the earher work. The pump was run at constant speed, and the amount of 
fiquid passing to A was varied by diverting part of the pump delivery through the 
by-pass E back into B. The temperature of the liquid in A was measured by a 



caUhrated thermometer. During an observation the level in A was kept constant; 
the flow was measured by the orifice plate D fitted near the middle of a long stainless 
steel pipe, and tappings on either side of the plate were connected to vertical stand¬ 
pipes. It was thought sufficiently accurate to calibrate this arrangement with tap 
water. During the first series of observations the liquid entered A through a single 
tube (figure 2); later this was replaced by the alternative tubes O and H shown in 
figure 3. Apart from the pump and the steel tube the whole of the apparatus that 
was in contact with the liquid was made of glass or rubber. 

In the optical apparatus the source was a 100 o.p. Pointolite, from which the light 
passed successively through a system of lenses to secure parallelism, a ^in. stop, 
a glass cell containing a 6 % solution of copper sulphate, the polarizer, a diameter 
of the 6 mm. tube and finally the analyzer. To reduce the lens effect of the tube it 
was surrounded at the section under observation by a rectangular glass odU con¬ 
taining distilled water. The nicols were set with their axes perpendicular to each 
other and at 45° to the tube axis. The emergent beam fell on a caesium photocell, 
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the cathode current of which was magnified about 1000 times by a nine-stage 
electron multiplier. The voltage drop across the collector load was fed into a two-' 
stage d.c. valve amplifier, having a maximum gain of 1-6 x 10*, and thence to the 
Y plates of a cathode-ray tube. The tube was of the low voltage gas-focussed type 
and had a sensitivity of about 1 mm./V. A long afterglow screen enabled the whole 
of one trace of the spot to bo seen at once, although the period of sweep was as high 
as 1J sec. The time-base apparatus was of conventional design. 

Although the working fluid was so dilute, the double-refraction efiFect, wliich could 
be seen when the photocell was moved aside, was surprisingly powerful. The eye 
could detect the fall and variations of light intensity which, as described in the 
next section, indicated the development of turbulence. 



not to scale 

Fiouan 2. First supply arrangement. Fiuukk 3. Second supply orrangeiuent. 


4. DK.SOEimON OF THE EXPERIMENTS 

(i) The first series of experiments was carried out with the single delivery to the 
upper reservoir shown in figure 2. Attention was concentrated on a cross-section of 
the tube distant 132J diameters from the entry, and this series may be regarded as 
a much more detailed repetition of the earlier work on unidirectional flow. When the 
Pointolite was turned on with the liquid stationary the straight trace on the screen 
of the cathode-ray tube rose about 0'7 in., this effect being due to imperfections in 
the niools and to a lack of complete parallelism in the beam of light. This level will 
be taken as the zero of the observations. As the liquid was put into motion the trace 
rose further but still remained straight, and, as shown in figure 4a, when Ji was 
about 1900 it was 1*4 in. above the zero. Upon further inoreasing the flow the spot 
was seen to make momentary descents to a level about J in. above the zero (figure 46). 
Tliis effect, it is thought, was due to bursts of turbulence resulting from the break¬ 
down of flow which, being far from the entry disturbances, had become laminar. 
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Reynolds in his colour-band experiments noticed these periods of‘vigorous eddying ’ 
and called them ‘flashes’. With much care it was possible to establish conditions in 
which these flashes occurred at the rate of less than ten in 5 min. The flashes became 
more frequent as the velocity of the liquid increased, causing the trace to be almost 
continuously agitated within a vertical range of about 1 in. At R = 2600 there were 
still, however, occasional short pt^riods of laminar flow, lasting sometimes for a 

. . :.— i?= 1900 approx. 


.. no i\ow 

-light off 

(a) 
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(«) 
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turbulent levtjl 
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Figure 4. Traces in the first series of experiments. 


whole sweep of the spot and indicated by the steady motion of the spot in a straight 
line at the highest level attained in continuously laminar flow (figure 4 c); tliis level 
will be termed the laminar level. At higher velocities these periods became rarer 
and of shorter duration (figure 4d), and later disappeared altogether (figure 4e). 
At the greatest attainable velocities, corresponding to J? === 5000-6000, the oscilla¬ 
tions (figure 4/) were small, very rapid and at a steady mean level which was the 
same as that to winch the spot descended as the result of flashes. This level will be 
referred to as the turbulent level. 

A set of readings was taken with the liquid moving as fast as possible consistent 
with the motion remaining truly laminar. They were obtained by decreasing the 
velocity from a value such that occasional bursts of turbulence occurred xmtil no 
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flashy were observed in a period of 5 min. The average Reynolds number of thirty- 
five readings of this kind was 1870, their range being from 1790 to 1990. 

After most of the observations described in the preceding paragraph had been 
made, the velocity was slightly increased until the number of flashes in 5 min. was 
between one and ten. It will be seen from table 2, in which the results are displayed, 
that, although some scatter exists, the general trend of the observations is an in¬ 
crease in the frequency of the flashes with rise of Reynolds number. This is confirmed 
by figure 5 which shows the average Reynolds number iZ, at which a certain number 
N of flashes occurred in 5 min., plotted against N, With two exceptions, both of 
which are represented by one reading only, the points lie close to a straight line. The 
line outs the Ji axis at iZ == 1900, which may be taken as an estimate of the critical 
Reynolds number of this cross-section under the prevailing entry conditions. 


Table 2. The relations between Reynolds numbers and the 
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Figure 6. Frequency of BaahoH in the first series of experiments. 


Fifteen readings of iZ were taken when the spot rose oc<jasionally for very short 
periods (figure 4 d) to the laminar level; they ranged from 2710 to 3030 with an average 
of 2910. With the velocity slightly increased from these conditions so that no rises of 
the spot to the laminar level were seen (figure 4e), the average of fifteen values of Ji 
varying from 2930 to 3220 was 3040. Completely developed turbulence will he 
somewhat arbitrarily defined as the state in which the intensity of the transmitted 
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light does not even momentarily attain the maximum value reached under laminar 
conditions, and thus tliis state was established when B exceeded about 3000. This 
figure was later shown to depend upon the magnitude of the disturbances at the 
tube entry. 

(ii) As the apparatus was found in the first series of experiments to yield results 
generally in accordance with those of numerous other investigators, it was employed 
in the second series on a new problem—a study of the flow at various distances 
from the inlet when the entry disturbances were altered. For this purpose the 
single supply to the upper reservoir A was replaced by the two alternative delivery 
tubes G and H shown in figure 3. The lower tube G was used with a small depth of 
liquid in the reservoir, giving very disturbed entry conditions. The upper tube H 
delivered on to the side of the reservoir at a considerable height above the bottom, 
and when it was in use the reservoir level was maintained above its horizontal arm. 
With this supply the flow at entry to the 6 mm. tube was quieter than when the 
lower delivery was employed. These inlet conditions will be referred to as the more 
turbulent and the less 1 urbulent. The optical apparatus was set up to examine the 
flow at nine cross-sections, designated Si,,, and spaced over the whole accessible 
length of the tube. The distances of these cross-sections from the entry are shown 
in table 3. 

Table 3. Tub Tosmons of the oross-seotions examined 

cross-section iS\ Sg Sg 

distance ill 14 26 36 62 86 109J 132i 152^ 174 

diameters from entry 

With the apparatus at S^ and 8^, and the more turbulent entry in use, the 
indications of breakdown were unchanged and diagrams similar to figure 5 yielded 
the same result. With the less turbulent entry the flow was somewhat different, and 
plotting of the frequency of the flashes led to horizontal lines cutting the R axis at 
about 1950 to 2000 . It appears that, as laminar flow persisted to a higher Reynolds 

laminar level 

turbulent level 
m) flow 

Figure 0 . Trace at position of wavering followed by a dash. 

number than before, it became more unstable, for once the production of flashes had 
begun little or no increase of velocity was required to raise the firequency of their 
occurrence. In the coixrse of four of the observations at iS,, at Reynolds numbers 
of 1920, 1960 (twice) and 2060, prolonged small disturbances (figure 6) l«jrting for 
2 or 3 sec. were seen, but they were not always followed by a flash. Apparently these 
periods of wavering were not caused by inlet disturbances for they were not noticed 
when tlie more turbulent entry was in use. They can perhaps be regarded as due to 
the increased instability of the flow. 
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When the optical apparatus was transferred to it was at onoe evident that the 
departure from laminar flow occurred at a much lower Beynolds number in a manner 
entirely different from that previously observed. As the velocity was increased from 
zero under the more turbulent entry conditions the first sign of a disturbance was 
a slight wavering (figure 7 a) at about R = fi60. The vertical movement of the spot 
was verj small, and it was difficult to decide when the oscillations commenced. As 
the value of R rose the disturbances increased in magnitude and irregularity 



(js) — no flow 


no flow 


^ — no flow 



Iflow 


— no flow 

Fioukk 7. Traces at position 

(figure T b to d) and the mean level gradually fell. Flashes and relatively lengthy 
returns to the laminar level (figure 4&,c) were absent, and it seems clear from 
a comparison of figures 4 and 7 that breakdown was now due to the disturbances 
propagated from the entry. The condition of complete turbulence (figure 7e) was 
more difficult to observe than before because the spot was much more violently 
agitated; it was established at an appreciably higher velocity than at S,. At the 
maximum attainable velocity the oscillations (figure 7/) were, as before, very rapid 
and of approximately constant amplitude. With the less turbulent entry the flow 
remained laminar until a Reynolds number of about 1650 was reached when very 
occasionally the trace was sharply agitated as shown in figure 7 g. These disturbances 
were smaller than a flash, and this fact suggests that they were due to entry dis¬ 
turbances upsetting the laminar flow which was not in such a delicate state of 
stability as obtained at higher Reynolds numbers. The remaining observations were 
similar to those shown in figure 7 6 to/, the complete establishment of turbulence 
requiring an even higher velocity than before. At the two positions nearest the inlet. 
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breakdown occurred in much the same manner as at ^ 3 , but the agitation at high 
velocities was so continuous and irregular that attempts to determine the establish¬ 
ment of complete turbulence proved fruitless. At S 4 and both kinds of breakdown 
were noted. The first signs were the same as at the positions closer to the inlet, but 
flashes were also seen at Reynolds numbers of about 2000 superposed on the agitation 
which had set in at lower velocities. At t% with the less turbulent entry the observa¬ 
tions were almost identical with those at iS,, and the inlet disturbances were damped 
out before reaching the section if E was less than about 2000 , With the other entry 
the flow more closely resembled that at as is indeed to be expected, for the greater 
inlet disturbances are likely to persist further along the tube. 

5. Discussion of the results 

The results of the second series are summarized in figure 8 , where the lowest 
Reynolds numbers at which disturbances of any kind were observed and at which 
turbulence was found to be fully established are plotted against the distance from 
the tube inlet. The lines m and M refer to the more turbulent entry, and I and L 
to the less. 



Fiouhk 8. Reynolds numbers at the breakdown of laminar flow and 
at the development of complete turbulence. 


The lines I and m are each composed of two parts, a curve showing the region where 
breakdown was due to the propagation of entry disturbances, and a straight line, 
presumably extending to infinity, which indicates breakdown due to the inherent 
instability of the flow. A single observation was liable to error due to an unnoticed 
lack of steadiness in the surface level in the upper reservoir, therefore the curved 
portions of I and m are plotted from averages of readings. Except for positions 8 ^ 
and S^ on I, where the average conditions of wavering are used, the straight portions 
of I and m are derived from averages plotted in the manner of figure 5 . The curved 
parts show, for values of R below about 1900, bow far the entry disturbances travelled 
before disappearing, the maximum distances, roughly 90 and 120 diameters, being 
given by the intersections of the curves and the straight lines. It has been related 
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that, at 62 and 86 diameters from the inlet, flashes occurred with both entries at 
Reynolds numbers between 1950 and 2000 . These give |>oint 8 lying, as indicated 
by the crosses in figure 8 , close to the straight lines produced towards the R axis 
beyond the intersections, and they confirm that the curves and straight fines are 
separate relationships. 

Although the points of intersection are not very definite, the above numerical 
results are more precise than those of Schiller ( 1921 ), who by means of pressure 
observations found that a length of 130 diameters was sufficient to give freedom from 
entry disturbances at JS =5 2320 whereas a length of 65 diameters was not. But 
clearly the exact length varies with the inlet disturbances, which arc difficult to 
specify and obviously depend on the details of the apparatus used. For rectangular 
tubes, having a large ratio of width to depth, a diagram somewhat similar to I and 
VI was published by Davies & White ( 1928 ) who found that entry disturbances 
vanislied at a cross-section distant from the entry 54 times the depth. 

(hirves I and m have positive intercepts on the axis of ii, showing that no dis¬ 
turbances were propagated along the tube when R was below about 360 for the more 
turbulent entry and 1600 for the less. The results obtained by Schiller ( 1930 ) and 
by Naumann ( 1931 ) by the colour-band method were 600 and 660 respectively. 
This method, however, does not permit the introduction of large disturbances at 
inlet, as Naumann himself observed. He related how he stirred the water in the 
supply reservoir in order to obtain a value of R as low as 660, but it is probable that 
the disturbances so caused were not nearly as great as those existing in our apparatus 
under the more turbulent entry conditions. As is to be expected, it appears that the 
value of R depends on the nature of the inlet disturbances. Whether it tends to a 
lower and non-zero limit as the disturbances are increased remains uncertain. The 
result R ~ 280 obtained by Davies & White { 1928 ) was again smaller than ours. This 
may be due to more violent turbulence at inlet, but the possibility exists that the 
cause was the different shape of tube. 

The minimum value of the critical Reynolds number J?eru. is usually taken as the 
least value of R at which disturbances occur provided that the entry is very dis¬ 
turbed and that the cross-section examined is sufficiently far downstream for the 
turbulence at inlet to have died away. As the experiments suggest that the flashes 
and wavering, although not continuous, should be regarded as disturbances, it 
seems reasonable to take their appearance as the criterion of breakdown at cross- 
sections far from the entry. The straight portions of lines I and m differ from each 
other by a small but perceptible amount, giving R ^ 1900 for the more turbulent 
entry and R = 1960 for the less. Thus iJcrit. J^iay be taken as 1900. As the apparatus 
was capable of detecting a single flash, no matter how rare, it was thought likely to 
yield a figure rather lower than that obtained by other investigators, and the method 
used in obtaining figure 6 may lead to a value lower still. This expectation is con¬ 
firmed by Goldstein’s summary ( 1938 ) of published work, which gives in tabular 
form the values 2000, 2100, 2100, 2000 and 1900 obtained by four authorities by 
means of non-visual methods. 
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the ourvee Lmd M in figure 8 , which we ba^ ott 
the onset of complete turbulence judged by the criterion eipWned In^ 
that the values of R fell as the distance from the inlet increased. The owirh M appears 
to descend to a lower limit at about B » 3000, and it is possible, had the tube been 
long enough, that L would have reached the same limit. Even with the mote tut' 
bulent entry the inlet disturbances at J? =: 3000 were lees than those developed far 
down the tube, and they required a length of at least 130 diameters to grow into the 
state of complete turbulence. The above result confirms the semi-theoretioal in¬ 
vestigation of Schiller ( 1930 ), who deduced that turbulence should be established 
when M lies between 2360 and 3500, the actual value of R falling as the distance from 
the entry increases in a manner similar to curves L and M in figure 8 . Naumann 
( 1931 ), working along similar lines, obtained values of about 3000. In their experi¬ 
ments they found by visual observation that laminar flow broke down when 
jft — 3000 to 3500 although flashes were noticed at i? =« 2200 . It must be remarked, 
however, that the conditions at the tube entry were comparatively quiet. 

In the earlier work it was found that the minimum value of Rcriu that 

complete timbulence, which was then defined as a state of continuous agitation of 
the spot, set in at about R = 2900. These figures are in satisfactory accord with the 
results explained in the preceding paragraphs. Thus the salient features of the flow 
were unchanged although the apparatus was obviously improved by the use of a 
smaller tube and an even more dilute working fluid. It was at one time feared that 
the me of a colloidal solution, however weak, would invalidate the results, but this 
apprehension is now seen to be groundless* The flow, even at i? =» 360, cannot be 
suspected of serious distortion due to the slightly anomalous properties of the 
working fluid. 

We are greatly indebted to Mr E. J. Bowen, F.R.S., and Mr C. W. Oatley for their 
advice, to Mr J. G. Yates for his help with the electronic apparatus, to Mr H. A. 
Thurston for translating the papers of the German experimenters, and to R. R. D. E., 
Malvern, for the loan of the photocell and its power pack. 
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Flow of a compressible fluid about a cylinder 

By T. M. Chkrey 

{CommunicaUd by Profeaaor 0. Temple, F.B,8,—Received 22 March 1947) 

iNTBODtTCTIOK 

In this paper, a family of exact* solutions is found for the two-dimensional flow of 
a compressible perfect fluid about a cylinder. The present work is restricted to the 
case where the circulation is zero and the speed at large distances from the cylinder 
is subsonic; but there is no restriction that the speed near the cylinder be subsonic. 
In a later paper I hopi'. to remove these restrictions, which are not essential to the 
theory. 

The family of solutions involves an infinite set of constants, upon the values of 
which depends the shape of tlie cylinder; but the question of so disposing these 
constants as to suit a prescribed shape is not here entered upon. 

The hodograph method is used, in which the velocity components are taken as 
independent variables, and the field equation is linear. Now the simplest type of 
flow, round a circular cylinder, for example, will have two axes of symmetry, and 
we shall have the same vector velocity at any two points which are symmetrical 
about the centre. Hence if qi is the velocity at infinity, the position co-ordinates 
X, y will be double-valued functions of qe^^, with a branch-point at It follows that, 
if X, y are expressed as power series in the components w, v of qe^, these series must 
diverge for and for the representation of those parts of the flow-field 

in which | qe^ | > we shall need new series, viz. the analytic continuations of the 
former series round the branch j>oint. It is this problem of analytic continuation 
which is solved in the present paper. The key to the matter lies in a theorem (theorem 
4, §3) whereby a hypergeometric function whose parameters are large is expressed 
by a convergent series whose leading term represents the function asymptotically. 

The primary solution, representing flow round a cylinder which is approximately 
circular when q^ is small but which becomes flattened as q^ increases, is given in 
theorems 5, 6 , equations (4-17) to (4^20) and (6»17) to (5*21). The working out of this 
solution, and the investigation of such things as the critical value ofq^ for the appear¬ 
ance of limit lines, will require extensive arithmetic, which has not yet been 
undertaken. 

In the interests of space, a large amount of algebraic detail has been suppressed. 

Shortly after the manuscript of this paper had been completed, an interesting 
paper by Tsien & Kuo ( 1946 ), devoted to the same problem, came to hand. Wliile 
recognizing the value of this paper, I think that so far as the core of the problem is 


* This is in contrast to the approximate solutions found by Velocity-correction* methods, 

[ 45 ] 
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concerned, viz. the question of anal 3 rtical continuation, their results are only ten¬ 
tative. They make an unproved assumption, and I do not think that their methods 
permit the truth of this assumption to be tested; an explanation of the point at issue 
has been added as an Appendix to the present paper, where also it is shown that, 
in Tsien & Kuo’s chief example, their assumption is in fact false. 

1. Fundamental equations 

Let (x,y) be rectangular co-ordinates and (u^v) the velocity; ^ the velocity 
potential and stream function; p the density, y the ratio of specific heats and c the 
local velocity of sound. Let the suffix 0 refer to a stagnation point, while variable 
suffixes such as x, u, 6 indicate partial derivatives. The fundamental equations are 



W = - = - Po fvlp^ r = - = /<o 

(M) 


/|i2 .|f2 

== const. = c2, 

(1-2) 


/ <^2 4. /6f 

(1-3) 

where 


(1-4) 

Elimination 

of ^ leads to the field equation 



(C* - W*) + (C* - t-*) ^yy = 0. 

(1-6) 


In the hodograph method we take as independent variables a pair of velocity 
components such as w, v, and we shall work with the field-function which arises in 
Legendre’s transformation of (1-5); viz. with a:, y as independent variables we put 


( 1 - 6 ) 

and with u, v as independent variables this leads to the reciprocal formulae 

x^Q^, (1-7) 

Legendre’s transformation of (1*5)—^after substituting for c from (1*2)—then gives 
the hodograph equation 

From (1 • 1) the stream function is given in terms of u, v by the consistent equations 

= (1-9) 

Pa Pa 

If we introduce polar components of velocity q, 9 by 

u + iv~ qe^, u — iv" qe~^, 


(MO) 
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the equation (1-8) becomes 

+ - 2(}q\qQ^+Q„) = 0, (Ml) 

and this is satisfied by Q = e^"‘^f{q), 

provided (Vc? - <7*“) + -»*/) = <>• (1-12) 

On putting ^ 

this reduces to the hypergeometric equation 

T{l-r)F^^ + {n + 1 — {n + 1 + fi)T]F^ + \fin{n — \)F = (). (I'l'l) 


Since ?) is involved in {M2) only as each solution of (M4) must be simply 
related to a solution of the corresponding equation with — 7 i in place of n. Hence it 
is sufficient to work with the fundamental solution, viz. the h 5 'pergeometric series 


n+ll!^ (n + l)(n + 2) 2! 


F = 6„, w + 1, t) = 1 4 

where a,,, b„ are given by 

a,I + h„ = n + fl a„ b„ = - \fin(n - 1) . (1-15) 

(Tf n is a negative integer this series must be replaced by a series involving logr; 
but in the present application this case will not arise.) 

Hence, if convergence conditions are satisfied, the hodograph equation (1-8) 
has the solution 


Q = V(^„e''<»4-/?„e-"^»)7«J’(a„,6,„n4-l,T). 


(M6) 


For T small we have approximately F{tt„,6„, w4-1, r) = 1, and (M6) becomes the 
form appropriate to incompressible flow. We may expect therefore to obtain a 
solution for compressible flow round a cylinder by giving A„, B„ the values appro¬ 
priate to a similar case of incompressible flow. We start therefore from the incom¬ 
pressible flow, with mean velocity Q, round a circular cylinder, given by 


Then 

and similarly 
Since by (l-T), 

we have 


<j) + i\jr — Q(z 4-1*/2), 2 = a; 4- iy. 

qe~*^ = « — iv == 1 — P/z*), 2 = Z( 1 — qe~*^IQy-i ; 

z ^ z — iy = l{l —.qe*^IQ)~^. 
z = 2BQjd{qe~^^), z = 'IdQjdijqe*'’), 


(M7) 


For each of these square roots there are two determinations, and for each deter¬ 
mination there are two expansions, one for ?< ^ and one for q>Q. There are thus 
in all four series fori?, and these are valid in the respective regions I to IV of figure 1; 
an easy calculation shows that the curves separating the regions are the parts of 
the hyperbola *•—y* » \l* external to the cylinder. 
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Since conjugate complex solutions for D can later be superimposed, we theirefore 

take . Bn = 0 in (116). We are to consider the range of q, or t , for 

which this series converges, and its analytic continuation outside this raagp. The 
analytical preparation for this task is undertaken in §§ 2, 3, and then in § 4 the 
questions relating to the series (1'16) are answered. 



2. HyPBRGBOMKTEIC FUNCTIONS WITH LARGE PARAMETERS 

For the hypergeometric function F(a„,b„,n+1,T) we shall find asymptotic 
formulae when t is real, 0 < t < 1, and » is large and not necessarily real. Starting 
from the well-known formula 

n^}I^^F{a,b,c,T) ^ ( 2 - 1 ) 

which is valid for t < 1 and Rib > 0, Rl(c — 6) > 0, we can remove the restriction upon 
either 6 or c - 6 by replacing the straight path of integration by a loop round < = 0 
or < = 1 . Thus for El(c — 6) > 0 we find 

2 mr{c — b) , * 

= 1^ exp{(6-l)log(-t)-f (c-6-l)log(l-t)-olog(l-rt)}<it, (2*2) 

where all the logarithms have principal values and the path (e.g. 0^ in figure 2) 
starts from t = 1 and circles in the negative sense round t » 0 back tot = 1. 
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In our case we have c = »+1, while a, b are given by (1*16). The formulae are 
somewhat simplified if we define a new parameter a by 

= (2-3) 

to a positive value of /} correspond two real values of a, of opposite signs; we choose 
the positive one, e.g. y — 1*4 gives a = 0*726. (I*16) now give 

^^6,^ — (a + a*) (w — (2*4) 

- n\l + 2ccY + 4ta\\ +a)®, ) 

and for n large = n( 1 + a) + (X{1 4- a) 4* 0(l/n), 

6^ —na4-a{l 4-a)4-0(l/n), ,(2*5) 

c~6^“-1 = 71-6,^ = n(l4‘a)-a(l 4'a)4-0(l/n)., 



Fioubk 2 


Thus the form (2<2) is suitable when Bin > 0, and on isolating the principal part of 
the integrand we have 


iitir^n +1 — 6 n) 
r(n+i)r{i-6„) 


F{a^,bn,n+l 



a+e„)(l + a) f(t)} g(t) dt. 


( 2 - 6 ) 


where 


f(t) - log (1 -«) - log (1 - T<) - j“log (- 0, 

g{t) m exp {(a -1 + e5t)log(—0 — {2a+2a*+€j^)log(l— tO). 
e». 6». < “ 0(lln). 


(2-7) 


V^. iqa. A. 


4 
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For iHn < 0 we have to detach the path of integration firom / » 1 instead of from 
< » 0, and similar transformations give 

(2-8) 

where /(<) = log (< -1) - log (1 - rt) - log t, 

g(t) = exp{(a- 1 +e;)log<-(2a+2a» + e;)log{l “'rt)}- 
Applying the usual technique of steepest descents, we begin by wTiting 


JR+iS, 

and sketcliing the family of contours It = const. The singular points of the family, 
apart from ( — 0, 1, 1/r, are the points where Rf/dt = 0. We have 


d/ 1 T a 

^ rirt + rirt“(i + a)t 


a(t — li) (< —^2) 


(l+a)t(«-l)(t-l/T)’ 

say, where tj, are the roots of the quadratic 

aTt^ + t{l -(1 + 2a)T}+a = 0, 


< 1 , <2 


(l + 2a)T-l±V(l-T){I-(l + 2a)»T} 


2aT 


( 2 - 10 ) 

( 211 ) 

( 2 - 12 ) 


Thus tj, <2 are real negative for 0 < t < (I + 2«)~*, unreal for (I + 2a)“*< t < 1; in the 
latter case they lie on the circle 111 - I/^t, and in the former case they are separated 
by this circle. 

We shall write t, * (1 + 2a)“* (2’ 13) 


for the critical value of t; by (2-3) we have 

r..(l + 2/?)-i = (y-l)/(y+l), 

and by(l'2),(l‘13) the corresponding values of y, e are equal. Thus t < t, corresponds 
to subsonic flow, and T>r, to supersonic. 

Since R =» JRl/(t) = log | (< -1 )/(t - t-») ] - - log 111 - log t, 

and (for 0 < r < 1) the family of coaxal circles 

I (t- l)f((-T-^) 1 a* const. 

has as one member the circle ] 11 = t~*, this latter circle is one of the contours 
R = const.; and it is easily proved that none of these contours (apart from the said 
circle) has any tangenoies with the family of circles, except for the obvious tangenoies 
on the real axis. Hence, in either upper or lower half of the t-plane, R varies mono- 
tonically on the circles. 
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Bearmg in mind the symmetry of the fam^y S const., and the obvious approxi¬ 
mations for t near 0, 1, l/r and oo, it is now apparent that the fiimily lies as in jSgure 2 
or figure 3 according as 0<T<Tg or t,<t< 1. 

For T~0, (2-12) gives 

<1 =-a{l + (l-l-a)*T+...}, = - — + (2*14) 

Similarly for r ^ 1, 


h 


1 - 


I-T 



(l+a ) (l -T) 

a 




1 —T 

2a 


, /(l+a )(l-T) 

V a * 


so that as r->- ] the three points t = 1/r tend to coincidence with < = 1. 

The contours of defined by (2-9), are the saine as those of Rlf(t). 


Fiqvbe 3 



Since the curves of steepest descent, 8 = = const., through the cols tj, 

are orthogonal trajectories of the family R = const., they lie as shown in figures 

2 and 3. Jjet xt / \/i ■ \ jn 

iv = {w-a + e„)(l +a). (2*16) 


For RIN > 0 we take the integral in {2-6) along the path C\ (figure 2) or Cj and C'^ 
(figure 3), and its principal part arises from the part of the path near the col ti 
(figure 2), or it and (figure 3). For the neighbourhood of it is a sufficient approxi¬ 
mation to take g(i) = Sipd, putting i = it + «, to expand/(i) to the term in «*: 

/(«)=M) + l*«* + 0(«»), (2; 16) 

where A is most conveniently calculated in terms of <i, rather than t, a: 


(^1 ~ ^») (ilig— 1) 

"<i(f,-i>(i,-i)«- 


k 


(2-17) 
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In the case 0 < t < t,, ifc is real positive, and the usual procedure applied to ( 2 - 6 ) 
gives, for^~oo orn.'^oo, 

‘ ~ /I t 

_ r(n + 1 ) r(l - bjgjtj) exp{^y(^)} 

r(n+l-bj ^{2knN) ' ' 


Now Stirling’s theorem gives, on substituting for from (2-5), 


r(n+i)r(i-fe„) 

r(n+l-6J 


~ ■^(2nn) 


(l + a)i+“/ U + a/ 


while from (2-7) /(<i) = log j~Iog(-<i). 

g{ti) ~ exp {(a - l)log (- <i) - 2 a(l + a) log (1 

As will be pointed out presently, provided 0 < t ^ and | amp n j ^ 7r - - 7 , where 

ij is an arbitrary positive number, we may convert (2-18) into a strict equality by 
including a factor 1 + 0(1 jn) on the right, and the same is obviously true of the later 
approximations. On substituting for N from (2*15) and reducing as far as possible 
we obtain: 


Thboebm 1. Foru'^cOy uniformly for 0 and (ompn | < tt — 




where a is defined by (2-3), t, by {2-13), and i,, by (2'12) with t, < < 0. 

When ampn is near n we must proceed from the formula ( 2 - 8 ), and the appro¬ 
priate path of integration, for the case 0 < t < t,, is 6 * in figure 2 , which is the path of 
steepest descent when n is real negative. This curve has an outward and a homeward 
p^sage through the colt^, which is its ‘highest’ point, and it most be supposed to 
avoid the point < = 1 /t by an indentation on the left. On the outward passage through 
<1 we have 


f(h) ’^f{h)-ni + oiml(l + ct), ^(t^) * g(ti)exp(-ifr(a~-l-i-e'J}, 


where k is the same constant as in (2-16); on the hombward passage, 


f(ti) =f(ti) + ni -am/(l + a), 0i) =« ff(ti) exp {»»(« -1 + e^)}. 
Hence we obtain 


F(,a„,b„,n+l,T) 

/’(n+ll 


_ g-in— 


n-o - 

n 


. ( 2 -: 
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If n is a negative integer this result, as far as the leading terms, is indeterminate, as 
we should expect since the series for F{a^, 6„,« +1, t) then has ssero denominators in 
the later terms. But if we exclude n from neighbourhoods of such negative-integer 
values, the last factor on the right can be written as 27rtBin(n—l)?r{H-0(l/n)}, 
and the result is equivalent to 


F(a^,b„,n+l,T) 


2nr(b^-n)g{ti)exp{Nf(h)} j / 1\1 
r{-n)r(bj ^{-2knN) 


On use of Stirling’s theorem for the gamma functions and reduction, we obtain 
precisely the same formula (2-19) as before. Hence: 


Theorem 1 {continued). The formula (2*19) is valid without restriction upon 
amp n, provided | | ^ > 0 for all negative integers n^. 

The proof of theorem 1 is incomplete in that we have not yet justified the state¬ 
ment that the fractional error in the approximation (2* 18) is uniformly 0(1/») 


<?r- 


1 /; the facts regarding (2'20) will of course 
Then it is well known that the 


provided 0 ^ t < t, — ^ and | amp n 
be similar. Suppose first that* | ampra | ^ \n 
fractional error is 0{ljn) for any r for which 

(i) g{t) is bounded on the path of integration 6\, and regular at Ip 


(ii) at any point of 6\, 


R^Ri~ ^As^, 


( 2 - 21 ) 


where if is the real part of f{t), R^ its value at Ij, and « is the arc-length from 
reckoned positively. Moreover, the fractional error is uniformly 0{ljn) over any 
range of t for which g{t) is uniformly bounded on the path and (2-21) is valid with 
a fixed positive value of the constantf A . 

A strict propf that those conditions are satisfied requires troublesome approxima¬ 
tions to the curve Cj; but if we are content to take certain facts rather vaguely from 
the ‘regularity ’ of the contours in figure 2, we may deduce what is required very 
simply: Since lmf(t) is constant on the path we have 


dR 


ds 


I/'«)! = 


a(( — ty) {t — <g) 


( 2 - 22 ) 


where at the second step we have quoted f'(t) from (2-10). Now from the ‘ regularity ’ 
referred to, it is evident that, for any definite t for which Oj runs as in figure 2 
(i.e. for 0 < T < r,) and for t on there are positive lower bounds for | < — 1.^ [/« and 


11 - Ij 1, and positive upper bounds for 
continuously with T. Hence ' 

ds 


11, 1l/r |; and these bounds vary 
>A(t)«, (2-23) 


where A{t) is positive and varies continuously with t; and from the continuity, 
A{t) has a positive lower bound over any closed part of 0<T<r,. However, for t 


• The distinotiou between amp n, amp N is trivial for | n | large. 

t Here, and below, the geherio symbol A denotes a positive constant, absolute or conditional, 
whose precise value is without ef£eot on the argument. 
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near 0 we see from (2-14) that remains finitely different from 0, and hence that the 
part of figure 2 near the origin remains ‘regular’; and that though j i j, ] i — 1 /t | 
are separately large on Cj, their quotient remains below a bound which is approxi¬ 
mately |^ 2 T|, = a. Hence in (2*23), i4(r)^4(i/)>0 for — and ( 2 * 21 ) 

follows by integration, the minus sign arising because dRjda is negative. The uniform 
boundedness of < 7 (^) follows similarly. 

The restriction | ampn | < —imposed above, is required as long as we inte¬ 

grate along a path which gives steepest descent for n real positive. But if instead of 
taking orthogonal t/o the contours R » const., we take it cutting them at an angle 
\ 7 t -~6 (in one or other sense), Oj will give steepest descent when ampiV^ ^ ±0 
(-h or ” according to the sense just referred to). It is clear that, for any d less than 
| 7 r, this curve will spiral at each end into the point i = 1 , the spiral approximating 
near / = 1 to a logarithmic one and being therefore of finite total length. The argu¬ 
ment for integration along this new curve is then the same as before, since we can 
transform the one case into the other by writing ^ /(f) = /i(f). Since, 

for uniformity, 0 can have any value between ± we see the validity of the 

range j amp ri | < rr —17 stated in theorem 1 . 

The same sort of discussion applies to ( 2 * 20 ), 

The uniformity of (2*23) breaks down when r is near because then fj is near to 
fg and the factor f — fg in ( 2 * 22 ) is small for t near However, there is obviously an 
inequality of the form valid for t on Ci and (say) ^ t < This leads 

to I dR/ds I > and hence 

in place of ( 2 * 21 ); and for the integral in ( 2 * 6 ) we obtain a bound of the form 


A, 


exp{n/(tj)}l 


®xp( — 


i.e. i4,lexp{n/(ti)}|lwl-*. 

Thus the denominator | iV" |*, or | n [♦, in (2-18) is replaced by | n j*, and since the 
gamma-function is of order (n |* we arrive at 


Theobem 1 (again continued): For 0 ^ t < t,, and {n-n^l^r) for aU non-poaitiw 
integers 




ivhere the constant i4(iy) depends on rj only. 

We now turn to the case t, < r < 1 , where are conjugate imaginary. When n 
is real positive, the curves of steepest descent C,, C'^ through these cols lie as in 
figure 3, and wo may use them in the integral ( 2 - 6 ) for | amp AT | ^ In the 

discussion regarding the uniformity of the approximation that is to be obtained, 
for which the appropriate range of r is clearly T,-fi;sST<l-i 7 , there is one new point: 
inequalities of the form (2-23), ( 2 ' 21 ) are not valid on the whole paths (7,, C{ from 
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ti, tooo, but only for 111 or «less than some bound, such as a < 2t~* = a^. For larger 
values of «, (2-22) gives a uniform inequality of the form | dRjda | > A'ja, and hence 

jR JBi - - v4' log («/«„). 

The corresponding contribution to the integral in (2-6) is less than 

1 exp A^«g} I f {aja)^'^'da, 

w^hioh is exponentially small compared with the principal term in (2*25) or (2*26) 
below. 

By the same device as before, the range of ampn may be extended to 

I ampn | <7r-r/. 


In evaluating the contribution from the part of the path near the formal work 
leading to the right-hand member* of (2*18) is exactly as before, except that wo must 
attend to the determination of ^Ik. J'or this, it is simplest to (compare the circum¬ 
stances when r is a little less than with those when r is a little greater than t^, 
and argue thence by continuity. The only significant difference is that in the former 
case is real positive, so that ky defined by (2*17), is real positive; while in the 
latter case is i (positive) and k = ik' (k' > 0). Thus an integral of the form 

exp (iA:w*) du, « i (positive), 

J -ito 

is replaced by one of the form 

F 00 

exTp{lik'u^)du, — c*** (positive), 

J - (oe*" 


the sense of integration being read from the paths Cy in figures 2 and 3. Since the final 
result (2-19) in the former case is real positive (when n is real positive), the corre¬ 
sponding part of the result in the latter case must be of the form f *”'(positive), 
approximately; so the factor (1 —t/t,)* in the denominater of (2-19) is to be replaced 
by (T/T,-l)*e>’'<. 

Thepontribution from the col must be conjugate to that from ty. Hence \ve have: 


Thhoebm 2. Forn~<30, uniformly for + l-rjand jampra | 


F(o„,6„,»-|- l.T) 




[K-rmnsi 




(r/T.-l)* 

•i(-ir(i-iins;rr-i-»efl.»» 


where ac ia defined by (2'3), r, by (2-13) and f,, f, by (2-12) with lm{ty — ty) > 0. 


• This is not now 6„,n+l.T),since the contribution from has to be added. 
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We can supplement this, as before, with an inequality for t near vi». 
For Tg^r^l~7] and | ampn | lnl>)y, 


+ - 


When < r < 1 and ampn is near n we procseed similarly from the formula (2*8), 
using the paths in figure 3. The result obtained is 


J^'(a,„b„,n + l,T) 


(t/t*-!)* 

2i sin nn 


i(-ir(r=.y“mT*»©i]^ •» 


the factor sinn/r appears because, before reducing the gamma-function factor by 
Stirling's theorem, we must write 

rr 


r(7i+i) 


T{ — n) sin nn * 


The consistence of this formula with (2*25) may be seen as follows: According 
to theorem 3 below we have 


where x increases steadily from the value 0 as r increases from r, towards 1. Hence 
forn = — I n Iwith if fixed positive and | n (~cx), the second term in [...] on the 
right of (2-25) is exponentially small compared with the first one; and since then 
also in (2-27), 


^nni 


p^niri 


2i sin nn 


~1, 


2i sin nn 


- 0 , 


the two formulae agree as regards their principal terms. Similarly when •q is fixed 
negative, the second terms in [...] are dominant, and are in agreement. 

As before, there is an inequality, corresponding to (2-27), with the faptor (t/t, -1 )'* 
replaced by j n j*: 


Thsobbm 2 {continued). The inequality (2-26) w valid ‘provided T^^r^l — if and 
\n~nx\>if for all non-negative integers »j. 

We shall not here enter upon the questions of a uniform approximation for t 
near 1, or of the uniform asymptotic formula (involving Bessel functions) which 
bridges the gap r^-rfi^r ^Tg-^tf. 

Discuaeion of the formulae (2-19), (2-26). Henceforward we shall write 




(2-28) 
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and in the case where (j, are conjugate imaginary, 

'-'"■(-aisinia:)” 

First suppose 0 < t < Since = 1 /t, we have 

\ tj Ul+a)(l-rti)i ’ 

/ _ ® ^ t( 1 + g) \ cfti (1 + a)^ 

\ <1 1 — <j ^ 1 — rtj / dr i — T< j 

+ ^ _ 1 _ lizllliY 

1-T<1 2t\ V 1-T /’ 


and hence 


T dr 


(2-29) 


(2-30) 


the coefficient of dt^dT is zero since is a root of (2* 11). Since ti is negative we have 
therefore 

IdT 


For T near 0, insertion of the expansion (2'14) for gives 

T = h-a(l +a)T+... >0. 

Hence T decreases steadily as t increases to t„ until 


Moreover, frpm (2-30), 


T,= T{t,) 


a‘*(l + 2a) 

(TTop'■ 


dr^ 2Vt 1-rti 


From (2'12) it is readily proved that 1 + (1 + 2a)Tli positive for 


O^f < (1+ 2a)“* = T,, 

and vanishes for t = t,; hence T^r steadily increases with t until t = t„ when its 
value is a“/(l +a)^+“. 

Now suppose T,<r< 1. Then T is unreal, and since ^ are conjugate, with 

I <i I * 1 < 1 1 “ (2-28) gives 

I 7» I_U 1 = ^ 

' ' (l + a)»+“' *' (l+a)i+“V’’‘ 

Hence \T^t\ remains oorxstant, with the same value «“/(! +a)^+“ as at t,. From 
(2‘30) it is readily proved that the amplitude of T increases steadily with r; in fact 


d 


i. Izhszl- 

2 taJ l-T ’ 


until for r OB 1, amp T » an. To ooUect and summarize: 
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Thborem 3. Let T(r) be defined by (2*28), and let 




a« 


(2*31) 


For T increasing from 0 to T(r)^T remains real and increases steadily from 0 to S, 
For T increasing from, r^to 1, we have 

T{r)ylr^8e}x^ (2*32) 

where S remains constant and x increases steadily fro^n 0 to an. Here T{r) specifies the 
magnitude of +l,r) in accordance with theorems 1 and 2; in particular 

we haife, for n real but excluded from rj-neighbourhoods of the non-positive integers, 

|T*''i>„,6„,n+l,T)|<4(9){r(T)^T}'‘ (O^T^T,-^), (2-33) 

1-1/), (2-34) 

where th.e constant A(y) depends on y only, and can be replaced by an absolute A provided 
a factor | n | * is inserted on the right. 


3. Expansioisi of E(a,p 1, r) in partial fractions 

We have 


jF(a,,,6^,w+l,r) 

= 1 + 1 4. + °n(gn+^) •••(<>« + ”» - + 

n+11! {n+l){n + 2 ) ...(n + m) to! 


Let I n I be restricted for the moment to be less than some arbitrary bound l/i?. 
Then, since by (2-6) a„ and 6„ are 0{n), we shall have 


K+y) (<>«+>•) 

(n + r + l)(r + l) 


<(l+e)lTl, 


where e is as small as we please, provided r exceeds a number depending on e only. 
It follows that, if also | w —nj | ^ for any negative integer Wj, the with term of the 


series is dominated by 


+e)"*|T I 


Hence with n so restricted the series converges uniformly in | t | < r# < 1; and for 
any t in | t | < ], F(a„, 6„, n + 1, r) is an analytic function of n, regular in the whqle 
n-plane except at the negative-integral points. 

Also if - TO is a negative integer we can write 

F{a„,b„,n+l,T) «= P(n,T) + Q{n,T)l{n + m), 


where (since (a,, + r) (6„ + r) is a quadratic polynomial in n) P is a rational function 
of n and Q a series which, for the t in question, converges uniformly for | n -(- to ] < 
Hence F has a simple pole at n =» — to, with the residue Q{-m,r). But 


0(n T) = °«--- K + w»'-l)6n--(fc« + TO-l) ( («,. + W)(6„>ffl ) 

(w+1)... (n-f wi—l)m! (w + mH-1) (m+1) 
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andao Q( — m,7) 

Now by (M6) 
and hence 


1)!^! 

xT"*i’(o_„,+w, 6_„+m,m+ 1 ,t). 


(a. + m) + (6_„, + »?) = m + /?, {«_„ 4- m) (&. „ + m) = - - 1). 

Hence (referring again to (M5)), since Q{—m,T) is symmetrical in o_„, 6_„, we 

can take , . 

a..„ + m = a„,, 6_„4 -to = 6„. 

The residue of F(a„,b,^, n + 1, t) at n = — m is accordingly 

-A„T”*i'’(a„,&„,m + l,T), (3-1) 


where 

h,„ = {~\) 


m ) (^m- 2) - . - («„. -»») (6„ . - I ) (h„ - 2). .. 

{m— \ )\m\ 


I:- •••(”»-<>m) 

(m— i)! w! 


r(ajr(m+l -6,„) 


i>„ - TO) r( 1 - fc„) (m - 1)! w! ■ 


(3-2) 


In the form last given, all the factors are positive, and by (2*5) for to large, 
/‘'(to + ma + a + a* + e„) /’(m + ma. +1 — a — a® + e,„) 




/''(TO.a + a + «* + e,„j/'(TOa + 1 — a —a* + 6„)(TO — 1 )!to!’ 
where = 0(1 /to). Hence by Stirling’s theorem we find 

|(l + a)i+“l*”‘l 


2nh„ 


a® 


1 + 




d being defined by (2'31). 

For any t in 0 ^ t < t, let us now consider the function of n; 

G(n) = !r~”jP(a„,6„,n+l,T), 


(3-4) 


where T is defined in terms of t by (2-28). Since T is a positive constant, T~‘> is an 
integral function of n, so 0(n) is a meromorphio function, with simple poles at 
n = — 1, — 2, ...; by (3' 1) its residue at n = — to is 


- A„T"7”"F(a„, b„, TO +1, t). 

Also by theorem 1 we have forn ~oo 

0(n) « (l-T)*-W(l-T/T,)-*{l + 0(l/n)}, (3-6) 

provided n is excluded from neighbourhoods of the poles. 

Hence we may expand Q{n) in partial fractions. Consider 



0(z)dz 

z—n 





m - ^ T*.M. a«sncy ;'■■ ■ ..' 

whweforanypoaitiveintegerr, C!.i8thecircle 1 2 | » r+4, andrisl»t«rtoti^ tox 
Taking n not a negative integer, within Cy, the evaJuai^ of/^s) from the rondiies 
at the poles z = n, —1, —2, ..., —r, within <7, ^es, from (3*1), 

/r(2) = G'(n)+ J:h„T^T”I'(a„,b^,m + l,r)/(m + n). 

W»1 

But (3-6) gives f,(z) = (1 - r)*' (I -t/t,)-* + f da 

J Cf » w 

= (l_r)l~M(l-T/T,)-i + 0 (l/r). 


Equating the two values of /r(z), substituting for 0(n) from (3-4), and transposing 
we get: 

Theorem 4. For 0 < r < t„ and n not a negative integer, 


F{a,„b„,n+l,T) = T”{t) 


V fe mr"y”(T)&,»,m +1,T) I 
(1-t/t,)* » + wi /’ 


(3-6) 


t^?Aere T(r) is defined by (2*28) and by (3*2). 

We may directly verify the convergence of the series on the right, for 0 < t < 
For then, by (2*33) and (3-3), the series is dominated by 





(3*7) 


and by theorem 3 the base of this geometric series is less than 1. 

The expansion (3*6) is likely to be nseful for calculating P when n is large; the 
values for m positive integral, reqtiired on the right, can be found by recurrence for 
m > 4, say. It can be converted into an asymptotic expansion, valid for 

I ampn ] — 


by expanding the denominators m -f n in negative powers of n: 


where’*' 


/r{T)= £A„m'-W»J’(a,p6„„m+l,T)>0. 

TO**! 


(3-8) 

(3-9) 


There is another process for obtaining the asymptotic expansion (3'8), whereby 
we can obtain closed expressions for/i(T), /t(r), .... In the differential equation 
(M4) we change the dependent variable fi*om JP to g by putting 

/* = T”(l-T)*-*<'(l-T/T,)-*g. (3-10) 


• The poeitiveness of 1 ,t), for 0«6 t<t„ follows from the differential equation 

(M4), by an argument given by Ohapligin (1904). 



61 


Wlow of a compressible fluid about a cylinder 
The tranefonaed equAt^^ ia foimd* to be 

r(, -,)^+{„(! -T). (1 I 

(( l- T,)* 1 I - ^ ^ 6 J -T. (1 -2 t.)(1 -4t.) 


+ 


Terf 


16r,l-T/T, ieT,(l-T/Tj* 
Thie can be formally solved in the form 


16r»(l-T) 


j fir = 0. 


(3-11) 


!/ 


^ gl(T) ^ g»(T) 






where . are given in succession by one quadrature each; and since F — T ^ I 

for T ™ 0, (3*10) requires us to take g^i(O) =*= ^£(0) — ... =0. We find, for example, 


giir) - 


4* 


<4j^’(.rc - .rc t.»h ^r.) - 

_ 5 / 1-7- (J_2: 2T j(I-4r, ) / 1-t/t , _ 

24(l-T,)\i-r/J V 1-T 


y 




(1 -3t,)(3- 7t,). 
24t.(1-t.) ’ 


(312) 


and on multiplying this by (1 -t/t,)~* we got/i(T). 

Other transformations of (3-6), such as its conversion into a factorial series, readily 
suggest themselves. 


4. CONVEROKNCE AKI) ANALYTIC OONTINTrATION OF THE SERIES 
BEPRE8ENTINO COMPRESSIBLE FLOW ROUND A OYMNDER 

Consider now the formal solution of (I-B): 

a^i C„e”^o(q/QrF„{T) (4-1) 

n-O 

where, here and in the sequel, 

J;(t) = F{a^, 6„,» +1, t), t = q*l(2^4). (4-2) 

Let the sequence of constants {C^) be such that the series has unit radius of 

convergence. Putting q ^ theorem 3 shows that the series is dominated by 

or 

* ^ ia abaent from <8-11) beoauae we have put it in terms of t, by (2'13), (2-3). The rather 
lengthy algebra is oheoked (i) by the form in which n occurs in (8-11), and (ii) by the fact that 
(8*12) gives, for r small, 

g,{T) as T(I -T.)/2 t,+ 0(t*). 

while (8"9) gives/t{T) as AiT+0(t*), so that y,(T) as A,t+0(t*); these agree amee (8-2), (2-4) 
give fcj « (oj -1) (1 - b,> SB/J = (1 -t,)/2t,. 



62 


T, M. Cherry 


according as r < or t > t^; the factor n*, which may be omitted except when r is 
near r,, has no effect on the convergence. Here S is the constant a®/(l and 

T increases steadily from 0 to ^ as t increases from 0 to t,. 

Hence if Q< Cq^^(2/?), the series (4-1) com^erges for t less than some value where 
Ti<Tg, given by Q ^ series diverges for t>Ti since {2-19) 

provides also an inequality for in the opposite direction. But if Q>Cf^S^J{2jS), 
the series converges for all values of r less than 1. 

We thus have a fundamental division into two oases; if Q <CQS^{2fi) the series 
(4*1) presents a problem of analytic continuation, but if Q>c^8^{2^) there is no 
such problem, since we require r < 1 for physical significance. 

The parameter Q is not of direct physical significance. If (< r,) gives the limit 
of convergence, the series (4*1) is better written 

or again, if is the speed corresponding to Tj, 


Q 


■■ S Qe 

n-^O 


,nid 





(4-3) 


Our concern here is only with the case Tj < t,; but it may be noted that the form (4-3) 
is different from (4-1) when Tj > t,, since then is unreal; and this case of (4*3) may 
well be of physical interest. We shall so choose the coefficients C„ that (4-3) represents 
flow around a cylinder, with the speed at infinity; so our case Ti<t, is that of 
subsonic flow, in the sense that the speed at infinity is less than the local velocity 
of sound; not necessarily that the greatest speed in the flow is subsonic. 

To consider the analytic continuation of the solution (4'3), first let T<Ti<r,. 
Then theorem 4 gives, with the abbreviations T = T(t),o){t) = (1—t)*“*^(1 — 


i3 



oo 


CJ{T)- S 
m-1 


h^r^T-FJr) 
n + m 


(4-4) 


The double series here converges absolutely: for the interior series is dominated 
by (3'7), already proved convergent, so the double series is dominated by 



which converges since T^r<Ti and has unit radius of convergence. Hence 

we can invert the order of the summations, giving 






=‘<o{T)g(0~ £ hjTTrFjT)gJO, 

7n«l 


(4-5) 

where 

t SB-BB -J.X.- ait) =» 

00 fi yn 

(4-6) 
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Suppose now that the function g(^), defined in | f | < 1 by is regular in some 

star-domain D centred at ^ = 0, and let A be the upper bound of | g(^) \ in any closed 
part ^ of D which is also a star; so that | p(g) | ^ at all points of the radius firom 

f = 0 to any point ^ of B. Then for f within the unit circle we have, for any positive 
integer m, 

(4-7) 

J 0 n Jo 

and since gr(Q is regular in J>, this formula provides the analytic continuation of 
9mi0 throughout D, the integration being along the radius. Also for any ^ in jD the 
formula gives 

I gJO I ^ ^ I ^ I dt = Aim, (4-8) 

so for any such g the series in (4-6) is dominated by 

A'LhjTTrFjT)lm, 

in 

which has already been proved uniformly convergent for t ^ t,— i/, (i; > 0). 

Hence the formula {4-6) provides the continuation ofi2 for 0<T<Tg and g in D, 
the series being uniformly convergent for 0 ^ t < r,—^ and ^ in U. 

Suppose further that g(Q has an isolated singularity at some point on the unit 
circle, so that D can be enlarged so as to include a neighbourhood of The formula 
(4-7), with integration along a path circling round provides the continuation of 
in the enlarged D, but the bovmd (4*8) must be modified; if R is the greatest 
value of 1 2 j on the path from a « 0 to 2 = and L is the length of the path, we 
now have 

A Jy 

Taking | f | < i? to get the general case, for the convergence of the series in (4*5) 
we must suppose 

this condition is satisfied provided t < T{f), where t(^) is a value less than t, but which 
approaches t, as ] if j -»• 1 . 

Hence (4'6) provides the continuation ofi2 for t < t, - 5/ and ^ traversing any path 
in a neighbourhood of Zn which is small with ij \ and hence for t<t„£ 3 has, like g{^), 
on isolatai aingvlarity at ^g. 

Finally, let us further partioulariae by supposing g(Q to have an algebraic 
singularity at so that it returns to its starting value after, say, p circuits 
about fg. Then if g„(S) becomes g^ii!) after p circuits. 



(4-9) 
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where the integral ia round a dosed circuit on the p-sheeted Biemaim surface of 
and so is a constant K^. Then (4-6) gives, for the continuationof Q, 


£?* -i2 = - S KMrTrFjj) 

the previous argument implies that this series must converge for 0 ^ r < r, — ^ and 
f sufficiently near 

(4*10) shows that a which is single-valued near the singularity l^^ds m 
general to a multiple-valued £?. For instance, if Sf(^) has a simple pole at 
residue k, (4*9) becomes (for one circuit of 






so that K„^ = 2nik^~^. In this case the series (4’10) is easily proved to converge 
for 0 < T < 1. 

Flow round a cylinder. We now specialize the preceding formulae by taking 




(4'11) 


The singularity is ^ • The integral in (4-9), taken twice round the point ^ = 1. 
is zero since g{^) is finite at this point, so ) »= 9^(0 Q is single valued for a 
double circuit of ^about 1. For a single circuit, however, taking f in (4*7) to be within 
the unit circle, and integrating from 2 = 0 round 2=1 back to 2 = 0 and thence to 
2 = f, we find for gJX) fb® continuation 9 ^(^) given by 

r"9m{0 = 2f 2"‘-V(l-2)(i2-r2"»-V(l-*)<i2 

Jo Jo 


where 




2.2.4 .(2«t-2) 

3.6.7.(2ot + 1)’ 


(4-12) 


Hence on one cirouit, in either sense, about f = 1 back to the region ] f | < 1. 9m(C) 
becomes 

9*(a = 

and since 9 (Q becomes —g{^), (4*6) gives as the continuation off?: 

!?• - -f?- S 2KMrTIQ^FJj) 

= -f?-2i3o, say; 


(4-18) 
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where, substituting from (4'6) for 


^0 = S FJi, 

m—1 


MiTiV 

’I (Ze*" / 


FJr) = £ 


66 


(4-14) 


Since (4’12) gives < 1, this series is dominated by 
or (by theorem 3 and (3-3)), by 

for 0^$T< 1; and this converges since (theorem 3), Thus the series for Qq 

converges for 0 ^ t < 1. 

For the continuation of i*d /0 the region j ^ [ > 1 we can take the integral in 
(4*7) from 0 to ^ via 1, avoiding 1 by an indentation on one side or the other. This 
gives (with 4- or - according to the sense of the indentation), 


?’"!7m(D = ,J{l-z)dz±ij ^*’z"*~*V{J J 1^) 

= A„, ± dz 

- K^±i\ V -j.- £- 

\n-om-n+l n-0W-7l + i/ 

wiiero C„ is, as before, the binomial coefficient (— 1 )”(^) • Here 


y ^ _i,_. (, , (-i)(+ I 

ow-n + i m+ii 1! (-m + i) 2f (-w + i)(-m + |) 


m + i 


F{-^, -m-J, -m + i 1) = 


1 r(-m-t^)r(| ) 

Wi 4" ^F( 1)7 ( — 7/14 1) 


which is zero for m a positive integer, as it here is. Hence 


while fir(C) “ V(^ giv®® simply the continuation g{Q — 4 
Hence (4*5) gives for the continuation ofi2: 

Q « ±t(w(r) £ i: hjTTrF„(r) £ 

( n-o TO -1 n-oi-n + m) 

- i: KMtTrFJj)!^^- 

w*«l 


±t-S 

n-o I m -1 i-n + m I 


{416) 

( 416 ) 


VoU loii. A, 


5 
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At the step (4*15), the proof that the order of summation can be changed, for | f | > 1 
and r<Tg iB the same as for the passage from (4-4) to (4*6), the denominators 
—n + wt I having the lower bound and at the final step we have appealed to 
theorem 4 for the index \ — n\n place of n, after substituting ^ =f qTe^jiq^ T^). 

It has already been seen that the series converges for 0 r < 1. Regarding the 
first series on the right of (4*16), theorem 3 gives 





Ul 

?l^Ti 


or <A(t) 


(^r- 


according as r < or t> r^; for t >ri we have T^^jrx< T^/r^S, so since ^ — 
the series converges for < r < 1. 

Hence (4*16) gives the continuation of the Q defined by (4-3), not merely for 
r j < r < Tg, but also for < r < 1. 

A comparison of (4*3), (4*13) and (4*16) shows that we get a more symmetrical 
case by adding to the {i defined by (4*3) the solution defined by (4*14). Hence 
we have 


Theorem 5, Let the coefficients be defined by 

V(i-C)= 

n'^O 

let = £ KrMrr,)*^ F„(t), (4-17) 

n—l 

a series convergent for 0 ^ r < 1, and lei a solution^ Q be defined for q < by 

Then for qe^^ circling in either sense abcrut ^j, Q has ths continuations 

00 / apiO Xi-n 

in the region | | > or Tj < t < 1; and the CAmtinuation 

in the region \ qe'^ | < q^, after one circuit. 

To represent this solution throughout the neighbourhood of qe*^ « g, we expand 
the functions ) in powers of 1 — f and substitute in (4-6). We have, in the original 
region, -i 

= J ^ ^J(l-z)dz- ?)}”-! dz 

gJO ^ +...} 


so that 
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Hence (4-6) becomes, for the Q defined by (4-3), 

Q = o(r) V(1 - 0 - 2 KMrTICrFjT) + ^l- QlS hJrTrFJr) +.... 

m m 

The middle term on the right is Qq, so the solution defined in (4*18) is represented 
near ^ ^ 1, or = jj, by 

D 



qTey 2/ 

qTe<«\ 

(l-T/T,)tV 

q,J{j +3l 



The first approximation is 


O - 




(1 


q7vy 

■ <liTj * 


(4*22) 


This has the form of (1*17), but with q replaced by q7\T)\ ?T(t) is in fact the 
* corrected velocity', familiar in the approximate treatment of subsonic flow. 

If we multiply the solution given in theorem 5 by any constant, and add the con¬ 
jugate solution, we get what is evidently a generalization of the solution (1*17) for 
incompressible flow round a cylinder. Hence theorem 5 must give a similar com¬ 
pressible flow, at least when q^ is not too large. 

We can immediately generalize the solution Q of theorem 5 by adding to it any 

form ' ( 4 - 23 ) 


which converges for ()<t< 1; Qq, defined in (4*17), is an example of such a series. 
The essential point is that should be regular over the whole range of q^ or t, 
which occurs in the flow defined by the solution, so that its adjunction does not 
affect the character of the solution near the branch point qe'^^ - q^. It is of course 
by adjustment of the coefficients in (4*23) that we must try to fit the solution to a 
given shape of cylinder; but we do not here enter into this question. 


5. The position co-ordinates and stream function 
In this section, use is made of the following hypergeoraetric formulae: 

T/;(a,6,n + l>T) + nF{a, 6, » +1, t) = nF{a, b, n, r), (5-1 ) 

TF^^(a,b,n + l,T) + (n+ l)Ff{a,b,n+l,T) = dbF(a+ 1,6 + 1,»+ 1,t), (5-2) 

F,{a,b,n,T) = -F{a+l,b+l,n+l,T), (6-3) 

71 

(l_T)“+»-»+iJ'(a+l,6+l,n+l,T) = F(n-a,n-b,n+l,T). (6-4) 

According to (1-7) the position co-ordinates x, y are the derivatives of Q •with 
respect to the rectangular velocity components u, v. This gives, in terms of polar 
velocity components q, &: 

X OgOoad—GgBxadjq, y ssQgBin6 +i?,cos ffjq. 


( 6 - 6 ) 
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Bemembering that r => q^l{2^cl), so that 

-iq’^F) = nr-^F + q^F,qt(/icl) = q^-'{nF+2TFr), 
oq 

we see that to the elementary solution i2 = qH’^*^F{a„,b„,n+ 1,t) correspond* 

X = cos 6{nF+2 tF^ ) — inq'*~h”*^ sin OF, I 

t/ SB qn-i^ni9 gin ff^nF + 2rF,) + inq”~h^*^ cos 6F. f 
If the derivative F^ is eliminated by means of (S-l), these become 

X = 2nq”-h”^*^coBdF{a„,b^,n,T) — nq”~^^”^^^^F{a„,b„,n-i- 1,t), | 

y = sin dF{a„, 6„, n, r) + F{a,^, 6„,« +1, t)./ 

The stream function xjr is defined in terms of rectangular velocity components by 
(T!>); the corresponding polar formulae are 


(6-6) 

(6-7) 


= (5-8) 

Po\ V / Po 

where according to (T3) and (I'I3), p == p^(\ —t)^. The solution 

Q SB qH'^i»F(an, b„,n + l,T) 

gives therefore 


- V ^9 = ?’*«’*"( 1 - ry (nF + 2tF, - n^F) 

BS gnen«(i _ T)^+fi{rF„ + (n + m}/m, by (M4) 

*= (n-n*)g«e««(l-T)i+/'l’{o„ + l,6„+l,n+l,T), by (M6), (6-2). 


Since also (1’16) gives a„ + 6„ —n+ 1 = 1 +/ff, we see from (6'4) that 

- (w* — w) q^e’*^^F(n — a„,n — b„,n + l, t). 

Hence for we have the alternative forms (except for n — 0) 

^Bs-i(n-l) g”e"<«( 1 - T)^+^F(a„ +1,6„ + 1, n +1, t) + (7, (6-») 

^ SB —i(n—l)q”e”‘^F{n—a„,n--b„,7t,+ l,T) + C; (6‘10) 

the added function of q only must reduce to a constant since, according to the first 
of (6'8), carries the factor The form (6-10) is verified, to a constant factor, 
by the well-known hodograph equation for \Jf. For « = 0 we have simply = 1 
and ^ = C. 

Wo can now immediately write down the series for x, y, ijr corresponding to the 
series (4-18) to (4-20) for In the case of i/r, however, a precaution is necessary, 
since its determination involves an integration, and we have to see that the constants 
of integration corresponding to the different series for Q are properly related. We 
have therefore to begin with the series for ^ corresponding to one of the series for jO, 
and to find the continuations of this series. For this purpose we use the form (6*10). 

• The plain symbol F stands for F{a„,h„,n+l,T). 
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It ij3 clear that there will be for F{n—a^,n~b,^,n+l,r) an expansion analogous 
to (3-6). The leading term is most quickly found from that of F{a„, 6„, n+1, r) by 
means of (6*1), (6*3), {5*4); since the remainder in (3-6) is convergent and 0(l/n), 
this process must give correct results. Hence we find 

Fin~a„,n~bn,n + l,T) = T”{T)(l~T)Mfi(^i-.rlT^)-i + 0(lln), 


where T{t) is the same function (2-28) as before. 

The partial fraction expansion for this function is now proved like theorem 4. 

l’„(T) = F{n - o„,» - 6„, n +1, r), 

III - Ft T*'* # ""ITI 

it is 


where 




Fir) = V 

. « m(« m - 1 ) • • («m “ »* + 1) { “ bj (1 - 6 J ... (m - 1 - b„) 


(m-“ \ )\ m\ 

Comparing this with (3-2) we find, on use of (1*15), 

T 

”* + i ’ 

so tliat incidentally = 0. 

Starting now from the i/r corresponding to 


( 6 - 11 ) 

( 6 - 12 ) 


(513) 


as in (4-18), viz. = -i ^(n- (•^•*5) 

we have from (5*12) 

= It'£ hjTiTii,(T)fjo, 

Where C “ qTe^l^q.T,), M) = - £ («- 1 )^^,^“, fJO = - £ 

n-O n -0 n + m 


it is convenient to start the summation from n - 0, the corresponding term in (515) 
being a constant. Hence 

/(£) - 

^’"/m(0 = j^^Z”'~V(z)dz = J^*'2’"-V(l + J^S”*(1 -2)“*d2. 

Corresponding to the continuation \/(^ V(^ ~ VC) we have the con¬ 

tinuations 


/(C)»iCW(J-i/C)-K*(i-i/C)-* 

- m+ic,ic+w+icj^+...) 
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and ^fmiO = -2)*d2 + ^J^2'"(l -2)-*d2 

+ tj 2"'~*(1 — l/2)*d[2 —2"'“*(1 —1/2) *d2 
= (m + 1 ) K ,„ + *J^^2'« - *(i + |C’,/2 + IA/ 2 * + -)dz 

(m+j^wl-j m-f i' 

where is defined by (4‘12). In the last term, the coefficient of — i is 

h _ i l _‘i..! _ 

m + l 2!(m-|) 3!(m-|j 

and on writing | = J + 1, | = ^ + 2,..., this can be expressed as the sum of two hyjjer- 
geometric series 

1 (, ^-j)(--J) (_:riUri.±l)( -*»-i )(-w+i) \ 

2m+M V:'{-m + fy ' 2! (-m + i)(-m + |j I 

_1 . I. i ( -wt + i) M(-w+i)(- »» + f) ] 

2 m-l| ^i!(-m + ij 2 ! (-m + f)(-w + ij 

_.,L._ n- rn+Dm _ 1 r(-m +i)r(i) 

2m + 1 /’(!)/’( —m +1) 2m —1/’(l)/’( —m+1)’ 

= 0 for m a positive integer. 


Hence (6-15) gives the continuation 


(1-r/T,)* n-O m-l 




T) 


-»■ i: KirTyFjr) i 

m-l »-0 Wl+f-n 


whence, using (S-12) for the index J — w in place of n, 

^(6-16) 

For the continuation corresponding to ^1(1 ^ -I IQ we change the 

sign of i on the right but not on the left. 


Now, to iio=iK„ hJr^YFjT) 

corresponds = i K^K(n-\)Y^Y 

n**l \ ye / 
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the sign being opposite to that in (5‘10) since the integration of instead of 
e*”* is involved. By (6-13) this is 

n-1 \ I 

and when we add this to (5*16) the last term cancels. It follows that the£? defined 
by (4-18) gives for r < Tj, 

) + *:£(»- 1) A'„ F,Ar), (5-17) 

wliile for r > we have the continuations 

= + S (I (5-18) 

corresjxinding to the forms (419) for^?. 

The continuation of xjr corresponding to the form (4-20) fori3 is easily seen to be 

ilr = ii(n-\) -1 £ (n - 1) A.„ (6-19) 

The series for x, y corresponding to the Q hero considered can be written down 
immediately from (5-7). Hence we have: 

Theorem 6, To the functiori D defined in theorem 5 correspond the following series 
for the position co-ordinates and stream function: 

Corresponding to (4*18); the series (5*17) for i/r, and 

cos 0F{a^,, n, t) - n 4* K r)} 

> 

n = l 

= £ wC„(9i!ri)-" j«-i{2c»"8in^A(a„,ft„.»,T) + ie<«+«‘» A(a„,6„,n+ 1,T)} 

n»0 

+ nA„fe„ 9 jf“(TiTi)”g"'**{ 2 e“"<® 8 in 0 ii’(o„, 6 „,'n,T)-tfi A(a„,6„,n+ 1 ,t)} 

n*«l 

Corresponding to (4’19) .• the series {5-IS) for together with. 

*-±i£(i-n)6;M)"-*g-‘-'‘ 

n^O 

X {2c«--")«' cos dF(a„., 6„., n', t) - e<*-”>«> F{a„>, b „.,»' +1, t)}, 

.y«±*£(i-n)6;M)«--*g--‘-» 

n-O 

X {2ert-")" sin 6F(%-, 6„-, n', r) + ie<»-">" F(a„., 6 ,,-, »' +1, r)}, 

where n' ** i 
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Corresponding to ( 4 ' 20); the series {5-IQ) for ^ and the series on the right of ( 6 > 20 ) 
for -X, -y. 

For a real solution we must naturally take the real parts of these series. For this 
real solution we have, in (5-17), (5*19), = 0 at the stagnation points g «= 0; also 

0 “ 0 in these series (real parts) gives = 0, and 0 = 0 in (5-20) gives y ^ 0 while x 
varies with q. On the other hand, 0 = 0 in (6*21) gives x 0 while y varies with q. 
It is clear that this solution represents a flow, with Ox and Oy as axes of symmetry^ 
round a cylinder. It is virtually certain that when the velocity at infinity q^ is close 
to the sonic value qg this flow will exhibit limit lines (loci of cusps of stream lines) in 
the neighbourhood of the cylinder; but this requires arithmetical investigation 
wliich has not yet been undertaken. 


G. Altkrnattvk method, by transfokmation of the hodograph equation 

It has been explained in the introduction that the essential mathematical problem 
involved for compressible flow, without circulation, round a cylinder is to find a 
solution!? of the hodograph equation (1*8) having a branch point at that finite value 
of q which gives the speed at infinity. In this section I indicate briefly another method 
of solving this problem; it is, at present, less complete than the one which has been 
developed above, but it may turn out to give more rapidly convergent series. 
Suppose that a function/(s) of a complex variable z (and perhaps of another in¬ 
dependent variable also) has a branch point at of the same character as — 
and suppose that a new variable ^ is so related to z os to have at Zj a branch point of 
this same character, with corresponding to z^. Then there will be conformal corre¬ 
spondence between the schlict planes of f and/{z(f)}, so far as the neighbourhood of 
is conoenied, and / will be a regular function of ^ in this neighbourhood. Con¬ 
versely if we know such a relation between z and and know a function / of ^ which 
is regular at with/'(^j) +0, this function when expressed in terms of z will have 
a brancli point of the desired character. When a second variable is involved, which 
(like T in the present context) may be restricted to real values, we have a branch 
line —a relation between z, t— instead of a branch point. 

Our concern is with a family of solutions such as (4*3) which involves, beside the 
two independent variables, a parameter q^ (the constants C\ being supposed fixed); 
but since in (4*3) the variable 0 and the parameter q^ are involved only in the com¬ 
bination we can absorb the factor qiT{Ti) into 0 by allowing 0 to be 

cx)mplex. With this understanding, our concern is essentially with one function Q 
of two independent variables. It is convenient to take as these variables the complex 
velocity-components 

qe^^ U’\-iv qe^^^ u — iv ^ 


8r> that (M3) gives 


T =B VOU). 


(6-2) 
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In terms of these variables the hodograph equation (1-8) becomes 


4“ _4- 2 


r(‘ 4)4 




To this equation we apply the transformation* 

(i-iY 


w 
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(6-3) 


(6-4) 


where t] are the new variables and a is the constant defined in terms of p by (2-3): 

a + a® = {p. {«-6) 


We have 


and 


wv 


(rr^)' 

3(i/>, w) 




^ 1 


wa 

ag ccy 


etc. 


^(Lv) * 1-^ i-^‘ 

There is no algebraic solution for 7/ in terms of w, w, but we can find the relation 
between v), iv corresponding to J = 0, since by (6*4) this gives the quadratic in 
{l-,0“(l-^)-', = x,say, 

- 1 . 

X — W 1 — XIC 

If in this quadratic we put xii; - (1 4-aTf)/(l 4-a), it reduces, in virtue of ww = r, to 

0 Lrt'^ + i{l ■“ (1 4’2a)r)4-a = 0, 

which coincides with (211). Calling 1^, the roots of this, let us take 

(1 4-aTf2)/(l 1-a) xW)\ 

then by (6*4), and using the relations between the roots and coefficients of the 
quadratic, we have 

1 4 ‘ (XTt^ 1 — tj 

ww _ 1 1 — 

Substituting these values of g, rj in the second of (6-4) we get as the transform of 
the locus J = 0, 

l-<i _ 

(— ti) (1 — fg) (“ ^i( 1 — t^)} 

This can also be put in the form 

1 w __ 1 

— sss - 

W T 


and thence 


-rj = xw =* 


w 


wt^ t. 


{-hr 




i-f* 


a* 


where T is defined by (2-28). Thus the locus J = 0 is 

wT = a“/(l +a)^+“ = 5; 


(6-7) 


'* The juetifioation here given for this trauBformetion is a pogteriori. It would be too long 
a story to describe how it was arrived at. 
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or rather this is one part of it, for the choice (1 +aTti)/(l +a) = ^ gives 

wT = S. ( 6 - 8 ) 

Now the solution found in theorem 5 has its branch point at ^ = 1 , i.e. by (4-6); 


^ = 0 , qT = qJ\. 

Since by (61), w — g'e‘®/co^( 2 /?), this branch point lies on the locus (6-7) provided 
that, in this expression for w, 6 has the imaginary value given by q^ = Sc^ V( 2 A)> 
or = d\ w is then determinate from untt = t. Similarly the branch point of 

the conjugate solution lies on the locus ( 6 * 8 ). 

These facts, taken in conjunction with the introductory remarks of this section, 
indicate that the solution of theorem 5 is likely to be regularized, in the neighbour¬ 
hood of its branch point, by expressing it in terms of rj. 

This conjecture is verified when we transform the hodograph equation (6*3) by 
means of (6*4); the transformation can be carried through in closed form because 
(6*3) involves w only via wdjdw, wd/dw and all of which are simply expressible 

in terms of tj. The result is 

+ 2j~-11 + Mwj 

= 1 FL-J + 2^ (1 Jl-v) (Viivv +^) 

-Jl a(l + a) (l + a)(l- 7 j'' (i + a){l-|r 

The crucial fact here is that 1 jJ comes out as a factor, so that the transformed 
equation 

1 -( l + 2a)gr / ^ (1^) (gfl|£+f4) Ji-V) (Vq^^+qn) 
a(l+a) {i+aj(i-i?) ( 1 + 4 ( 1 -!)” 



(l + 2 a)iy 
1 - 7 ) 



( 6 - 10 ) 


is non-singular when J = 0 ; naturally, this circumstance arises only because the 
transformation (6-4) is properly related to the equation (6'3). Hence, independently 
of the demonstrated connexion with the results of §§ 2 to 6 , (6-10) has Solutions which 
are regular when J = 0, and these transform by (6-4) into branched functions of w, w. 

It is easily verified that (fidO) is satisfied by a power series in i; in which the 
terms in g only and rj only have arbitrary ooefifioients, so that the solution Q is deter¬ 
mined by its values on the lines ! = 0 , 7 == 0 . If the domain of regularity of such a 
solution is to enclose the locus J = 0 , the boundary functions Q(i, 0 ) and 12 ( 0 , q) 
must be regular up to this locus, i.e. for 0 <|<(l-fa)~^-)-c, 0 < 1 ;^( 1 -t-a)“^-f-e 
respectively, for some positive e; and it is likely that a substantial converse of this 
proposition is true. I have proved this in the limiting case of (fi-lO) appropriate to 
isothermal flow; then y = 1 and yff = a = 00 , and before letting a->oo we must put 
! » i’lct, q = q'ja. It is found in this case that ifI2(f 0 ) andI2(0, q') are polynomials. 
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the Bolution converges in a domain which includes the whole locus J - 0 

except the point where sz the exclusion of this point answers to the restriction 
Ti<r, in §4. 

It is easy to determine the boundary functions 0 ), j 0(0, /;) so that the power- 
series solution in 7} may coincide with either the solution (4*3) or the solution (4*18) 
—where the coefficients are defined by — f) = Putting r - wtd =: 


yvt; w' ^ -—-j , the function in (4*3) is equivalent to a power series in y 


Jre*^ = w 

^v-v/ 

which vanishes for ^ = 0 , while for = 0 , i.e. t = 0 , we must have 


7 ('-I)-VI* 


a“ 


)* 


this gives regular for 0 ^^< 1 , the apparent singularity at 1 /( 1 -fa) 

i.e. where J ~ 0, being annulled since the radicand there has a double xero. 

It is likely that a useful continuation of this solution may be obtained in terms of 
the variables t, o) where r 

( 0=1 — - . 

7. Apfknpix. On Tsien and Kuo's method of analytical continuation 

A detailed comparison of the work of these authors w ith my own seems hardly 
necessary; in some directions they go farther than 1 do, in others the position is 
reversed; our methods are generally different. However, as 1 think that their theory 
of the analytical continuation of solutions is essentially defective, I should state 
the ground of this opinion. For this purpose it will be clearest if I use my notation 
in describing their procedure; but I follow them in giving primacy to ^ rather than 
fj (which is of course a trivial point). 

Tsien & Kuo ( 1946 , pp. 38-43, equations (98) to (107)) start from a solution for 
the stream function ^ ^ 

which for q = qi reduces to a series 


f ^„8inw6' 


(7-2) 


which is ‘just convergent’, i.e. 2^A„z'^lqf supposed to have the radius of convergence 
g,. It is supposed further that this function g(z) has near s = g, the character of 
yjH — a/g,) and that there is a ring gi < 1 2 1 < g* in which the two branches of g(z) 
can be represented in the form ^+i^-iW(z), . (7-3) 

where iF( 2 ) is a convergent Laurent series. Generalizing the series (7*3) so that it 
may become a solution of the hodograph equation for it is stated that the proper 
form of continuation for (7-1), into the rmg gi< | ge<® | <g 2 , is 


=. « 2: {J5„g"+*I'„+|{r) + C’„g“<»-*^>^_„_i(T)}oo8(n + i)^, 


n «*0 


(7-4) 
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where terms in sin(n + ^)^ are omitted because, by (7*1), 0), 

and this property must be preserved on continuation. The coefficients are 

to be found by identifying, on the circle | | = f/|, the functions and their 

norma] derivatives The series (7*4), with q = may be regarded 

as a Fourier sine-and-cosine series for the range — 27r ^ < 277 (with certain terms 

suppressed) such as is suitable to represent a fimction on the section | qe^^^ | = of 
a two-sheeted Riemann surface with a branch point at Alternatively we can regard 
it as a Fourier cosine series for the range 0 < 27r, such as represents a function 

which—on this double circle—is even. For definiteness, we can suppose that the 
one-sheeted circle on which (7-1) is given corresponds to 0 ^ < 277. 

The coefficients are thus determined—each is an infinite series in the 

coefficients of (7*1)—and a proof is offered that the resulting series (7*4) converges 
in the same two-sheeted ring q^ < [ q€^ | < — 277 < 0 ^ in which the Laurent 

series W{z) of (7*3) converges; but I think (see below) that this proof is fallacious. 

Now the series (7*4) gives 

277 4- 6>) == - d), (7*5) 

and if this is so, we must have also 

^iK%,27r + 6/) = ~v^%,«^); (7*0) 

that is, we must have: 

CoNDinOK C. The branch of \/r obtained from (7*1) by contimuition from the domain 
I 1 < ?i» ^ ^ ^ ^ 277, round = g^i, back to | qe'^^ 1 < f/u 277 ^ 0, must be th£ 

negative of the branch (7*1). 

It is only under this condition that a continuation in the form (7*4), convergent for 

< 1I <2« — 2n^6^2n, can be valid. 

Tsien & Kuo give no indication as to how the satisfaction of condition C may be 
investigated, and from § 4 of the present paper it is clear that it is not a trivial hypo¬ 
thesis to make; e.g. the condition is satisfied for the solution (4*18) but not for the 
solution (4*3). Indeed, as I shall show below, the condition is not satisfied for the 
form of solution chosen by Tsien & Kuo as generalizing the incompressible flow 
round a circular cylinder. 

On this method of attack—by identifying plausible forms of solution on the 
common boundary of their domains of validity—there seems to be no way of 
investigating condition C. Here are three possibilities, and the reasons why they fail. 

(i) Suppose toe start from (7*4). Then there is no means of knowing that it has, on 
either sheet of the Riemann surface, a continuation of the form (7*1) involving only 
positive integral values of n. 

(ii) Suppose we allow for the non-satisfaction of (7*5) or (7*6) by including additional 
terms in (7*4); the additional terms harmonious with the form {7*1) are 

i (5;?«r„(T)+c7;r"r_„(T))8inn0, 

n^l 
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where is not an ordinary hyporgeonietric function but is a logarithmic solution. 
Then to determine the coefficients we should need to know ^(qi, 0) for — 27r < ^ < 2n, 
whereas {7*1) gives it only for 0 ^ < 27r. 

(iii) Swppose we fit the series (7-4) (7* I) over the range 0^6 ^ 2rr, while recognizing 

that the series may not fit the unknown continuation of (7*1) over — This 

possibility gets its plausibility from the fact that functions with discontinuous 
derivatives can be represented by Fourier series. However, it seems likely that on 
this plan tlie series (7-4) will generally diverge both for q > gj and for g < g^, and not 
merely for — 27r ^ ^ ^ 0 but also for 0 < < 27r. At least, this is the case in the following 
example: 

Let us take the case of incompressible flow, in which y}f satisfies Laplace’s equation, 
and the hyj)ergeometric functions in (7*1), (7*4) all reduce to unity. Consider first 
the solution oo y, ^ 

^ = S>4,g«8in«.0, A,, - (7*7) 


This is the imaginary part of ^/(l and its continuation for | gc^^ | > 1 is hence 

00 

ijr ==: ^0) = (7*8) 

0 

This continuation can be deduced by the method of Tsien & Kuo. Assuming 


f - = 2 -h (:;.g’^-*) cos ~ n) o, (7*9) 

0 

the conditions = 'il^^\q,0), 3v^®>(g, 6^)/9g = d^'^\q,0)jdq on |ge^'^| = 1, 

0 < 6^ < 27r give (using the orthogonality of the set of functions 

cos (I — /i) 6? in 0^0^ 2n) 


2niB,,^Cj 


27Ta^n){B,,^C\,) 


j I 


V — 


4m^ 






-(7-10) 


the series on the right can be expressed in terms of hypergeometric functions of 
argument 1, and summed, and we obtain 

B^ = A^, 6; = 0, 

in agreement with (7-8). 

Now take in place of {1-1) the solution 


\jr » = '^A„q'"Bm.'nB + aqsi\xiO\ { 7 ' 11 ) 

0 

this is the imaginary part of </(! +aqe^, and it does not satisfy condition C. 
In the relations corresponding to (7* 10) there are now the additional terms 


4a 4a 
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on the right; so if C'^ are the new ooeiiioients in (7-9), and the old ones 

defined by (7-10), we have 

27r(5;+(7;) = 27r(B„ + C;) + 


4a 


1-(»-!)« 


2n{i -n)(B'„ + 0'„) = 2fr(i -n)(B^ + C\) + 
Here = A^, C„ = 0, whence 

1 


4a 




= —L-) --i 

n\ n-i/(w-i 






-(l+— 

7r\ n~y 


(n-i)*-r 


I = 1, so 


' H- 

\m -f V m 




It follows immediately that the new series (7*9) converges only for 
it fails to give a continuation of (7*11). 

It seems therefore that the situation is: The formal method of continuation of 
Tsien & Kuo can be carried out irrespective of the satisfaction of condition C, but 
if this condition is not satisfied the formal series (7*4) will diverge, and so fail to give 
the desired continuation. If this is so, Tsien & Kuo’s convergence proof (Appendix C 
of their paper) must be fallacious. I think the error occurs in the inequality relating 
I ifj; I to I J5„ I given in the middle of p. 114. The series defining jB„ at the head of 
the page has in its general term the coefficient 

(.' 

which changes sign with m-v; and as a set of different values of v is involved, no 
assignment of signs to the coefficients can give terms of one sign in the series 
defining all the This circumstance destroys the projwsed inequality. 

Finally I show that the solution (7*1) chosen by Tsien & Kuo does not satisfy 
condition C, at least in one case that can be regarded as typical. It will be noticed 
that (7*1) contains in the general term the denominator ^„(ti), playing the part of 
the denominator which 1 have used in series such as (4*3). 

Let us first consider P„(r)/J^(Ti) as a function of the complex variable taking 
r, as fixed parameters between 0 and t,. From theorem 1 we have, on any large 
circle | n j = const., whose radius is half-integral, 

whence it follows directly that this circle encloses equal numbers of zeros and poles 
of the function. The zeros are the zeros of F„(r), and the poles are the zeros, 

« = .say, of F„(Ti); the function is regular at negative integral values 

of n, since the poles of the two factors there cancel. It is easily shown, by considering 
the graph (for real n) of the series on the light of (5-12), that tt„ ... are all real, 
simple and positive, and it is an important point that they are non-integral. 

It is easy now to deduce the partial fraction expansion 


K{r) J7’{t) j»jj^ 
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■where 


^r{r, Ti) 




__ 


Now let the coefficients be defined by 

0 

and let us find the continuation of the solution 


From (7-12) we have 


0 ”q^F„(T,) 


niS 


= (?(a + XAffr(C). 


where 




9ri0 = 


(7-13) 


(7-14) 


For the continuations j/*, j/jf in j ^| < 1 after one circuit round the branch point 

C.lw.h»v«,a.in84, 

gno = -sr,(C) + 2A%^--% 

where \ l-OdC>^- 

The corresponding continuation of the solution (7'14) is hence 


-jir+ 2 2A,2>,C-»r 
r-l 


Kr(r) 1 


[9-P»(Tl)/3«]n—nj 

\ qT 1 


each of the added terms is obviously a solution, since T, — T(t), cancels from it. 

Hence rm —\jr] indeed, h{i8 a branch point at qe^ => 0; and condition C is 
not satisfied. Physically, this means that a flow defined upstream of a cylinder by 
(7*14) would fail to join up smoothly downstream; or more strictly, the solution 
cannot be interpreted as a uniform stream modified by a localized disturbance. 
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Atmospheric oscillations and the resonance theory 

By K, Weekes, The Cavendish Laboratory, University of Cambridge 
AND M. V. WiiiKES, Director of the Mathematical Laboratory, 
University of Cambridge 

{Commtinicaied by B. Sfmieley, F.H.S.—^Received 25 March 1947) 


The first part of the paper cleBcriboB the circunistanoefi under which tidal energy supplied to 
the atmosphere through the action of ticle-producing forces can be trapped between a certain 
fitratum (usually where the temperatunj has a minirnum) and the ground. The results are then 
applied to discuss in general terms the tyjjcs of free oscillation which an atmosphere with 
a given temperature distribution may possess. It is pointed out that Kelvin’s hypothesis 
that the atmosphere has a resononoo in the neighbourhood of IJ? solar hours leads directly 
to the conclusion tliat the temj:.>eraturo must fall again to a low value at some level above 
the hot region inferred from observations of the anomalous propagation of soxmd. 

In the second part of the paper results are given of numerical calculations made with the 
aid of a differential analyr^or to determine to what extent the requirements of the resonance 
theory restrict the possible temperature variation in the atmospliere. The results of Appleton 
& Weekes ( 1939 ) on lunar tides in the E region are discussed, and it is shown that there is 
no difficulty in reconciling them with oscillation theory provided a sxiitable temperature 
distribution in the E region is assumed. 


1. iNTEODUemON 

Many attempts have been made to determine by mathematical means the behaviour 
of the atmosphere under the action of tide-producing forces. Earlier writers were 
obliged by mathematical difficulties to make rather artificial assumptions about the 
variation of temperature in the atmosphere, although, even if this had not been 
necessary, lack of exjierimental knowledge of the atmosphere would have limited 
progress. As a result of the work of Taylor ( 1936 ) and Pekeris ( 1937 ) it is now possible 
to calculate the free and forced oscillations of an atmosphere with an arbitrary 
vertical distribution of temperature, assumed independent of latitude and longitude, 
and at the same time more information as to the actual temperature variation in 
the atmosphere is available from meteorological and other sources. In the present 
paper we shall first give a physical argument based on the work of Pekeris, whereby 
the oscillation characteristics of a given atmosphere may be deduced in general 
terms without elaborate calculations. We shall then consider the- oscillation pro¬ 
perties of the atmosphere in the light of the various sources of information available 
as to its temperature and composition, with a view to arriving at a temperature 
distribution which most nearly meets all the facts. For this purpose use will be made 
of resonance curves for selected model atmospheres calculated with the aid of a 
differential analyzer. 

2 , Physical considbbations 

Tlie action of the gravitational tide-producing force {and, in the case of the sun, 
of the thermal force) is mainly concentrated near the surface of the earth. The energy 
thus introduced into the atmosphere is ultimately degraded into random energy as 
a result of the effects of viscosity and thermal conduction, A consideration of the 
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order of magnitude of the terms in the equations of motion shows, however, that 
both these effects are negligible at low and medium levels and do not in fact become 
of importance until well into the ionosphere (see Pekeris 1937 ; Chapman 1924 ). 

The gravitational force excites, in general, a whole series of modes of oscillation 
of the atmosphere, each mode having a different variation of amplitude with 
latitude and longitude. If attention is confined to one of these modes, for example, 
by supposing the exciting force to be such as to excite this particular mode alone, it 
is possible to form a simple physical picture in terms of trapping of energy. 

The energy introduced into the atmosphere by the action of the tide-producing 
forces is mainly generated near the surface of the earth, where the air density is 
greatest, and spreads outwards as a kind of spherical wave motion in the atmosphere. 
This motion is more complicated than in an ordinary sound wave, and involves 
horizontal as well as vertical motion of the particles of air. It will be shown later 
that these effects, including the effect of rotation of the earth, are all taken into 
account if the waves are treated as though they were plane waves travelling in a 
medium having a refractive index fi given by 




I 1 


(IH 7-1 
y 



( 1 ) 


where a? is a co-ordinate depending on the height. A is a constant which may be re¬ 
garded as an equivalent depth for the atmosphere,f and more will be said later about 
its precise meaning; it is sufficient at the moment to remark that its value depends 
on the period as well as on the mode of the oscillation under consideration. 

It is now possible to state the conditions under which resonance can occur in the 
atmosphere. Suppose we neglect absorption for the moment and assume that at 
some level becomes negative and remains negative for all greater heights. Waves 
being propagated upwards in the manner described above will then be totally 
reflected, and there will be a barrier to the passage out of the atmosphere of the energy 
created by the action of the tidal forces, i,e. the energy will be trapped between the 
barrier and the surface of the earth. If the frequency is suitably adjusted the 
amplitude will build up and resonance will occur. The resonant frequency will 
depend on the height of the barrier and the constants of the atmosphere. 

If instead of being negative for all heights above a certain level //^ is negative only 
between two given heights, above and below which it is positive, the barrier will be 
partially transparent. We shall suppose that at some height above the barrier the 
effects of viscosity and thermal conduction become appreciable, and slowly increase 
in importance as height is increased. Energy leaking through the barrier then passes 
upwards and is absorbed without reflexion. It is lost to the part of the atmosphere 
whose oscillations we are considering, and these oscillations ore consequently 
damped. If the barrier is only slightly transparent, the resonance phenomenon will 

t Taylor (1936) and Pekeris {1937) denote this quantity by H, but as this symbol is now 
generally lasod for the local scale height wo have given it that meaning in tliis paper, and have 
used h for the equivalent depth. In this respect our notation is exactly opposite to that of 
Pekeris, 
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still be observed; if the barrier is almost wholly transparent the resonance will be 
so damped as to be unobservable. 

It will thus be seen that the degree of damping of a given mode of oscillation of 
the atmosphere can be estimated from the thickness of the barrier, without any 
knowledge of the values of the coefficients of viscosity and thermal conduction, which 
effects are ultimately responsible for absorption of energy, save for the assumption 
that they are negligible up to the top of the barrier and thereafter increase slowly so 
that absorption takes place without there being any appreciable reflexion. 

Before proceeding further we shall provide a mathematical justlflcation for the 
arguments used in this section. 


3. Mathematical theoey 


(a) Fundamental equations 

Taylor and Pekeris, working from the hydrodynamical equations of motion and 
the equations of continuity and state of the gases constituting the atmosphere, 
showed that the three components of velocity and the pressure could all be expressed 
in terms of the hydrodynamical divergence which solutions could be 

obtained in the form 0 , - xiz) f{d) (2) 


where z, 6 , <f> denote height, colatitude, longitude, respectively, and s is an integer. 
X{z) and ^{ 0 ) satisfy the following differential equations: 
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( 3 ) 


4 a*w* , 
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where A is a constant of separation of variables, a and <i> are the radius and angular 
velocity of the earth, / = <r/2<i> and c = ^(yRT) is the velocity of sound in air. 

Equation ( 4 ) occurs in the classical tidal theory of oceans (when h is the depth) 
and Laplace showed that since ^(0) must be bounded and continuous everywhere 
or and h cannot both be chosen arbitrarily. The relationship between them is not 
unique, there being an infinite number of values of <r corresponding to a given pair 
of values of h and s. Curves, based on the calculations of Hough (1897, 1898), 
showing this relationship for « =* 0,1,2 are given in figure l.f 
In order to discuss (3) it is convenient to put 

y „ ( 5 ) 

H - cVri^, (6) 

z = ^Hdx. ( 7 ) 


t Hougii^s results are not directly applicable, since he considered an ocean composed of 
water and made «dlowauoe for the mutual gravitation of the particles. ThiselEfect is inappreoiable 
in the case of the atmosphere and Hoxjgh’s results have been corrected accordingly. 
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H is the local scale height of the atmosphere and is a convenient variable to use 
instead of temperature. We obtain 



2 6 10 20 


2 6 10 20 

effective depth h in km. 

FiGxriiK 1 . Curves showing the dependence of equivalent depth of the atmosphen' on period 
for various modes of oscillation. (See 13 (a).)--. ^=^2 


The expressions for the southward, eastward and vertical components of velocity 
and the pressure variation are in this notation: 

.. __ i<^y 


l¥l__ i„ + ? cot oA 

4«a>a(/*-co8*d)\da: 

__ +jt.] 

4aw*(P - oo8« 6) \dx f sin $) 


where Pg is the pressure at the ground and O is the tide-producing potential. 
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A solution of the form (2) exists only ifQ is of the form 


Q ^ Ki/f(6) (13) 

where A is a constant and ^{d) is a solution of (4) which is bounded and continuous. 
Pekeris shows that the solution in the general case can be obtained by taking the 
sum of an infinite number of solutions of type (2). If the motions represented by (2) 
are regarded as fundamental modes of oscillation, this is equivalent to saying that, 
in general, an infinite^ number of such modes will be excited. For convenience in the 
general discussion, it will be assumed, unless otherwise stated, that only one mode 
is excited at a time. The modes will be denoted by (^, n), wliere w — 1 is the number of 
nodes in r/r{d) regarded as a function of cos^. It must be remembered that the form 
of }/r(0) depends on cr, so that as the period is altered, the form of Q must also be 
altered if only one mode is to be excited . 

To find the rate of flow of energy in a vertical direction, it is necessary to multiply 
together the real parts of Ap and w and then take the mean value. It is easily 
shown that this is equivalent to forming the expression 


W = l^lApw'^ 

(14) 




(16) 


where ^ (or./) denotes that the real (or imaginary) part is to be taken and * indicates 
the conjugate complex. The first term, which arises because work is being done by 
the tide-producing forces, is negligible except near the ground, so that, with this 
exception, the rate of flow of energy out of a spherical shell surrounding the earth 
is proportional to . 

(16) 


An exact mathematical analogy exists between the motion of the atmosphere 
expressed in terms of y and x and various other forms of wave motion. For example, 
the propagation of plane electromagnetic waves in a medium of refractive index 


cr_l 1/^ 

cr _ 





depends on the solution of the differential equation 


dx^ ^ 


“1 1 /^ 
4'^A\da: 
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0 . 


and the rate of flow of energy is proportional to 


(17) 
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The ooefflcients in equation (17) are real, so that is also a solution of this equation 
which is identical with equation (8). It follows that a solution of the problem in 
atmospheric oscillations can be obtained from one for the electric wave problem by 
taking y to be equal to the conjugate complex of E. The rates of flow of energy in the 
two problems are then the same (subject to a multiplying constant), and we have 
a justification for applying physical arguments familiar in dealing with other types 
of wave motion to the propagation of tidal energy upwards in the atmosphere. 


(6) Boundary conditions at high level 

The nature of the condition to be satisfied by y at high level follows naturally 
from the above treatment. We require that y shall be bounded as x tends to infinity 
and that the mean flow energy, if not zero, shall be in an upward direction. For 
example, if H is constant at high level and if 


(=-A*, say), 


the solution of equation (8) which makes y bounded at high level is y « the 

mean vertical rate of flow of energy being zero. If > 0, the tw o solutions are 
y = and y is boimded in each case, but only the solution with the upper 

sign corresponds to an upward flow of energy, as may easily be proved from 
equation (16). 

The conclusion in the last case does not agree with that reached bj^ Pekeris, who 




found that the choice between thc5 two roots depended on the sign of — - -f 

4(b 


IH 

h' 


We feel that this result must be rejected, since where it conflicts with the above 
condition it implies that energy is being supplied to the system from outside the 
atmosphere other than through the action of the tide-producing force. Further, if 


the period were such that -- + 

A 


y-iH 
y h 


were just positive, a small decrease in H 


would cause an abrupt and discontinuous change in the phase of the oscillation, 
contrary to what would be expected on physical grounds. 


(c) Free and forced oscillations 

In order to find the free periods of the atmosphere it is necessary to put Q equal to 
zero and to seek a solution of equation (8) which satisfies both the above conditions 
at high level and the condition that the vertical velocity is zero at the ground. Such 
a solution can only be obtained, if at all, when k has one of a series of eigenvalues 
which we shall denote by hf. These correspond to doubly infinite seta of free oscilla¬ 
tions, all having the same vertical distribution of pressure, etc., but varying in a 
different manner with latitude and longitude. The periods corresponding to a given 
hf can be obtained from figure 1. 

Pekeris determined values of A, for a number of atmospheres for which the curve 
connecting temperature with height was made up of a series of straight lines (the 
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atmosphere shown in figure 2 is of this type). He was able to obtain solutions—in 
terms of Bessel functions—which were valid in each section and which, by suitable 
choice of arbitrary constants, could be made continuous at the boundaries with 
solutions in the adjacent sections. Later in the present paper we give the results 
of some similar calculations made with the aid of a differential analyzer. Although 
the application of the differential analyzer is not limited to segmented atmospheres 
of the type shown in figure 2 , we have, neverthek^ss, found it convenient for most of 
the work to adopt this type, particularly as we feel that in the present state of 
knowledge any more elaborate representation-of the temperature variation in the 
atmosphere is not justified. We have, however, satisfied ourselves by trial that no 
peculiar effects arise from the use of this type of atmosphere, for example, from the 
presence of discontinuities in the temperature gradient. 

The case of forced oscillations differs from that of free oscillations in that Q is 
not zero so that the condition that w vanishes at the ground no longer gives an 
equation homogeneous in y. This means that a solution of equation ( 8 ), satisfying 
ai^propriate conditions both at Iiigh level and at the ground, can be obtained for 
any arbitrarily assigned value of h and therefore (for a given moile) of the pt^riod. 
The solution is complex, but the real and imaginary parts satisfy the differential 
equation separately and the whole solution may be obtained by two runs of the 
differential analyzer. 

If solutions for a series of different values of h are obtained and the amplitude of 
the pressure oscillation at the ground worked out for each, a resonance curve for 
the atmosphere may be x^lotted. The same curve can be made to apply to all the 
different modes of oscillation if different time scales (obtained from figure 1 which 
gives the period in terms of h) are provided for each mode. It must be emphasized 
that such curves are based on the assumption that as the period is changed the form 
of the tide-producing potentially, as regards variation over the surface of the earth, 
is adjusted so that only the mode under consideration is excited. When applying the 
results to the atmosphere we are frequently concerned with periods near to a free 
period; in this case one mode only is excited to an appreciable extent and no difficulty 
arises. In other oases it may be necessary to take into account more than one mode. 


4. The temperature variatiok with height in the atmosphere 

A fairly complete summary of the experimental facts relating to the temperature 
distribution in the atmosphere was published by Martyn & Pulley ( 1936 ). In 1939 
a discussion on the upper atmosphere took place at a joint meeting of the Chemical 
Society, the Pliysical Society and the Royal Meteorological Society, and a number 
of the references given below are to this discussion. We shall give here a brief outline 
of the data, particularly in so far as they have altered since these two surveys. 

Direct measurements by sounding balloons give the true temperature distribution 
up to 10 km, as a routine matter and provide data on occasions up to some 30 km, 
with less certainty. These data show that there is a uniform decrease of temperature 
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from the surface of the earth up to the tropopause (which occurs at heights varying 
from .15 km. at the equator to 9 km. at the poles) after which the temperature is 
constant in temperate regions and increases with height in equatorial latitudes; at 
about 24 km. the temperature appears to be close to 220 '^ K over the whole earth and 
above this height to be constant or very slowly increasing. Recent observations 
suggest that there may be appreciable daily variation of the temperature of the 
stratosphere amounting to as much as 5° K. 

Above 30 km. there are no reliable direct measurements of temperature, and all 
our knowledge of the distribution above this level is obtained by indirect inference 
based on various observed phenomena. In the majority of these phenomena the 
quantity which is of importance is the local scale height IcTjmg^ where tn is the 
molecular mass. This is also the quantity, H, which occurs in equation (8) governing 
the oscillations of the atmosphere. If there is complete mixing the scale height will 
be the same for all atmospheric constituents, but if there is any diffusive separation 
it will vary for different gases and values deduced may not apply to the main mass 
of the atmosphere. It is, however, unlikely that the diffusive separation is appreci¬ 
able below 100 km. and we will assume that there is no diffusive separation. 

The following is a brief summary of the information available: 

( 1 ) Observations of the anomalous propagation of sound to gre^it distances in¬ 
dicate a rising temperature between about 35 and 50 km. The temperatures deduced 
are very dependent on the wind velocity at these levels, and tliis has recently been 
shown to be great (Johnson 1946 ). The early results of Whipple ( 1935 , 1939 ) and 
other workers are unreliable for this reason. More accurate controlled experiments 
have been carried out by the Meteorological Office, and we are greatly indebted to 
the Director for facilities to examine the results and to use the most reliable data 
available for our calculations. These results indicate that the temjxjrature starts 
to rise at about 35 km. and rises at a rate of about 5°/km, to at least 50 km., at which 
height the temperature lies between 290 and 350° K, with the lower value more 
likely. The experiments were all carried out at night. 

( 2 ) Budden, Ratcliffe & Wilkes ( 1939 ) and Wilkes ( 1940 ) have shown that the 
height of reflexion of very long wireless waves (18*8 km.) is about 70km. and varies 
with the sun's zenith angle according to the law deduced by assuming that the 
ionizing radiation is absorbed in an isothermal atm(^ 8 phere of scale height 6 km., 
corresponding to a temperature of 205° K. The results indicate, moBeover, that the 
temperature has this value over a range of about 20 km. in height. 

(3) Regener ( 1939 / 40 ) has pointed out that if it is assumed that the noctilucent 
clouds, which are occasionally seen at heights of 82 km., are d\ie to volcanic dust 
there njust be a stable region of the atmosphere above this level to prevent the dust 
being carried to greater heights by convexion. This implies that the temperature 
must increase with height. The alternative suggestion has been made by Humphreys 
( 1933 ) that these clouds are composed of ice crystals, and this would require a tem¬ 
perature minimum of 180 to 200 ° K at 82 km. However, this hypothesis appears to 
be less likely than the former one. 
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(4) The behaviour of meteors provides some data on the density of the relevant 
levels of the atmosphere. The data have recently been surveyed by F. L. Whipple 
( 1943 ) and discussed by him in relation to the temperature distribution suggested 
by Martyn & Pulley. He finds that his results are best fitted by a distribution in 
which the temperature in the neighbourhood of 70 to 90 km, is considerably higher 
than is suggested by the results quoted above, the best fit being obtained by assuming 
a temperature of 255"" K. It is not clear, however, how much weight can be attached 
to this evidence. 

( 6 ) Studies of E region of the ionosphere indicate that the scale height at about 
100km. is 11 km., corresponding to a temperature of *S15^K (Appleton 1939 ). 
There are, however, certain unresolved difficulties in the interpretation of the results 
which prevent reliance being placed on this figure. Estimates of the frequency of 
collisions between electrons and neutral molecules may also be obtained from 
radio observations, but unfortunately it is not possible to deduce a reliable value 
for the pressure from these estimates, since the electron temperature and collision 
cross-section are not known with sufficient precision; the best values available may 
be in error by a factor of 3 or 4. For what they are worth the pressures come out to 
be 1-75 X 10"^mm. (0-23 microbar) at 120km. and 2*7 x (0*35 microbar) 

at 90 km. 

( 6 ) Vegard ( 1932 ) has studied the distribution of intensity of the lines in certain 
band spectra of nitrogen during an aurora. This distribution is governed by the 
temperature of the gas, and from his data he has deduced a temperature of about 
240° K for the region from 90 to 120 km. These results would give an effective tem¬ 
perature of 300° K if all the oxygen were in atomic form. Rosseland ( 1933 , 1936 ) 
considered that Vegard’s original results were incorrectly adjusted for the low 
resolving power of the spectrometer used and recalculated the result as 346° K. 
Subsequent observations by Vegard & Tonsberg ( 1941 ) confirm the original results, 
but the theory is not sufficiently clear to allow the figure to be asserted definitely. 
In particular, the fact that the aurora is excited by fast-moving particles and is far 
from being in thermal equilibrium makes the validity of the deductions uncertain. 

(7) Radio observations of the F region suggest that the temperature above 
300 km. may be very high, of the order of 1000 ° K (Appleton 1935 ). However, mea¬ 
surements of the width of the green line of atomic oxygen in the light of the night 
sky (Vegard 1937 )—which line apparently has its origin at about 300 to 500km.— 
do not show the broadening that would be expected if the temperature were of this 
order. It is possible that the day and night temperatures are widely different. 

It will be seen that, although the various lines of evidence considered above 
combine to throw some light on the temperature variation in the atmosphere, no 
unambiguous conclusions concerning the temperature at the higher levels can be 
drawn. The procedure we have adopted is to take a probable temperature distri¬ 
bution up to 60 km. based on the considerations outlined and then to study the 
osciUation properties of the atmosphere when various special types of temperature 
distribution above 60 km. are assumed. In most oases wo assume that at high level 
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the temperature is rather high, but in view of the onset of viscosity and conductivity 
damping above about 160 km. the details of the temperature distribution above 
this level are relatively unimportant. 

5. Observational data relating to the oscillation of the atmosphere 

The solar semi-diurnal variation of the barometer is much larger than the corre¬ 
sponding lunar variation, and this fact led Laplace (1823) conclude that the solar 
variation was due to thermal rather than gravitational action. Kelvin (1882) 
pointed out that on this hypothesis one would expect the diurnal component to be 
greater than the semi-diui'nal component, which, however, is not the case;.he there¬ 
fore suggested that the semi-diurnal oscillation is magnified by resonance, the 
atmosphere having a free period of approximately half a solar day. If there is 
appreciable resonance the gravitational action of the sun may also be important 
(Ijamb 1910), but Chapman {1924) has shown that it cannot be the sole cause of the 
oscillation. If the gravitational and thermal effects are assumed to be equal in im¬ 
portance the magnification over the equilibrium tide is about 70 . A piece of evidence 
which may bear on the matter is the fact that there does not appear to be any 
appreciable amplification of the partial tide with a period of half a sidereal day which 
is present in the tide-generating potential with an amplitude of about a quarter of 
that of the solar semi-diurnal potential. 

The lunar semi-diurnal barometric oscillation has been determined at a number of 
stations, largely through the efforts of Chapman who has given a summary of the 
results (Chapman 1939). Its amplitude is about 6 x 10^^ mm. (80 miorobars) at the 
equator, i.e. nearly three times the equilibrium tide. It varies somewhat throughout 
the year, the most remarkable feature being a retardation of phase in both hemi¬ 
spheres by about 1 hr. in December compared with June. In general the lunar 
variation is less regularly distributed over the surface of the earth and more subject 
to variations. 

Some information with regard to the oscillations of the atmosphere at great heights 
is provided by a study of the magnetic quiet day variations which may be inter¬ 
preted, on the Balfour Stewart dynamo theory, as being due to the motion of the 
conducting air of the ionosphere across the vertical component of the earth’s 
magnetic field. The magnitude of the effect depends on the product of the ionization 
and the horizontal velocity of the air and an integrated value for this product may 
be deduced from the observations. The results indicate that the air movements are 
almost exactly out of phase with those at the ground, Pekeris (1937) showed that 
this result is in accord with expectations based on the theory of atmospheric 
oscillations. 

In a number of details (e.g. sunspot cycle and seasonal variations) the behaviour 
of the Ixmar and solar iquiet day magnetic variations are rather different, and this 
suggests that the currents causing the two variations flow predominantly at different 
levels (Chapman & Bartels 1940). This would imply a different variation of hori¬ 
zontal velocity with height in the lunar and solar atmospheric oscillations. 
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Appleton & Weekes (1939) have made aoourate measurements of the height of 
region E of the ionosphere and have found that it shows a lunar semi-diurnal variation 
of 0-9 km. in phase with the pressure variation at the ground. If these results are 
interpreted on the present theories of the ionosphere they imply that the pressure 
oscillation in region JS 7 is in phase with that at the ground, in apparent contradiction 
to the results deduced from the magnetic data if the currents are taken to flow in 
E region, and in contradiction to the results of Pekeris^s work referred to above. 
We shall return to this subject later. 


6. Frek periods oe the atmosphere 

In this section we propose to discuss the free oscillations of the atmosphere in 
general terms, making use of the physical ideas outlined in § 2 and the observational 
data summarized in the last section. 

We have seen that a necessary condition for the existence of a free oscillation is 
that energy should be trapped between the surface of the earth and a stratum in the 
atmospheres where (defined by equation (1)) is negative. Since involves the 
period only through the equivalent depth A, free periods occur in doubly infinite sets, 
all the members of which correspond to the same value of A. A value of A which givewi 
rise to a set of free periods is denoted by Ay. 

can become negative on account of a low value of T, a negative temperature 
gradient or a combination of these two effects; in practice this usually implies the 
existence of a temperature minimum. The position ia somewhat complicated by the 
fact that depends also on A, which (for a given mode of oscillation) decreases as 
the period increaaes, so that a given temperature minimum in the atmosphere 
becomes less effective as a barrier as the period is increased. 

The isothermal part of the stratosphere acts as a barrier for values of A greater than 
7*4 km,, while the troposphere, where the temperature is falling rapidly with height, 
acts as a barrier for values of A as low as Skm. Pekeris showed by numerical calcula¬ 
tions that there is one (and only one) set of free periods corresponding to trapping 
of energy by these regions, the value of Ay being 10*4 km. None of these free periods 
correspond to the period of any known tide-producing force; in particular, that of 
the ( 2 , 2 ) mode is about 10-5 hr., which is well removed from the 12 hr. required by 
the resonance theory * It is found, however, that Ay = 10*4 km. is in accordance with 
the value calculated from the velocity of long air waves by means of the formula 

“ ghf (Taylor 1929, 1932,1936; Pekeris 1939). The lower stratosphere is a highly 
effective barrier for values of A near 10 km. and very little energy penetrates above 
30 km. Since the temperature up to this height is known by direct observation, it 
follows that the value of 10-4 km. obtained for Ay is independent of any speculation 
as to the temperature variation in the high atmosphere. 

The above considerations show that in order to meet the requirements of the 
resonance theory it is necessary to assume the existence of a second set of free periods 
(one of which must be near 12 solar hours), and this implies the existence of another 
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barrier at higher level than the stratosphere and separated from it by a free region. 
The free region is provided by the hot region inferred from the results on the anoma¬ 
lous propagation of sound and in order for a barrier to exist it follows that the 
atmosphere must become cold again at, say, 80 km. or higher. This conclusion was 
reached by Pekeris by considering special numerical oases; we see now, on general 
grounds, that it is an essential requirement for the existence of a second set of free 
periods and hence for the truth of the resonance theory. Pekeris further demon¬ 
strated that there is no difficulty in adjusting the ‘ cold top ’ so that the atmosphere 
resonates in a ( 2 , 2 ) mode with a period of approximately 12 hr. The existence of 
a cold region in the atmosphere at about 80 km. is in accordance with other evidence 
summarized in § 4 ( 2 ) and ( 3 ). 

Pekeris found that the above mode of oscillation was such that y changed sign 
at a certain height; the same was true of {dyjdx) - •Jj/ to which quantity the pressure 
variation is proportional. No mode of oscillation in which y does not change sign 
and in which reflexion takes place at the upper barrier occurs since the corre- 
8]>onding value of h would be large enough for the stratosphere itself to act as a 
barrier. Further, if the barrier is at about 80 km. no modes in which y has two or 
more nodes exist since, unless it is assumed that the temjierature at high level is 
unreasonably low, the barrier soon becomes transparent as h is reduced. If a further 
set of free oscillations is required it is necessary to assume the existence of yet 
another and higher barrier. A solution for y having two nodes at different heights 
can then be obtained. We shall again refer to this possibility when discussing the 
lunar and solar semi-diurnal oscillations. 

7. The kkhokance charactektstics of simple model atmospheres 

(a) Introduction 

As a preliminary to moi-e extensive investigations the differential analyzer was 
first used to obtain the values of hj for the atmosphere given by Martyn (1939). 
This is a revised version of one given by Martyn & Pulley (1936). The values of hf 
found were 10*2 and 8-8 km. The first is in sufficient agreement with that deduced 
from the velocity of long air waves, but the second is well removed from the value 
of 8 km. required by the resonance theory. It would thus appear that Martyn & 
Pulley’s atmosphere is not, as it stands, consistent with the resonance theory. In 
investigating what modifications are necessary we have, os pointed out in §3, 
thought it sufficient to consider only atmospheres with a segmented temperature 
distribution. 

The calculations may be divided into three groups. In the first by taking the 
simplest possible model of the atmosphere and by ignoring certain of the indications 
concerning the temperature at high level summarized in § 4 an attempt is made to 
determine what restrictions are placed on the possible temperature variation in the 
atmosphere by the existence of sets of free periods corresponding to values of hf 
approximately equal to 10 and 8 km, 
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Secondly, the relation between the thickness of the barrier (which as pointed out 
above, determines the effective damping) and the amplitude of the oscillation near 
resonance is investigated. 

Thirdly, there is a discussion of the temperature distribution in the E region with 
special reference to the difficulties raised by the observations of Appleton & Weekes 
on lunar tides. 

(6) The. free periods of some simple models 

In this subsection an atmosphere of the type shown in figure 2 will be considered. 
It has an isothermal ‘ top ’ of sufiiciently low temperature for /t* to be negative for 
values of h greater than about 8 km. in which case there is a complete barrier to 
the passage of energy upwards. For reference purposes table 1 gives the values of 
h above which is negative for different values of T. For any particular mode the 
values of h may be converted into periods by means of figure 1. 


Table 1 


T 

H (km.) 

h (km.) 

TCK) 

H (km.) 

h (km.) 

180 

6-20 

601 

260 

7-61 

S-76 

200 

6-86 

6*70 

280 

8-20 

9-38 

220 

6-44 

7*35 

300 

8*79 

1006 

240 

7-03 

8-05 

320 

9*37 

10*70 


For the pui'pose of the present calculations the temperature in the atmosphere 
up to 30 km. was taken to agree with that given by observation and the various 
‘ tops ’ which would make the atmosphere as a whole have a value of h/ equal to 
8'0 km. were studied. The value of hf = 10 " 4 km. is mainly determined by conditions 
in the atmosphere very low down and is little affected when the temperature above 
30 km. is changed. 

In one set of calculations the temperature gradients above and below the maxi¬ 
mum at about 60 km. were kept constant while the actual temperature at the 
maximum and the thickness of the hot region were altered. It was found that any 
atmosphere whose temi>erature variation was given by a curve like ABODE EG in 
figure 2—where the point E lies on the dotted curve—satisfied the requirements of 
the resonance theory in that it had free oscillations with hf equal to 8-0 and 1 0 * 4 km. 

In figure 2 the temperature gradients above and below the maximum ore taken 
to be 9 |° K/km. and 6^° K/km. respectively. If instead the rate of rise is taken to 
be 13 °K/km. starting from 35 km. instead of 30 km. the resulting dotted curve is 
found to be nearly parallel to that shown in figure 2 , but moved down 4 km. in 
height. A higher temperature for the isothermal top reduces the width of the tem¬ 
perature maximum by about I km. for 10’’ K change in temperature. The temperature 
of the isothermal portion FO must, of course, be less than 240 ° K in order to ensure 
that there shall be a barrier. 

The above calculations have been carried out for an atmosphere having a tem¬ 
perature variation in the stratosphere similar to that observed in temperate 
latitudes. Over a considerable part of the earth however (including the tropics where 
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the gravitational tide-producing force has its maximum value), the temperature 
variation is rather different (see § 4 ). We have, therefore, repeated the calculations 
described above for a series of atmospheres in which the temperature variation is 
given by curves like ABXYCDEFO (figure 2), We find that in each case the effect 
on the free oscillation for which hf = 8-0 km, is very small and could be compensated 
by a very slight shift in the temperature at the 60 km. level; the actual change is 
of the order of 0-2 %. The effect on the oscillation for which hf = 10* 4 km. is rather 
larger, equivalent to a 1 % change in hf \ this, however, is within the basic accuracy 
of the theory. 



FiotJBi: 2. The simplest type of atmosphere which has a free oscillation of tyj)c (2, 2) 
with a period of 12 solar hours. (See § 7 (6).) 

Calculations have also shown that alterations in the temperature of the strato¬ 
sphere by ± 10^ K have only a small effect on the 8-0 km. mode, and do not alter the 
form of the vertical distribution of pressure variation in the oscillation to an appreci¬ 
able extent. The case in which the stratosphere temperature changes with latitude 
and longitude cannot be treated by present methods, but the results recorded in this 
section suggest that the effect of allowing for this variation would be small. 

(c) Atmospheric resonance curves 

We have so far considered an atmosphere bounded above by a perfect barrier so 
that the amplitude of the oscillation at resonance is infinitely great. It has been 
pointed out in § 2 that if the temperature rises again higher up the barrier will be 
partially transparent and energy will leak through, to be finally absorbed at high 
level where the effects of viscosity and thermal conduction become important. 
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The point is illustrated numerically in figure 3 , which shows resonance curves 
calculated for a number of atmospheres differing only in the height at which Uie 
rise begins to take place. It will be seen that the higher this is, i.e. the thicker the 
barrier, the sharper is the resonance. As with other resonant systems, the skirts of 
the resonance curve are affected to a comparatively small extent by the amount of 
damping present. 



P’lorBR 3. Diagram showing the effect of variation of barrier thickness on sharpness of rosoneutne. 
(SeeS7(c).) Curve 1,a = 18km. Curve 2,a = 18km. Curve 3,a = 23km. Curve4, a = 28km. 

The action of the barrier is due partly to the region of falling temperature above 
63 km. and partly to the isothermal region; in the case of the widest barriers, these 
contributions are approximately equal. A rough measure of the effectiveness of a 

barrier is given by the value of the quantity j/tdx taken over the barrier region; the 

results indicate that for an amplification of 70 this must have a value of about 2 * 2 . 

Figure 4 shows the resonance cuiwe for the deepest barrier plotted over a wider 
range of h. The scale of period in hours is for the (2,2) mode and the ordinate scale 
gives the value for this oscillation of 10 logio dp at the ground, where Ap is measured 
in mm .i) is taken as 1 • 1 x 10^ c.g.a. units, which is the value of the solar semi-diurnal 
gravitational potential. 

(d) The solar and lunar oscillations 

The vertical distribution of pressure variation for the atmoetphere 4 in figure 2 
for two particular values of h, corresponding in the (2,2) mode to periods equal to 
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the solar and lunar half days respectively, is shown in figure 6 . This diagram shows 
the phase reversal at about 30 km. and the magnified amplitude at high level, 
features to which attention was first drawn by Pekeris. The two curves are very 
similar, although the magnification at 100 km. is rather less for the lunar than for 
the solar period. Further calculations have shown that the phase of the oscillation 
above the barrier (where this is not modified by absorption) is rather dependent on 



Fioukh 4. Resonunoe curve for atmosphere 4 of figure 3 plotted over a wider range of equivalent 
depth h. The pressure variation dp is measured in mm. Hg and the value of the tide producing 
potential U is, taken to bo M x 10‘ o.g.8. units. (See $ 7 (c).) 

the exact form assumed for the temperature variation, but is similar for the two 
oscillations. It would thus appear to be difiicult with an atmosphere of the type under 
consideration to account for the different behaviours of the solar and lunar quiet 
day variations referred to above. 

It has been pointed out in § 2 that the experimental observations of Appleton & 
Weekes, who observed a lunar atmospheric tide at the level of the E region in phase 
with the tide at the ground, are in direct contradiction to the calculations made by 
Pekeris. This objection we do not consider a serious one for the following reasons. 

In general a large number of different types of oscillation of the atmosphere are " 
excited by a given tide-producing force. In the case of the sun one of these resonates 
and its contribution to the whole motion outweighs that of the others. It is then 
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legitimate to base the discussion on calculation for this type of oscillation alone. 
This is not necessarily the case for the moon, and the effect of taking into account the 
various other oscillations which may be excited to an appreciable degree may well 
modify the result considerably. Although the theory is adequate to cover this case, 
the necessary calculations have not been made. The fact that the amplitude and phase 
of the lunar oscillation varies somewhat more irregularly over the surface of the 
earth than does the solar oscillation may be taken as confirming the supposition that 




Figure 5 . The amplitude and phase of the pressure variation in atmosphere 4 of figure 3 
plotted a« a fimction of height. For oscillations of the (2,2) type the dotted and solid curves 
refer to periods equal to the lunar and solar half days and 8*0 km. respectively). 

(See §7 (d).) 

several different modes are excited, though it must be admitted that the two varia¬ 
tions are nevertheless of the same general form. A more complete discussion would 
also take into account the effect of the change of level of the earth's surface due to 
earth and ocean tides. This may be done by modifying the boundary condition 
tc 0 at the ground. It may be expected that the lunar semi-diurnal atmospheric 
tide will be affected to a greater degree than the solar one (Chapman, Pramanik & 
Topping 1931). 

Apart, however, from the consideration mentioned in the last paragraph, the 
calculations given by Pekeris (and those considered so far in this paper) are based 
on the assumption that the temperature in the E region is independent of height. 
If instead a hot E region with a falling temperature above is assumed, quite different 
results are obtained. Any assumption about the temperature variation in the E 
region is, of course, highly speculative, but it is to be noted that there is nothing 
unreasonable in the suggestion that there is a temperature maximum in the E region 
in view of the amount of solar energy being absorbed there. 
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The effect of having a falling temperature above a hot E region is to give rise to 
a further barrier which may if suitably adjusted trap energy which penetrates the 
two lower barriers. It introduces the possibility of a third set of free periods corre¬ 
sponding to a third eigenvalue of h. The results of some calculations made for such 
an E region are shown in figures 6 and 7 . It will be seen that the solar oscillation will 



FlotTEB 6. PreBSure variation as a function of height in an atmosphere having a temperature 
maximum in the E region for three different values of equivalent depth h. The cxu’ves are 
adjusted to agree at the ground. (See § 7 (d).),- h = S-O,-/» = 7'14. .A = 6'90. 

still be out of phase with that at the ground, while that for the moon will be in 
phase. Actual curves for the variation of pressure with height are given in figure 6. 
It will be seen that the curves for the solar and lunar cases are very different, and 
there would therefore be no difficulty in explaining the differences in the solar and 
lunar quiet day magnetic variations referred to in § 2. 

The atmosphere shown in figure 6 was chosen in order to show that there is no 
difficulty in reconciling Appleton & Weekes’ experimental result with theory, and 
must not be taken as representing a firm suggestion for the temperature in the 
E region. Calculations for other atmospheres of a similar type have yielded results 
of the same kind. 


VoL A. 


7 
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The numerical results given in this paper were obtained on the differential analyzer 
in the Mathematical Laboratory, Cambridge, and we are indebted to Mr J. Hensher 
for his assistance in operating the machine. One of us (K.W.) held a Senior Award 
from the Department of Scientific and Industrial Research. 



Fioure 7. Resonance curve for tho atmosphere shown in figure 6. Ap is measured in nun. and 
Q is taken equal to l-l x 10* c,g. 8 . units. {See §7 (d).) 
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Meson formation and the geomagnetic effects 

By L. JAnossy, Physical Laboratories, University of Manchester* 
AND P. Nioolson, Cavendish Laboraiory, University of Cambridge 

(Communicated by P. M. S. Blackett, F.R. 8 .—Received 27 March 1947 ) 


The experimental data on the co«mic-ray geomagnetic effects are used to provide information 
on the nature of the primary cosmic rays and on the mode of production of the meson 
component. The relevant arguments are first reviewed in a qualitative way and then elabor¬ 
ated by a quantitative analysis, which is not dependent upon any specific theory of meson 
production. Three main possibilities are discussed, the so-called proton, ‘mixed’ and soft 
component hypotheses (see § X for definitions). It is concluded that the bulk of the rneHons 
must arise from protons (or possibly other heavier positively charged particles). The analysis 
that the average multiplicity of the process of meson production is about nine. 

From consideration of the asymmetry at high altitudes it seems likely that the primary 
radiation consists of protons and electrons (equally positive and negative) in the ratio of about 
one proton to four electrons. 


Preface 

Most of the work on which this paper is based was carried out in 1939 but was not 
presented for publication owing to the pressure of wartime duties. Although there 
have been considerable advances since 1939 , both in the theory and experimental 
data relating to the process of meson formation, no generally accepted picture has 
emerged so far. 

In the investigation, made in 1939 , an attempt was made to determine what 
information about the production of the meson component can be obtained by 
considering the experimental data on the geomagnetic effects. The analysis was not 

♦ Now at tho Dublin Institute for Advanced Studies. 
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dependent upon any specific theory of meson formation but was based as far as 
possible upon established conceptions, such as the allowed cones in the earth’s 
magnetic field and the conservation of energy in the cosmic-ray beam. 

Since these investigations led to definite results and, as far as we are aware, have 
not been duplicated, we think it worth while to present them here. 

L iNTRODtrCTION 

Since mesons are unstable they cannot be present in the primary oosmic-ray beam. 
The mesons observed as the hard component of cosmic radiation must therefore, 
directly or indirectly, be formed by the primaries falling on the atmosphere from 
outside. 

The nature of the primary cosmic rays is uncertain. The main possibilities which 
have been discussed by various authors are as follows: 

(1) The jyroton hypothesis 

It is assumed that protons are the primaries of all cosmic rays, both hard and soft 
components (Hamilton, Heitler& Peng 1943). 

(2) The mixed hypothesis 

It is assumed that protons are the primaries of the hard component, while the 
soft component at high altitudes arises from primary electrons and possibly 
photons (Johnson 1939). In addition to this ‘primary soft component’ there is of 
course a secondary soft component produced by the hard component. 

( 3 ) The soft component hypothesis 

It is assumed that the mesons are secondary to the soft component. From theo¬ 
retical reasons it is suggested that the mesons are formed by photons by a kind of 
photoelectric effect. Whether mesons are assumed to be due to photons or electrons 
is, however, of very little consequence for the details of the present analysis. 

2. RrVIBW of the ARGtTMBKTS OK THE KATURE OF THE PRIMARV COSMIC RAYS 

In this section we give a brief account of the main arguments bearing on the 
nature of the primary cosmic rays. We give the arguments here in a qualitative way, 
the main task of the paper being to elaborate these arguments in a quantitative 
manner (see § 3 ). 

(1) A large part of the primary cosmic rays consists of electrically charged particles 
os can be inferred from the latitude effect. The total flow of oosmic-ray energy above 
the equator is less than one-half of that above high latitudes, and thus at least one- 
half of the energy is incident in the form of charged particles. It is usually assumed 
that all, or nearly all, primaries are electrically charged, 

(2) The latitude effect at all altitudes ceases for latitudes above 60 ®. This latitude 
cut-off'implies that the primaries contain no charged particles of momentum below 
about 4000 MeV/c. 
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( 3 ) The meson component is found to be asymmetrically distributed around the 
vertical. The intensity from the west exceeds the intensity from the east, implying 
that the meson primaries are predominantly positively charged. 

( 4 ) According to the observations of Johnson & Barry (1939), the east-west 
asymmetry of the total radiation at high altitudes, where the soft component 
predominates, is no larger than that observed at sea level, and is considerably smaller 
than one would expect if all the primary radiation were positively charged. 

One possible qualitative explanation of this is clearly provided by the mixed 
hypothesis if the primary soft component (whose influence according to this hypo¬ 
thesis is confined to high altitudes) contains equal numbers of positrons and electrons. 
It will be seen in (6) below that this is not the only possibility. 

( 5 ) The idea that the soft component is largely due to primary electrons is sup¬ 
ported by the analysis of the atmospheric transition curves observed by Bowen, 
Millikan & Neher (1938) and by Millikan, Neher& Pickering (1942). These transition 
curves can be well accounted for in terms of the cascade theory, as was pointed out 
by Heitler {1937) and by Nordheim (1938). A closer study by Chakrabarty (1943) 
reveals a certain discrepancy between observed and calculated transition effects. 
Such a discrepancy is, however, not surprising, as at high altitudes a strong secondary 
soft component arising from meson decay has to be expected in addition to the 
primary soft component. 

(6) The soft-component hypothesis cannot be automatically excluded in view of 
( 3 ) and ( 4 ) however, for an excess of positrons over electrons up to about 28 % of the 
electron intensity would be compatible with the asymmetry observed at high alti¬ 
tudes and would lead to asymmetry in the mesons arising from the soft component. 

( 7 ) The proton hypothesis is not definitely excluded by ( 4 ) above, although it is 
difficult to understand why, with only j:H>8itively charged primaries, the asymmetry 
at high altitudes should not be larger (see § 3 * 132 ). The explanation of this difficulty 
suggested by Hamilton et aL (1943) is that in the case of the soft component, which 
predominates at high altitudes, the directional asymmetry of the primaries has been 
smoothed out by scattering, magnetic deflexions, etc. It seems rather unlikely, 
however, that such smoothing would be sufficient to mask the asymmetry of the 
soft-component primaries. 

(8) The latitude cut-off may favour the assumption that the primary beam con¬ 
sists of one type of primary only. If there are several types of primary components, 
then all must show a cut-off at the same momentum. Such a cut-off can be explained 
in terms of a solar magnetic field (Jdnossy 1937); the existence of a solar magnetic 
field has been recently confirmed (Thiessen 1946). 

( 9 ) If the proton h3rpothesi8 were to be accepted, then the agreement between the 
observed atmospheric transition curves and the cascade theory would have to be 
taken as accidental. The most striking feature of this effect is, apart from the change 
of total energy flow, the change of the height of the maximum intensity with latitude; 
over the equator the maximum intensity is observed at a considerably lower height 
than over high latitudes. 
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The shift of the maximum is conveniently explained in taam of the cascade 
theory, if the primaries are assumed to be eleotrom. If the prunarieis are assumed 
to be protons, a different explanation has to be looked for. It has been shown 
(Power 1947^ that the shift of the maximum could be related to the fact that primary 
protons of higher energy can penetrate deeper into the atmosphere than those of 
low energy, and thus the average height of production of electrons through the 
agency of protons is lower over the equator than over a high latitude. 

( 10 ) Recent high-altitude observations using V 2 rockets (QoUan, Krause & 
Ferlow 1946) suggest that the primary radiation contains a soft component. These 
results, however, are still of a preliminaiy nature and may be modified when more 
extensive observations have lieen made. 

From these qualitative arguments no definite decision as to the validity of one 
of the hyjx)these8 ( 1 ), ( 2 ) or ( 3 ) can be obtained. 

In the following sections we try to formulate these arguments in a more quanti¬ 
tative way, and thus come to definite predictions as to the details of the process of 
meson production which have to be assumed in view of the experimental findings. 

To conclude the qualitative arguments we would like to mention the following 
general argument due to Blackett: If the primaries contain protons, then they ought 
to contain electrons as well. The protons passing through any matter, either when 
produced or during their passage through interstellar space, should produce mesons, 
and these mesons would decay giving rise to electrons. 


3. Quantitativk akouments 


In the following section we discuss the evidence which can be obtained from the 
geomagnetic effects as to the nature of the primaries. 

The relevant geomagnetic effects are the latitude and the asymmetry effects. At 
sea-level practically the whole of the soft cosmic-ray intensity can be taken to be 
secondary to the meson component. Thus the geomagnetic effects at sea-level can 
be ascribed to the meson component alone. 

The effects are more complicated at high altitudes where the cosmic-ray beam is 
partly independent of the meson component (op. Rossi & Greisen 1942). 

If iff (A) is the total intensity of mesons integrated over aU directions at sea-level 
at the geomagnetic latitude A and M^(A, &), iff^(A, 0 ) are the intensities of mesons 
coming at a particular zenith angle 0 from east and west respectively, then 
and A (A, 0 ), the latitude and asymmetry effects observed at sea-level, are given by 






i ff(A,)-iff (A ,)1 


A (A 


m - . Pw(A>g )-iffx(A.fi)-j 

\Mf^(A,0r+Me(A,0')j‘ 


( 1 ) 

( 2 ) 


The left-hand expressions are given experimentally. The functions iff have to be 
derived for assumed primaries in such a way as to satisfy equations (1) and (2). 
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This kind of analysis was applied by Johnson (1935) to the case of protons, which 
were supposed to suffer an exponential absorption in penetrating the atmosphere, 
the absorption coefficient being chosen so tliat the right asymmetry is shown at 
sea-level. The latitude effect between A = 0 and 20° was calculated, but comparison 
with observation was inconclusive since at low latitudes the experimental data show 
a marked variation with longitude. 

Various aspects of the problem of meson formation were dealt with by Nordheim 
(1938) and by Nordheim & Hebb (1939). More recent work leading to partly con¬ 
tradictory conclusions has been caixied out by Rathgeber (i94z), Swann (1942) 
and Bloch (1946). 

31. The hypothesxs that protons are the primaries 

WHIC H PROntJCE THE MESONS 

In this section it is assumed that the mesons all arise from protons. It should be 
noted that since mesons are entirely responsible for the effects at sea-level, from the 
point of view of ecjuations (1) and (2) above it is immaterial whether the primary 
cosmic-ray beam is purely protonic or contains an electronic component as well; 
consecjuently the analysis of this section applies ecjually to the proton hypothesis 
and to the 'mixed’ hypothesis (§ 1). 

Assume a proton has a probability ((>{k) of producing k mesons simultaneously or 
in succession, and then work out the form (l)(k) must possess if the latitude effect 
shown by the mesons at sea-level is to agree with that observed. The function <j>(k) 
so determined is next used to calculate the theoretical asymmetry which is then 
compared with the experimental asymmetry at a number of latitudes and zenith 
angles. 

3*11. The method toed to determine 
3 *111. A ssuniptions 

(1) The number of primary protons per unit solid angle with energies between E 

and E^dE is cdEjE^, c being a constant (Johnson 1938; Euler & Heisenberg 1938; 
Heitler 1937) provided 10®eV and is zero otherwise. The latitude cut-off 

which occurs at about latitude 50 ° at all altitudes suggests that the incident energy 
spectrum has a lower limit at about 4 x 10 * eV. The best value of n seems to be about 
2 * 7 , For convenience n =* 3 is used in this section, since the determination of (j>(k) 
does not depend critically upon n. Later, where results are more sensitive to the 
energy spectrum adopted, n is taken as 2 * 7 . 

(2) Mesons are formed high up in the atmosphere, the height h of formation being 
such that the primary particles traverse an amount of atmosphere equivalent to 
one-tenth of the vertical depth; for vertical particles h would be about 16 km. 

(3) The minimum energy needed to penetrate from height h to sea-level is 
2 X 10* eV for a particle travelling vertically and 2 x 10*/cos ^eV for one travelling 
at an angle 6 to the vertical 
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( 4 ) All mesons move in the same direction, as did the proton which produced them. 

( 5 ) The probability ^(k) of a proton producing k mesons is independent of the 
energy of the proton and depends only upon the multiplicity of the process. 

(6) If a proton of energy E produces k mesons, each meson has energy B' = E/k. 
Although there is likely to be an energy distribution among the mesons emitted, on 
the average (neglecting energy which may be taken up by recoil of the nucleus) 
they will have energy Ejk. 

The fact that the energy spectrum of the mesons (Blackett 1937) is similar to 
that of the primary particles (i.e. of the form dKjE”^ with n about 2-8) suggests that 
( 5 ) and (6) may represent the process of meson formation reasonably well. In any 
case (6) and (6) are as good working assumptions as can be made until the theory of 
meson production is better understood. It is unlikely that the conclusions regarding 
the geomagnetic effects would be appreciably affected by changes in these assump¬ 
tions. 

3 ' 112 . The total intensity of mesons at sea-level 

It is usual in calculating the latitude effect to consider only the vertical intensity 
and then to compare the results with experimental data which refer to the total 
intensity integrated over all directions (or at any rate over a very large solid angle). 
This naturally introduces uncertainties into the comparison, and in the present 
calculation we shall consider the intensity integrated over all directions, although 
it increases the computation involved. 

On account of the earth’s magnetic field, primary protons can only approach a 
point P on the earth’s surface from certain directions. We shall refer tt> the cone 
formed by these directions as cone A and to its half-opening angle, which depends 
upon the energy E of the proton as well as on the geomagnetic latitude A of P, as 
o){A,E). This angle has been evaluated by Vallarta (1933), and in the following 
calculations his numerical values have been used. 

The proton of energy E gives rise near the top of the atmosphere to k mesons, 
each of energy E' = Ejk. The directions from which these mesons can approach P 
is further restricted by atmospheric absorption. In ijenetrating to sea-level at an 
angle 0 to the vertical the meson loses an amount of energy 2 x 10 */oos (9 through 
ionization. Consequently for each energy E' of meson there is a cone B in which the 
direction of approach must lie if the meson is to reach sea-level. This cone has its 
axis vertical and half-opening angle d{E') is given by 

CO8 0(jS') =(3) 

The only protons of energy E which can produce mesons of energy E', able to 
reach sea-level, are those whose directions lie in the portion common to cones A 
and B. The number of such protons is proportional to the solid angle 8 {A, E, E') of 
this common portion. It is easy to show that this solid angle is given by 

&’(A, E,E ')^2 f'* ^ cos f ♦ 

J »()-<.(«, A) \co»fr} 


(4) 
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for 90 —90 + 0 is zero for w < 90 —0 and is equal to the solid angle of cone B 
for w ^ 90 + 0 . 

Now some of the mesons included in this solid angle will decay before reaching 
sea-level, and to allow for this an extra factor D{E^ ijr) must be introduced into the 
integrand in ( 4 ). D{E, represents the probability that a meson of initial energy E 
will not decay in traversing the atmosphere in a direction at to the vertical. If 
ft, T are mass and lifetime at rest,* then 

D(E, v>) = exp [- 

the integral being taken over the whole path through the atmosphere. The function 
E{x) is easily found if the only energy loss considered is that due to ionization; for 
most energies involved in the calculation, however, the modification in D due to 
energy loss can be neglected and D{E^ ijr) is given simply by 

( 6 ) 


where h is the vertical height above sea-level of the point at which the meson arises. 

Allowing for meson decay and integrating over the energy spectrum of the 
incident protons and summing over all possible multiplicities hy then M(A), the total 
iiumber of mesons reaching sea-level at latitude A, is given by 


M(A ) « 2 cos vV C08-> - - ^ I D{E , f) df 

1 J lifToater of ^ J 90 - w(A, A*) \COS y / 


' llfToater of 
4x 10* and 
kx 2X 10*1 
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2c^(^(k)kf{A,k), 

k-l 
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tsn'eatior of 
4x 10* and 
fcx2xlO*J 






COS i/r COS" 



D(E’, f)di}f 


(7) 


and E' is always equal to Ejk. 


3 ' 113 . Numerical results and determination of ^(k) 

The double integral/(A, k) was evaluated for different latitudes for A: = 1 ,4 and 6, 
and the curves of figure 1 were obtained. Each of these curves represents what would 
be the sea-level latitude effect if mesons arose entirely by a process of that particular 
multiplicity. 

In figure 2 we show the latitude effect at sea-level, observed by Compton &, Turner 
(1937). This curve is typical of the effects found by different observers; all show an 
amplitude of about 10 % and become constant at about latitude 60 °. 

* In' this calculation all mesons will be assumed to have t =s 2-1 x 10“^ sec. and /t = 200 x 
mass of electron. 
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It is seen that the experimental curve cannot be due to a process of some particular 
multiplicity but must be duo to the superposition of processes of differmit multi¬ 
plicity. From these curves the process of multiplicity 5 gives the nearest approach 
to the experimental curve and may be expected to give the maximum contribution 
to the sea-level intensity at any latitude. Also the probability of forming a very 
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Figuke 1. The hypothesis that protons are meson primaries, Latitutle effect 
for various values of k. 
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Fiourk 2. Comparison of experimental curve (—) and that obtained from figure 1 
by the superposition ^{k) — - - -). 

large number of mesons simultaneously will be small, ^{k) must therefore tend to 
Kero as k becomes large and have a maximum somewhere in the region ib » 6 . The 
function has the required form if a, 6 are suitably chosen. 

Thus the best agreement with the experimental curve is obtained with o =» 3 , 
b =■ 0 * 36 ,80 that ar constantPc"*'***. ( 8 ) 

The theoretical latitude effect using this fimction is shown in figure 2 together with 
the experimental. 

The function has its maximum between ib » 8 and 9 , and so, on the proton hypo¬ 
thesis, the commonest multiplicity occurring in meson production would be al^ut 
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8 or 9 . The maximum contribution at sea-level at any latitude is from a process of 
multiplicity about 6, as the magnitude of /(A, k) falls off rapidly with increasing 
Jfc[ocl/P], 

We shall now use this function <f>(k) to calculate the asymmetry at sea-level at 
several latitudes and zenith angles. 


312 , The asymmetry at sea-levee due to mesons 


The calculation of the asymmetry is much simpler than that of the latitude effect, 
because it only involves the intensity at a particular zenith angle instead of the 
total intensity integrated over all directions. 

Suppose E^(d, A), E^( 6 , A) are the lowest energies for which protons may come at 
angle 0 to zenith from west and east respectively, at latitude A; Mj,d, A), M^{d,A) 
are the number of mesons coming at sea-level at zenith angle d from west and east 

respectively .Then / oos 

7‘^V‘ixia*/r 


M^{d,\)cc 


/■ 

J Ki 


dE' 

KiM). A) E’'^ 


S 

A—1 


Mj^d, A) cx 


/fc’ 008 <^\ 

•'V2xlo*/ 


J A) i'" Ar-1 L 




jt4<,-0-36AX)( 


( 9 ) 


( 10 ) 


where largest integer < j5coB6>/2 x 10*. 

It will be noticed that the same expression has to be integrated with «>apect to E 
in both ( 9 ) and (10), and that the range of integration is greater in ( 9 ) than in ( 10 ) 
as EJd,\)<Ej^ 6 ,X.), It follows that once has been calculated, Mg{ 0 ,\) 

can be found with very little further work. 

t M -M~\ 

-iT —IT has been evaluated for several latitudes and zenith angles. 

The results are compared with Johnson’s experimental values (Johnson 1935) in 
table 1. 

Table 1 


asymmetry at sea-level 



zenith 

r 


latitude 

angle 0 

theoretical 

experimental 

A = 0 

60® 

0*092 

— 


46 

0*128 

0145±0016 


30 

0094 

0092 ± 0 008 

A *20® 

60 

0*068 

0036 ±0012 


46 

0*078 

0 066 ± 0 007 


SO 

0*064 

0-047 ± 0-006 

A *29® 

60 

0*047 

0-062 ±0-012 


46 

0*049 

0-028 ± 0-023 


30 

0*051 

0-060 ±0-011 


In view of the approximate nature of the theory, the theoretical results show aur- 
prisingly good agreement with the experimental. 
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3 - 13 . The asymmetby at high altithdbs 

We have shown that good agreement wdth the geomagnetic effects at sea-level 
results from the assumption that protons are the parents of the cosmic-ray mesons. 
This assumption is contained in both the proton and the mixed hypothesis (§1). 
These two hypotheses will now be considered from the point of view of the asym¬ 
metry at high altitudes. 

3 - 131 . The mixed hypothesis 

This can clearly be made compatible with the asymmetry observations at 16 km. 
In fact one can easily estimate roughly the ratio of primary protons to primary 
electrons required to give the asymmetry observed at 16 km. 

Suppose the number of protons in the energy range E to E+dE is given by 
dEjE”-, while the numbers of primary ixrsitive and negative electrons in the same 
range are each given by CdEjE”'. It is necessary to find C. 

According to Serber (1938), the cascade theory predicts that an electron of energy 
10“ eV will produce about ten secondary electrons in reaching the intensity maximum 
in the atmosphere, and also that the number of secondaries produced by primary 
electrons of other energies is roughly proportional to energy. From this, knowing 
the minimum energies required at latitude A by an electron coming at a particular 
zenith angle 0 from west and east respectively, the average intensity can be cal¬ 
culated for the electronic component at 16 km. at this angle d [^(westerly+easterly 
intensity)]. 

On the assumption that each proton produces nine mesons at the Begener maxi¬ 
mum (suggested by § 3 -1), the corresponding intensity for the meson component can 
be calculated, and in addition the difference in meson intensity at zenith angle & 
from west and east. Hence the resultant asymmetry at zenith angle 0 for the total 
radiation at 16 km. can be found. This theoretical asymmetry will involve the con- 
stemt C, which may be determined by comparison with the corresponding experi¬ 
mental value. 

The process was carried out at the equator for 0 = 60 ° and for an energy spectrum 
corresponding to n = 2 - 1 ; comparison with the asymmetry observed by Johnson 
& Barry (1939) gave a value about 2 for C. 

Thus these considerations suggest that there are about four primary electrons 
(equally positive and negative) for one primary proton. 

3 - 132 . The proton hypothesis 

Assuming a 1 differential energy spectrum, the number of protons arriving 
at the equator at zenith angle 60 ° from the west is about four times as great as the 
number arriving at the same angle from the east; this means the asymmetry at the 
top of the atmosphere would be about 1-2 if all primaries are protons. 

We have already mentioned the fact pointed out by Hamilton et al. (1943) that 
the asymmetry of the soft component is reduced by scattering (see § 2 (7)), but it is 
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difficult to believe that the asymmetry could be reduced by this as drastically as is 
required (from 1*2 to 0*07) in going from the top of the atmosphere to 16 km. 

For this reason the proton hypothesis appears unlikely. 


3‘14. Discussion 

The calculations described above show that the mixed hypothesis is compatible 
with both latitude and asymmetry effects at seadevel and also with the asymmetry 
at high altitudes, and suggest that the average multiplicity of the process of meson 
formation is about 9. 

This is particularly interesting, as 0 is the multiplicity assumed by Bloch (1946) 
in his calculations of meson intensity as a function of altitude and energy. Bloch's 
choice of 9 appears to have been based on experimental evidence on the commonest 
multiplicity at high altitudes furnished by Schein, Jesse & Wollan (1939). Bloch 
concludes that a multiplicity of 9 for all but low-energy protons (< 7 x 10®eV) is 
compatible with experimental data; for low energies his results suggest that the 
multiplicity is less than 9. 

3'2. The soft-component hypothesis 

This hypothesis, in which mesons are supposed to arise from the photons* of the 
soft component, has been suggested by several authors (Bhabha, 1938; Bowen et cd. 
1938; Heitler 1938; Nordheim & Hebb 1939; Kobayasai & Okayama 1939) and is 
supported by the experiments of Shonka (1939), Schein e/ aZ. (1939), Regener (1943) 
and Tabin (1944). These experiments indicate the production of mesons by a non¬ 
ionizing radiation which appears to be photons rather than neutrons in these 
particular observations. 

From a theoretical point of view the production of mesons by photons is very 
feasible, and the theoretical cross-section for the process has been calculated by 
several workers (Booth & Wilson 1940; Hamilton & Peng 1944). 

The number of primary photons has been shown to be small by the results of the 
balloon flights of Bowen et al. (1938), and primary photons will be neglected and 
the assumption made that mesons arise from photons produced by cascade multi¬ 
plication of primary electrons and positrons. The asymmetry at sea-level, where the 
bulk of the radiation consists of mesons, proves that there is an excess of positive 
particles in the meson primaries. This means there must be an excess of positrons 
over electrons if the photon hypothesis is tenable. 

An upper limit to the ratio of primary positrons to electrons can be deduced from 
the asymmetry observed at high altitudes on the assumption that protons make no 
appreciable contribution there (see § 3'21 below). The upper limit so found is used 
in § 3*24 to calculate the asymmetry at sea-level due to mesons, all arising from 

* The oonolusiona of the present analysis are found to be the same if electrons instead of 
photons are taken to be the meson primaries. 
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photons, and this is compared with Johiuson’s measurements. Before this oalcula' 
tion of asymmetry can be made, the probability of a photon producing k mesons 

simultaneously is required; this is determined in § 3-22, not from any theory of the 
process, but empirically from the observed latitude effect at sea-level, in much the 
same way as already described for the proton hypothesis. 


3 - 21 . The eatio of positrons to blboteons 

As before, assume that the primary electrons have a differential energy spectrum 
of the form IjE'^ (Johnson 1938; Heitler 1937). With n =» 2 - 7 , at latitude 20°, about 
four times as many positrons will arrive at zenith angle 60 ° from the west as at the 
same angle from the east. From this the asymmetry at the top of the atmosphere 
would bo about r2 if the whole radiation were positrons. 

The main multiplication of positrons high in the atmosphere -will be by the 
cascade process, as the cross-section for meson production by photons is certainly 
very much less than that for pair production; at 16 km., where the soft component 
has its maximum, the number of mesons will be small compared with the total 
intensity, and the meson component is unlikely to affect the asymmetry at, this 
height. Now the number, of secondary electrons produced by a primary positron at 
this height is roughly proportional to the energy of the primary positron. Conse¬ 
quently, the ratio of westerly to easterly intensity at zenith angle 60 ° at 16 km. may 
be expected to be something like l-S to 1, from which the asymmetry there would be 
about 0-6 if all the primaries were positive. 

Johnson, however, finds an asymmetry of only 0*072 at this height at zenith angle 
60 °. To produce tliia asymmetry a primary electron component must be superposed 
in the ratio of 1 electron to about 1*28 positrons. Since this assumes the contributiotf 
of primary protons at 16 km. to be negligible, it gives an upper limit to the ratio 
of positrons to electrons in the primary radiation. 


3 * 22 . Calouiuition of the function <l>'{k) 

The theory of the calculation is essentially the same as in the proton hjrpothesis, 
except that primary electrons do not give rise directly to mesons as did the protons, 
but produce photons by the cascade process, and these then produce mesons. 

Following Nordheim & Hebb {1939), the total number of photon lengths (i.e. the 
number of photons multiplied by the average range) of energy between/tmdf+df, 
produced by an electron of energy E, is 0 * 57 jEd///*, 

By similar reasoning to that given in § 3 * 1 , Jf'(A), the intensity at sea-level of 
mesons produced by photons, is given by 


Jf'(A)= l*14cSf(ifc)ibf 
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Here <f>'{k) is the probability of a photon energy / producing k mesons of energy 
fjk iiumit length (cascade units). The other symbols have the corresponding meaning 
to that in § 3 * 1; w{A, E) is now the half-opening angle of the allowed cone for an 
electron of energy E arriving at latitude A. 

The triple integral /'(A, k) was evaluated at several latitudes for k^ 1, 2 and 4 . 
The results are shown in figure 3 . These results must be superposed to give the 
experimental curve by suitably choosing <^’{k). It was found that good agreement 
with the experimental curve was obtained by taking 

( 12 ) 



Fioueb 3. The soft component hypothesis. Latitude effect for varioris values of k. 

It should be noted that the number of primary photons is assumed to be negligible 
in the above calculation; the presence of appreciable numbers of primary photons 
would modify the calculation, since mesons arising from these would show no 
geomagnetic effects. 

3'23. The CROSS-SEcmoN fob meson pboduction by photons 

An estimate of the constants can be made from the experimental data, and from 
this estimate the cross-section (er) for meson production b; photons (assuming that 
the mesons are created by collisions with nuclei) can be deduced. 

Pfotzer (1936) finds that for vertical particles, 100 primary electrons incident on 
the top of the atmosphere correspond to about seven mesons at sea-level. Using this, 
the average cross-section per nuclear particle for the production of one or more 
mesons by a photon in air is about 1 x lO-^cm.*. 

Although early theory (Heitler 1938) predicted a cross-section for meson produc¬ 
tion by photons of about this magnitude, more recent theory (improved by the 
inclusion of radiation damping) has shown that the cross-section is smaller than this 
by a factor about lO-* (Booth & Wilson 1940; Hamilton* Peng 1944). 

It appears therefore that the cross-section for meson production by phototts which 
is required to explain the geomagnetic effects is far too large to be plausible. 



112 


L. Jdnossy and P. Nicolson 

3'24. The asymmetey at sea-level 


The value of ^'(fc) found above was used to calculate the asymmetry produced at 
sea-level by mesons. The method is essentially the same as already described for 
the proton hypothesis, and only the results will be given here. 

The situation at sea-level, if only positrons axe present in the primary radiation, 
was first considered. In this case the asymmetry for 0 = 60° and A = 0 and 29°, 
was found to have the values 0'17 and 0*12 respectively. 

It was shown in §3-21, however, that the ratio of positrons to electrons in the 
primary radiation cannot exceed 1-28 to 1 if the asymmetry observed at 16 km. is 
to be explained. The addition of a negative primary soft component in this ratio to 
the positive, reduces the theoretical asymmetry at sea-level to values about 0-019 
and 0-014 at 0 = 60°, A = 0 and 29°. The theoretical asymmetry at other angles and 
latitudes has a similar value, being always less than 0-02. 

These values are all much lower (by a factor about 6) than the experimental values 
(see table 1). 

It appears therefore that if mesons arise from photons in such a way that the 
correct latitude effect is shown at sea-level, and if these photons are produced from 
primary positrons and electrons present in a ratio compatible with the asymmetry 
at 16 km., then the mesons show much too small an asymmetry at sea-level. Thus the 
photon h3^othesi8 cannot be reconciled simultaneously with the observed asymmetry 
at high altitudes and the sea-level latitude and asymmetry effects. 

3-3. Other hypotheses eob meson creation 

3-31. NevJtral primarie-a are rendered unlikely by the above analysis, as it was 
shown that positive primaries alone are just capable of explaining the magnitudes 
of latitude effect and asymmetry at sea-level. An admixture of neutral primaries 
would reduce the theoretical values of asymmetry and latitude effects by different 
amounts and would thus lead to values incompatible with observation. 

In any case the only neutral primaries to be considered would be photons or 
neutrons. The hypothesis of primary photons would meet with difiioulties of the 
same type as the assumption of primary electrons (§3-2), while neutrons are likely 
to be unstable on general grounds and thus are unlikely to appear in the primary 
beam. 

3- 32. On the other hand, both atomic nucki or positively charged ions are feasible 
as meson primaries as far as latitude and asymmetry effects are concerned. There is 
no direct evidence, however, that such particles are present in the primary radiation; 
they have never been detected in cosmic rays, and so if they are originally present, 
they must be absorbed very effectively at the top of the atmosphere. 

A theory developed recently by Hoyle (1946) predicts the presence of heavy 
nuclei, having atomic number in the region of 60, in the primary cosmic radiation. 
Since the energy needed by a particle to penetrate the earth’s magnetic field is 
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proportional to the charge, such atomic nuclei would need an energy of at least 
10 ^ eV to approach the equator. Since the bulk of the cosmic rays observed have 
much lower energies, these heavy nuclei would have to produce a very large number 
of secondaries. This is to be expected as a heavy nucleus of such high energy is 
likely to produce a great disruption of atoms when it reaches the atmosphere, from 
which disruption protons, neutrons and mesons might all arise. 

At the moment there seems to be no decisive way of showing whether or not such 
heavy nuclei can form an appreciable part of the primary radiation. In any case the 
observed geomagnetic effects (chiefly the smallness of the asymmetry at 16 km.) 
suggest that there must be an appreciable primary electronic component (of roughly 
equal numbers of positrons and electrons) as well as other positive particles, whether 
these be protons or other nuclei. 


Conclusion 

Although from a theoretical standpoint meson production by either protons, 
neutrons or photons is permissible, and direct experimental evidence also suggest^s 
that mesons can arise from all three, the results of the calculations concerning the 
geomagnetic effects described above clearly show that the bulk of the mesons cannot 
arise from either photons or neutrons, but must be created by protoTis (or possibly 
by other heavier positively charged particles). The analysis suggests that the average 
multiplicity of the process of meson production by protons is about 9. 

From considerations of the asymmetry at high altitudes it seems likely that the 
primary cosmic radiation consists of protons and electrons (positive and negative 
in equal numbers) in the ratio of about 1 proton to 4 electrons. 
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Resonance phenomena in the interaction of fast neutrons 
with beryllium and aluminium 

By K. W. Allen, St CatJiarine's College, W. E. Burcham, Sebvyn College 
AND D. H. Wilkinson, Jeaue College, University of Camlrridge 

(Communic-ated. by J. D. Cockcroft, F.R.S.—Received 2 A^pril 1947) 


The total seatteriug oross-seotions of beryllium and aluminium have been measured by a 
transmission method for neutrons of energies between 0-36 and 0-55 MeV and 1*8 and 
4*0 MeV. Resonances have been found in the scattering by beryllium at a neutron energy of 
2*6 MoV and in the scattering by aluminium at neutron energies of 2*4 and 2*9 MeV. It has 
been shown that the cross-section for the reaction (n, a) ^He also has a resonance at 
2‘6 MeV, and an accurate detennination of the cross-section for this reaction has been made. 
A discussion is given of the properties of the energy level in ^®Be responsible for the resonances 
in the case of beryllium. 


1. iNTEODtrOTION 

The bombardment of berylKum by fawit neutrona can lead, in addition to scattering 
of the neutrons, to at least two nuclear transmutations. If the interaction between 
the incident neutron and the ^Be nucleus is supposed to begin with the capture of 
the neutron and the formation of a ^®Be nucleus in an excited state, the completion 
of the nuclear process depends on the manner in which the de-excitation of the 
excited “Be nucleus takes place. This may occur 

(i) by re-omission of a neutron leaving the *Be nucleus in its ground state (elastic 
scattering); 

(ii) by re-emission of a neutron leaving the ®Be nucleus in an excited state 
(inelastic scattering); 

(iii) by emission of a y-ray (simple capture of the incident neutron); 
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(iv) by emission of an a-particle in accordance with the reaction (Bjerge 1936) 

®Be -f- -> ®He -h — 0- 80 MeV; {1) 

(v) by emission of two neutrons in accordance with the reaction (Rusinov 1936) 

»Be + hi. -*> lOBe «Be + 2 ~ 1 -65 MeV. (2) 

Of these processes, the inelastic scattering is unlikely to be important owing to the 
small number of levels which are available in a light nucleus like ®Be for excitation 
by neutrons of energies less than 4 MeV. I'he simple capture process can be shown to 
bo much less probable than elastic scattering (Bethe 1937a). Reactions (1) and (2), 
according to accepted mass values (Mattauch 1942), cannot take place until the 
neutron energy reaches the values 1*04 and 1*88 MeV respectively, and would be 
expected to be rather improbable compared with elastic scattering for neutrons 
of energy less than 4 MeV. The most probable process is thus elastic scattering. It 
should be noted that in addition to this typo of elastic scattering in which the 
compound nucleus ^^Be is supposed to exist for a short time, there is another elastic 
scattering process (potential scattering) which may be considered as due to diffrac¬ 
tion of neutrons by the ®Be nucleus, without formation of an intermediate ^®Be 
(Amaldi, Bocciarelli, Caociapuoti & Trabacchi 1946). The potential scattering is 
independent of the internal structure of the nucleus and is determined solely by its 
effective radius, while the compound nucleus scattering will be affected by the 
presence of resonance levels. It will be shown later that these two typf^s of scattering 
are of comparable magnitude in the interaction of fast neutrons with beryllium. 

It follows from these considerations that if a beam of fast neutrons is passed 
through a thickness x of beryllium the transmitted intensity / is given by 

I ^ (3) 

where 4 is the initial neutron intensity, n is the number of beryllium nuclei per unit 
volume and cr is the total cross-section, i.e. the cross-section for the removal of 
neutrons from the beam by all processes, cr is almost exactly equal to the cross- 
section for elastic scattering. In § 2 an account is given of the application of this 
transmission method to a determination of the total cross-section at a number of 
different neutron energies in the range 0*35 to 4*0 MeV, and it is shown that the 
variation of cross-section with neutron energy exhibits broad resonance features. 

Although the absolute cross-section for reaction (1) above its threshold is only 
about one-fiftieth of that for elastic scattering, it has been found possible to in¬ 
vestigate this reaction by observation of the ®He radioactivity. This nucleus is a 
^-emitter with maximum energy 3*5MeV and half-life 0*86sec., which is fairly 
convenient for measurement. Observations are described in § 3 which show that the 
variation of the cross-section of the (w,a) reaction in the neutron energy range 1-8 
to 4*0 MeV is similar to that of the cross-section for elastic scattering. 

Resonance phenomena of this type were first observed by Wilhelmy (1937) in 
the {n,dt) transmutation of nitrogen and other elements. Using inhomogeneous 
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neutrons he found that the emission of <x-particles from these elements took place mth 
certain preferred energies. The interpretation of these experiments and of later work 
(C^omparat 1944; Zagor & Valente ^945; Valante & Zagor 1946) is complicated by the 
possibility that the group structure observed is partly due to excited states of the 
residual nucleus and partly to the possible presence of groups in the original neutrons. 
Recently, Barschall & Battat (1946), using neutrons of known energy, found that 
the yield of the ^*N(n,p)^*C reaction plotted as a function of neutron energy 
exhibited definite resonance peaks. Similar phenomena in the scattering of fast 
neutrons have been found by a number of workers (Aoki 1939; Zinn, Seeley & 
Cohen 1939; MacPhail 1940; Bailey, Bennett, Bergstrahl, Nuckolls, Richards & 
Williams 1946; Nuckolls, Bailey, Bennett, Bergstrahl, Richards & Williams 1946). 
No case has, liowever, yet been reported in which both clastic scattering of fast 
neutrons and neutron-induced transmutation have been shown to involve the same 
level of the compound nucleus; this is so in the interaction of fast neutrons with 
beryllium* 

2. MKAStJREMKKT OF TOTAL CROSS-SECTION 
(a) Experimental procedure 

The experimental arrangements adopted for the determination of the total cross- 
section of beryllium by the transmission method were similar to those used by other 
workers. A diagram of the arrangement is given in figure 1. 



Figure 1. Experimental arrangemoiit for total cross-section. 


Neutrons were obtained by bombarding targets of heavy phosphoric acid or 
carbon, mounted on a thin brass plate, with a magnetically resolved deuteron beam 
of about 50 pA at 930 keV. No other neutron sources of sufficient homogeneity were 
available for this experiment. The bombarding voltage was kept fixed at 930 keV 
throughout the experiment, and in order to make use of neutrons of different 
energies, observations were made at various angles with the deuteron beam. The 
targets wore mounted at the end of a glass tube about I m. long in order to reduce 
effects due to scattering of the neutrons by the resolving magnet. 

The beryllium samples were cylinders 3 - 8 cm. in diameter and were placed at a 
horizontal distance of 27 cm. from the target. The beryllium was first studied in the 
form of a beryllium-aluminium alloy of composition 75*4 % Be to 24-6 % Al, and 
separate determinations of the total cross-section for aluminium were made in order 
to correct for its presence in the alloy. Later, pure beryllium samples became 
available and separate determinations were made with these. 
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The ii0utron8 transiuitted through the beryllium Bample were detected by moans 
of an ionization chamber of diameter 2’5 cm. filled with 3 atm. of argon and 0^7 atm. 
of hydrogen placed at about 27 cm. from the beryllium on a line passing through the 
samples and the neutron source. This chamber, which will be described in detail 
elsewhere (Allen, unpublished), was used to count the number of recoil protons 
produced by neutrons entering the chamber. The pulses from the collecting electrode 
of the ionization chamber were amplified and fed through a discriminator with 
variable bias to a scale of 32 counting unit. The performance of this detecting system 
was reproducible over the entire duration of the experiment. A similar ionization 
chamber was kept in a fixed position near the target throughout the experiment to 
monitor the primary neutron iixtensity. 

Both the beryllium samples and the ionization chamber (together with its first 
stage of amplification) were suspended from a rotatable arm which could pivot about 
a vertical axis passing through the neutron source. In this way the whole system 
could be moved in a horizontal plane containing the neutron source, and the axis of 
the system could be set at any angle between 0 and 150 ® with the deuteron beam. 
With the bombarding voltage used this change of angle corresponded to a variation 
of the mean energy of the neutrons passing through the beryllium sample and 
ionization chamber from 1*8 to 3 * 75 MeV in the case of the deuterium target and 
()«35 to 0-55 MeV in the case of the carbon target. At each angle the alinement of the 
system with the neutron source was checked with the aid of a tliin brass rod which 
fitted along the axis of a brass tube of diameter equal to that of the samples and 
which replaced the samples for the purpose of this test. 

A determination of the cross-section of beryllium at a particular neutron energy 
WHB made by determining the counting rate in the ionization chamber for various 
thicknesses of the scattering sample; for zero thickness the rate was usually about 
3000 counts per minute. Simultaneous observations were taken with the monitor 
chamber in order to correct for variations in the strength of the neutron source. 
A correction was also mode for background neutrons reaching the ionization chamber 
from sources other than the target, such as distant parts of the accelerating tube or 
resolving magnet, or by scattering from the floor, by observing the count when the 
beryllium sample was replaced by 30 cm. of paraffin wax of the same diameter. This 
correction varied with the position of the ionization chamber with respect to the 
target and increased considerably at the backward angles owing to the proximity 
of the resolving magnet to the chamber in this position, but was found to remain 
constant at a given angle and could be determined accurately; it was usually about 
10 % of the total counting rate. The corrected counting rate was plotted logarith¬ 
mically against thickness of absorber and the cross-section deduced from the slope 
of the line assuming the exponential relation (eqn. ( 3 )). Figure 2 shows typical 
logarithmic plots obtained in this way. The whole procedure was repeated for a 
succession of angles between 0^ and 150 ^ for both deuterium and carbon targets and 
with beryllium, aluminium and alloy samples. The reproducibility of the results was 
tested by making frequent redeterminations of the cross-section at a given energy on 
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difiFerent days; th^ probable error of the observed values of the cross-seotion was 
estimated in this way to be about 3 %. 

In the measurements with D + D neutrons the discriminator bias for both the 
monitor and detector ionization chamber was set high enough to avoid recording 
low-energy neutrons produced by carbon contamination of the target. In the work 
with 6^ 4* i) neutrons, special counts at high bias were made to estimate the effect 
on the observed cross-section of contamination by neutrons; the number of 

such neutrons was not usually greater than 5 % of the total flux from the carbon 
target. 


3'5|- 



Figttke 2 . Logarithmic absorption curves. © Be^Al alloy absorbers, D + neutrons at 0^, 

E “ 3*75MoV; + Be-Al alloy absorbers, C + neutrons at E = 0*66 MeV, 

Thin deuterium targets were not used in this work, and the neutrons at any given 
angle therefore had a spread in energy due to penetration of the target by the 
deuteron beam. It can easily be shown that if the neutron spectrum at any angle has 
a sharp cut-off at an energy E and a mean energy E, then if <r{E) and (r{E) are the 
cross-sections for monokinetic neutrons of energy E and for the neutron spectrum 

actually used, _ 

(r{E) =cr(E} + (E~E)--^. (4) 

This expression is only valid if the absorption of the inhomogeneous neutrons is 
exponential so that a mean cross-section can be defined; the straight lines of figure 2 
show that this is so. The relation ( 4 ) was used to deduce cross-sections for monokinetic 
neutrons from those actually observed with the neutrons from a thick deuterium 
target. The maximum correction made in this process was 6% in the case of 
beryllium and 10 % for aluminium. 
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A ooirection to the observed cross-sections should also be applied to account for 
the finite size of the scattering samples and the ionization chamber, which results 
in the scattering of some neutrons by the sample into the ionization chamber. This 
was estimated by application of the formula (Aoki 1939) 

= ( 6 ) 

where T is the observed fraction of the neutrons transmitted through the sample, 
Tq is the fraction transmitted under ideal conditions, A is the area of the ionization 
chamber and r the distance from the centre of the source to the centre of the chamber. 
This formula is derived on the assumptions of spherical symmetry in the scattering 
and of the absence of multiple scattering. The correction was found to be less than 
1 % under the geometrical conditions used and waa therefore neglected, although 
it is possible that with the neutron energies employed a small amount of multiple 
scattering may have taken place in the longer samples. 

(6) Remits 

(i) Beryllkwi. Figure 3 shows the total cross-section for beryllium over the range 
of energies 0*35 to 4*0 MeV. The values plotted are those for monokinetic neutrons, 
derived from the observed results by the method discussed in §2 (a); observations 



neutron energy (MeV) 

Figuke 3. Total cross-section of beryllium for monokinetic neutrons. 0 present measunaments; 
X Leipunski ( 1940 ); A Amaldi ei oZ. ( 1939 ); *f Good & Scharff-Goldhaber ( 1941 ). 

with the alloy, corrected for the presence of the aluminium, are included with these 
results. There is a broad peak in the curve at a neutron energy of about 2*6 MeV, 
and it is possible that there is another peak at about 0*56 MeV. The present measure¬ 
ments do not cover sufficient range to establish this second peak, but the results of 
other workers (Amaldi ei al, 1939; Good & SoharfF-Goldhaber 1941; Leipunski 1940), 
which are also plotted in figure 3 , are in agreement with such a peak. 

(ii) Aluminium. The experimental values for the total cross-section of aluminium 
are plotted against the ffiean neutron energy in figure 4 . In figure 6 the curve was 
obtained from that of figure 4 by correcting for the spread of neutron energy by the 
method described in § 2 (a) and represents the results of the present work; the points 
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plotted in figure 5 are those of Aoki (1939), Kikuohi & Aoki (1938, 1939)1 Zinn, 
Seeley & Cohen (1939) and MaoPhail (1940). The results of these workers have been 
corrected to the same Q-value for the D + D reaction, which is necessary in cal- 



neutron energy (MoV) 

Fioukk 4. croHs-eoction of aluminium. The points give the values of the 

cross-section obtained witli neutrons of the given mean energy. 



FiotJKK 5, Total cross-section of aluminium for monokinotic naut-rona. -curve derived 

from the results shown in figure 4 by correcting for the spread in neutron energy; -f ^inn* 
Seeley & Cohen ( 1939 ); A Kikuchi & Aoki ( 1938 ); x MocPhail ( 1940 ); © Aoki ( 1939 ). 
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culating the neutron energy; the value 3-23 ± 0 * 02 MeV found recently (Livesey & 
Wilkinson, unpublished) was used throughout this work. 

Figure 6 shows that the total cross-section of aluminium varies very rapidly with 
neutron energy, so that a small error in the angle at which the scattering system is 
alined with the deuteron beam will make a large change in the value of the cross- 
section. The values obtained were, however, found to be reproducible, and the rela¬ 
tively low value of the probable error of each point is good evidence for the reality 
of the rapid change in cross-section. The results also agree well with those of other 
workers, and in addition to the well-known resonance at 2*4 MeV previously found 
by Aoki (1939) and MacPhail (1940), there is another peak at about 2*9 MeV. The 
cross-section obtaitied with C -\~D neutrons was 3*85 barns* at a neutron energy of 
0*36 MeV and 3*55 bams at 0*55 MeV. 

3. Mbasitrkment of the oross-sbotion for the ®Be (n, a) *He reaction 

(a) Experimental procedure 

A Geiger counter was oonstmcted from a tube of beryllium-aluminium alloy of 
length 5*8 cm., internal diameter 1*34 cm. and external diameter 1*94 cm. Care was 
taken to make the glass sheaths at the ends of the counter wire as short os possible 
( 0*3 cm.) consistent with proper operation, so that practically all /?-particles emitted 
into the counter .from the walls should be recorded. The counter ivas filled with a 
mixture of 6 cm. of argon and 1*5 cm. of alcohol and behaved weU at the counting 
rates used despite the fact that the machining of the inner waU was not very good. 

In the investigation of the ®Be (n, a) ^He cross-section this counter was irradiated 
by neutrons produced in the D^D reaction for a certain time, and the **He activity 
in the walls of the counter was then observed after the deuteron beam had been 
interrupted by a shutter. During the neutron irradiation the counter voltage was 
switched off in order tn prevent an extremely high counting rate. It was found 
convenient to initiate these operations by means of a mechanical switch, and the 
cycle of events finally used was 

(i) shutter in deuteron beam held open for 1 * 4 sec.; counter voltage off, 

(ii) shutter closed, 

(iii) counter voltage on 0*1 sec. after (ii), 

(iv) counter output applied to scaling unit 0*1 sec. after (iii) (the delay ensured 
that the counter voltage had reached its proper value), 

(v) scaling unit switched off 2*2 sec. after (iv), 

(vi) counter voltage off 0*1 sec. after (v), 

(vii) shutter reopened 0*1 sec. after (vi). 

The initial counting rate was limited to about 10,000 per min. by placing the 
counter 30 cm. from the target. The energy of the incident neutrons was varied by 
altering the orientation of the counter with respect to the target as described in 
§ 2 (a). The neutron flux was monitored by an ionization chamber. 

♦ 1 bom = 10”** cm.*. 
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The counts recorded during the counting period (iv) cannot all be attributed to 
*He produced in the counter wall. Under the actual experimental conditions there 
was a background due to induced activities in surrounding objects and to direct 
effects of neutrons produced by the deuteron beam striking the closed shutter; it 
was found that the latter effect could be reduced by placing absorbers between the 
shutter and the counter. There was no direct method of measuring the background, 
but an estimate was made by repeating the cycle of operations first without opening 
the shutter and secondly with the shutter opening as usual but with the resolving 



Figure 6 . Variation of *He activity with distance from neutron source. 

+ X) + D neutrons at 0“; E = 8'76MeV ; © D + D neutrons at 160“, E — I'OOMeV. 

magnet switched off, so that the deuteron beam struck the bottom of the magnet box 
instead of the target. The two backgrounds thus observed differed only slightly, and 
the background observed with the shutter permanently closed was therefore 
adopted as the true value. The validity of this procedure was tested by determining 
the variation of the observed activity with distance of the counter from the target. 
The inverse square law was found to hold, as shown in figure 6, and the fact that this 
was so, even out to distances such that the background effect was of the same order 
as the activity, is good evidence for the validity of the background correction. The 
correction used was always only a small fraction of the true counting rate, and was 
found at each angle at which measurements were made. 

Some activity in the counting period (iv) might be expected from the aluminium 
in the counter walls, which could lead to the formation of the elements *’Mg 
(10-2min.) and “Al ( 2 - 4 min.) by (n,p) and (»,y) reactions. Measurements of the 
background made over an extended period of time following a prolonged neutron 
irradiation showed only a slight falling off with time, which would have been 
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inappreciable over a cycle of operations. It was therefore concluded that the **A 1 
activity was of negligible intensity, while the “'^Mg activity is of long enough half-life 
to be acciu*ately compensated for in the background determination. 

As an additional overall check of the method the half-life of the activity in the 
counting period (iv) was determined by making experiments with different counting 
intervals (figure 7 ) and a value of 0-80 ± 0*06 sec. was obtained, in good agreement 
with previous work (Sommers & SheiT 1946). 



Figure 7. Half-life of ‘He. 

An attempt was also made to observe the ‘Be (n, a) ‘He reaction with neutrons 
produced by the C + D reaction, which with 930 keV deuterons yields neutrons of 
about 600 keV maximum energy at 0°. Difficulties were encountered owing to the 
inevitable contamination of the carbon target with deuterium and to the strong 
annihilation radiation from ^®N. In order to estimate the activity due to D-f-Z> 
neutrons the monitor ionization chamber was used at a high bias to determine the 
absolute value of the D + D flux, and correction for this was made using the absolute 
value of the {n, a) cross-section at this eneigy. The annihilation radiation was almost 
completely eliminated by manually interposing a thick block of lead between the 
target and the counter just before the counting period; the residual long-period 
activity was eliminated by the background determination. 

(6) BeeuUa 

The activities determined in the manner described in § 3 (a) when corrected to the 
same neutron flux give the relative values of the *Be(n,a)®He cross-section for 
neutron energies between DS and 4 ‘OMeV. This correction involves the use of the 
angular distribution of the D + D neutrons; this distribution has been accurately 
determined in a separate investigation (Allen, Livesey & Wilkinson, unpublished). 
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In order to obtain absolute values of the cross-section it is necessary (i) to calculate 
the probability that a ®He nucleus produced in the counter wall would subsequently 
emit a /?-partiole which could be detected, and (ii) to determine the actual neutron 
flux used. The former calculation was made by a method due to Feather (un¬ 
published) ; it was assumed in this that all/S-particles emitted into the counter volume 
actually discharged the counter. The neutron flux was estimated from the recoil 
counting rate in the monitor chamber by a method developed in this laboratory 
(Allen, unpublished). The cross-sections for monokinetic neutrons were derived from 
the observed cross-sections by the method described in § 2 (a). 
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Fiourk 8 . Cross-Hocjtion for the “Be (n, a) ‘He reaction for monokinetic ne»itron8. 


The absolute cruss-sections thus obtained are plotted in figure 8, and it is seen that 
there is a broad maximum on a rising background at about the same energy as the 
resonance in the total cross-section. The result of the measurements with the ( 7 +i> 
neutrons was that the cross-section at 600 keV is — 0-0006 ± 0-0008 bam, and it may 
be safely concluded that the threshold for the ‘Be (», a) ‘He reaction is either above 
600 keV or very closely below. 

The cross-section for the (n, a) reaction with Ra-Be neutrons was estimated by 
Bjerge (1938) to be about 1-0 bam which is considerably higher than the present 
value of 0-06 bam at 4-0 MeV. It is difiSoult to see how these two values can be 
reconciled, since the probability of the emission of an a-particle from the compound 
nucleus should not be much affected by the potential barrier for neutrons above 
about 4 MeV. Furthermore, Fiinfer & Bothe (1944) have shown that the cross- 
section for the {n, 2n) reaction is about three times that for the (n, a) reaction with 
Ra-Be neutrons, so that the combined cross-section for these two processes alone 
would be about 4 bams if Bjerge’s figure is correct. The measured values of the total 
cross-section with Ra-Be neutrons are 2-9 ± 0-6 (Fedorov & Perfllieva 1937) and 
1-66 bams (Dunning, Pegram, Fink & Mitchell 1935), while Amaldi et al. (1946 and 
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private communication) found a total cross-section of 0-66 ± 0*04 bam at 14 MeV. 
Since scattering would be expected to account for a large part of the total cross- 
section even at these high energies, the value for the (n, a) cross-section found by 
Bjerge appears to be incorrect. 


4. Dtsottssiok 

It is clear from figures 3 and 8 that both the total cross-section for the interaction 
of fast neutrons with beryllium and the (w, a) transmutation cross-section exhibit 
a resonance at an incident neutron energy of 2*6 MeV. This is evidence for the 
occurrence of an excited state in the intermediate nucleus at an energy of 
9 0MeV above the ground state (using accepted mass values and correcting the 
observed resonance energy for the motion of the centre of mass). The presence of 
this excited state leads to resonant scattering of the incident neutrons; this is super¬ 
imposed on a background of potential scattering due to the nuclear field, and inter¬ 
ference between the resonant and potential scattering leads to a variation of the 
total cross-section with energy of the form shown in figure 3 . This type of inter¬ 
ference has been discussed by Bethe (19376). If it is assumed that the break-up of 
the intermediate nucleus by a-particle emission is not in any way forbidden by 
selection rules, then since the variation of total cross-section represents essentially 
the probability of formation of the compound nucleus as a function of incident 
neutron energy, the (w,a) excitation function will show similar resonant features. 
The shape of the (n, a) curve is modified by a factor representing the penetrability 
of the barrier of the residual nucleus for the emitted a-particle. The cross-section 
for the (n, 2n) process should also show a resonance for 2*0 MeV neutrons; this 
has not yet been investigated, although recent work by Houtermans (1946) 
suggests that the cross-section for this process above its threshold is surprisingly 
large* 

A quantitative discussion of the present results with beryllium is difficult for a 
number of reasons. The reduced de Broglie wave-length A of a 2*6 MeV neutron is 
2’8 X 10“^® cm., while the effective radius R of the ®Be nucleus, according to a graph 
given by Sherr (1945), is 4*2 x Under these circumstances (^-^jB) it is 

likely that part of the interaction between the incident neutrons and the ®Be nucleus 
must be described by P waves, with unit angular momentum, and it is not possible 
without further in vestigation to estimate the amount of this contribution. Further¬ 
more, the spin of the ®Be nucleus is | (Rusinov & Sagaidak 1936; Rose & Bethe 1937; 
Kopfermann, private communication*), and a given state of the compound ^®Be 
nucleus can therefore be formed in more than one way, by combining the spins and 
orbital momentum differently to give the same resultant. For this reason the method 
given by MacPhail (1940) in his discussion of the resonant scattering of fast neutrons 
by magnesium cannot be applied to the present results. 

* The authors are indebted to Professor Kopfermann for informing them of the results of 
some of his work on beryllium in advance of publication. 
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If, however, these considerations be disregarded, a first approximation to the 
resonance energy and the level width of the excited state in involved in 
the resonant scattering can be obtained by assuming that only S waves, with ssero 
angular momentum, contribute to the interaction, and that the level in question is 
well separated from neighbouring levels. If this is so the process is formally analogous 
to a slow neutron phenomenon (ApR), and the Breit-Wigner dispersion formula 
may be applied in the manner indicated by Bethe (1937c). This leads to 

20 JMeV< 4 < 213 MeV and 0^74 MeV</;< 100 MeV, 

the inequalities being necessary because the ranges of neutron energies available 
in this experiment were not sufficient to determine the minimum value of the cross- 
section. The excited state is at an energy of 9*0 MeV" above the ground state of the 
nucleus ^^Be; it would be somewhat remarkable if no other levels contributed to the 
scattering at this excitation. The simple calculation also predicts that the ratio of 
the maximum minimum cross-section near resonance should be 1-7 or 2 * 35 , 
according as the spin of the excited state of ^®Be is 1 or 2; these figures are to be 
compared with the experimental result that this ratio is greater than 1*8. It is also 
jK>88ible from this calculation to estimate that the ratio of n^sonant to potential 
scattering at exact resonance is about 0 * 3 '. This assumes, however, that the potential 
scattering has the slow neutron value 4 ;r 7 ?®, which is almost certainly too high at the 
resonance energy of 2*6 MeV, since the elastic scattering cross-section in the region 
of very high neutron energies tends to a limit of nR"^, The ratio of resonant to 
potential scattering at exact resonance is therefore probably greater than 0 * 3 ; this 
is consistent with the results shown in figure 3 . 

The observed values of the total and (w,a) cross-section at resonance show that 
the ratio of the probability of the emission of an a-particle to the probability of 
emission of a neutron at this energy is 1 / 55 ; the low probability of a-partiole emission 
is due to the potential barrier of the residual nucleus ®He, If it is assumed that 30 % 
of the total scattering is resonant, then the experimental results indicate a pene¬ 
trability factor of 1/17 ; a rough estimate of the expected value from the height of 
the potential barrier gave a result of 1 / 60 . 

Difficulties also arise in an attempt to discuss the results obtained with aluminium. 
It is clear from figure 5 that the levels of the comj)ound nucleus are much narrower 
and closer together than in the case of berylUum, and the assumption that they may 
be analyzed using the one level formula is even less likely to be valid. Furthermore, 
the ground state of *’A 1 also has a large spin (f), so that, as MacPhail (1940) has already 
pointed out, the specification of the excited states of ®®A1 is complicated. Figure 6 
shows, however, that the two resonances are very similar in width and amplitude. 
They may thus be due to compound nuclei having the same orbital Angular momen¬ 
tum but differing by one unit in spin, corresponding to neutron capture with the two 
possible spin orientations. Such double resonances are known in (Bailey cf ah 
1946) and in ^He (Staub & Tatel 1940), and in the latter case they have been ex¬ 
plained by this type of argument (Bloch 1940). 
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Cosmic radiation variations and meson disintegration 

By a. R. Hogg 

{CommimicafM by P. M, S, Blackett, F.R,S.—Received 8 May 1947) 

MoaBuremonts of cosmio radiation wore made during five years at the Commonwealth Obser¬ 
vatory, Canberra, using an ionization chamber scrc^ened by 10 cm. of lead. The results are 
examined here to determine whether the observed magnitudes and variations of the tem¬ 
perature effect, and the barometer effect, may be accounted for by the theory of meson 
decay in the atmosphere. Satisfactory agreement is found to exist between the value of the 
rest life of the meson To, as obtained by five different methods of examining the meteorological 
variations of cosmic rays. The absorption coefficient of mesons in dense matter, /i, may also 
be obtaineil from the meteorological variations and is in agreement with a more directly 
determined value. Values of Tq are in the range 2 to 4 /rsoo. and /i in the range 0*0014 and 
0*0021 cm. 

1. Introduction 

Continuous records of cosmic radiation obtained by various investigators have 
shown that fluctuations of the radiation intensity are associated with changes in 
the atmospheric pressure and the atmospheric temperature near ground-level. 
The fractional change of intensity per mm. of mercury change in pressure at constant 
temperature is known as the ‘barometer effect’, /?, and the fractional change of 
intensity per ° C at constant pressure is known as the ‘temperature effeot’, a. The 
existence of the barometer effect has been considered as being well established 
from relatively early in the study of cosmic rays, but the reality of the temx)erature 
effect has, at times, been questioned. It is, however, clearly shown in the results 
of Hess (1940) and also in the present work. Blackett (1938a, 6) published calcula¬ 
tions indicating that the temperature effect might be attributed to the decay of 
mesons in the cosmic radiation, and Rathgeber (1939) used similar ideas to analyze 
the barometer effect. The purpose of the present paper is to.examine how far the 
foregoing ideas, with some extensions, are applicable to a series of oosmio-radiation 
measurements carried out continuously from September 1936 to August 1940, at 
the Commonwealth Observatory, Canberra. 

2. THBOBBTIOAIi 

The penetrating component of the cosmic radiation is regarded as being composed 
of unstable mesons with an average life of a few microseconds, formed from a primary 
radiation after it has penetrated a certain mass of the atmosphere. Let the effective 
level at which the primary radiation is transformed into mesons be z, corresponding 
to a fixed barometer pressure, 6. If * is increased, say by warming of the underlying 
atmosphere, then the mesons have further to travel, and accordingly a greater 
chance of decay before reaching ground-level. This is acoompanied by a decrease in 
the observed intensity, I, at ground-level. Thus 

~6I ^ filSB + elSz, 
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( 1 ) 
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where /i = the absorption coefficient of mesons in dense matter, e = the probability 
of meson decay per unit length of path, and B = barometric pressure at ground- 
level. '* 

As Sz = (dzIdB) SB + (dzIdTJ ST„, 

(where - the mean temperature of the atmosphere up to 2 ) 
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These equations may be coml)ined with the appropriate partial derivatives of the 
barometric height formula, 2 = RT^Jy AogBjh, where b represents the pressure at 
the level of generation of mesons, and is regarded as constant. This combination gives 

a ^—tRUj AogBjb, (2) 

fi = ~HRlg.TJB-ii. (3) 

Thus, in addition to calculating average values of e from fi with an assumed value 
of h (as done by Blackett (1938 a)) or from fi if ft. is known (as done by Rathgeber 
( 1939 )), it should be possible to determine both b and // by noting the variation of a, 
with logB (equation (2)), or e and // by observing the variation of fi with T,„IB 
(equation (3)). The relation between e and t^, the average life of the meson at rest, 
is discussed by Rossi ( 1939 ). 

3. Expkrimkntal 

Continuous records of cosmic radiation were obtained at the Commonwealth 
Observatory, Canberra (altitude 800m.) from September 1035 to August 1940, 
inclusive, using an ionization vessel of effective volume 41. filled with CO 2 at a 
pressure of 10 atm. and screened on all sides bj'^ 10 cm. of solid lead. A compensation 
method wjvs emploj’^ed to measure the ionization current, and photographic records 
were obtained using a Compton electrometer. The apparatus was maintained at 
a temiKjrature of 25° C, ± 0°-1, using a small refrigeration plant during the summer. 
The cosmic-radiation intensity was measured over hourly periods, and after allowing 
for the occurrence of bursts, mean daily values of the intensity I were obtained. 
Similar figures were obtained for the atmospheric pressure B, using a microbarograph 
in the constant-temperature room, and for the atmospheric temperature T, using 
a thermograph in a nearby Stevenson screen. Both microbarograph and thermograph 
were frequently compared with standard instruments. 

The daily values of I, B and T were arranged in monthly groups, and using 
standard methods of multiple correlational analysis, the following correlation 
coefficients were calculated for each group, viz.: 

J?i .28 (total correlation of 7 with B and T), 

^ 12.3 (partial correlation of / with B at constant T), and 
^ 13 .a (partial correlation of 7 with T at constant B). 
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Sixmlarly, the regression coefficients , {fi) (change in I per unit change in B 
at constant T) and 6^3 2 M (change in I per unit change in T at constant B) were 
obtained. A convention is adopted Sf using for those coses where the variation is 
expressed as parts of I per change of B equivalent to 1 g./om.® and 612.8 cases 
when the units are %/mm. Hg. Similarly, ^ is in units of %r0 change in T 
and a is used when the units are parts per ° C change in T^„ . The tabulated correlation 
coefficients so obtained, -^1.23, ^12.3 and ^13 2, were adjusl^ed for size of sample to 
show the probable minimum correlation existing in each monthly group. The actxial 
values of the coefficients for each month of the 5 years are not reproduced, owing 
to lack of space, but will be forwarded on request to those interested. 


4. Significance of cobrblations. Annual means and variation 

To test the statistical significance of the correlations, these correlation coefficients 
were subjected to the z' transformation (2' = taiih"^r) described by Fisher (1932) 
and combined into yearly groups (table 1). In all instances, the value of z' amounted 
to at least six times its standard deviation, thus indicating a high degree of signi¬ 
ficance in the partial correlations of I with B and with Ty and demonstrating the 
reality of the pressure and temperature effects. 


Table 1. Annual means and standard deviations of values of z' and b 



1935 

1936 

1937 

1938 

1939 

1940 

1936-40 

^ii.8 

±S.D. 

1-609 

0-127 

1*632 

0-068 

1-261 

0-068 

1-243 

0-068 

1-202 

0-069 

1-352 

0-069 

1-316 

0-028 

± S.D. 

0-799 

0-127 

0-629 

0-067 

0-382 

0-068 

0-462 

0*068 

0-564 

0-059 

0*481 
0-076 . 

0-523 

0*027 

±8.n. 

0*297 

0-041 

0-291 

0*031 

0-268 

0-015 

0*283 

0*018 

0-239 

0-021 

0-292 

0-018 

0*276 

0*024 

■” ^Ia.8 

±«.D. 

0-114 

0-029 

0-128 

0*013 

0-106 

0*016 

0-137 

0-025 

0-086 

0*031 

0-101 

0-012 

0*112 

0-022 

months 

4 

12 

12 

12 

12 

8 

60 


Table 1 also gives the yearly averages of the monthly values of 613.3 and 613 3 
with their standard deviations. The monthly values of hjg 3 vary from — 0 d 35 to 
— 0*412 %/mm., but none of the annual mean values shown in table 1 differs signi¬ 
ficantly from the grand mean of — 0*275 %/mm. The present results are comparable 
with the figure of - 0*27 %/mm. given by Steinmaurer (1935) for similar con¬ 
ditions of screening and altitude at Innsbruck. The monthly values of 613.2 
with the excejition of two positive values both occurring in 1939 , all of negative sign. 
One of the positive values (April 1939 ) is associated with an unusually low figure 
for ^1 23 and with a certain amount of magnetic disturbance. The negative values 
fall in the range —0*011 to — 0*286 %/°C and are more scattered than the 613.3 
values. Table 1 shows that the average annual values do not differ significantly 
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from the grand mean of — 0 - 112 %/°C. This is comparable with the figures of 
— 0* 12 for Cape Town (Schonland, Delatitzky & Gaskell 1937), of — 0-09 and — 0-107 
for the Hafelekar (Hess 1940) and — 0*086 for Sydney (Gill 1939). 

The monthly values of —612.3 fl-veraged for the 6 years of observation show a 
slight annual variation with a maximum of 0*257 in the spring (table 2). The reality 
of this variation is questionable, for it is not obviously noticeable in each of the 
individual years, nor is it reported in the Cape Town observations, although, in these, 
the influence of outdoor temperature was neglected in calculating the barometer 
effect. The values of 6^3 2 (with the two positive values replaced by the mean for 
their preceding and succeeding months) exhibit, in the 6-year mean, an annual 
variation, the salient features of which are shown in each of the individual years. 
Cbnsiderably higher values are observed in the late autumn and early winter months 
than during the late spring and summer months. The maximum occurs in May and 
is more than twice the minimum value which occurs in January. This type of varia¬ 
tion was found in the Hafelekar results, which show a maximum in December and 
a minimum in June, and its existence can be regarded as being well established, 
although an explanation other than the assumption that Sz/ST varies throughout 
tlie year is not apparent. 


Table 2 . Ai^ntjal variation of 612 3 and 6,3 j 



Jan. 

Feb. 

Mar. 

Apr. 

May 

June 

(%/mm.) 

0-246 

0-269 

0-284 

0-240 

0-299 

0-331 

-bu.t(%rC) 

0*085 

0*086 

0-083 

0-159 

0-183 

0*169 


July 

Aug. 

Sopt. 

Oct. 

Nov, 

Dec. 

(%/*nm.) 

0-299 

0-263 

0-265 

0-242 

0-266 

0-317 


0166 

0-119 

0132 

0-090 

0-110 

0-107 


“61, 8 






summer 

0-280 

0-093 

winter 


0-293 

0-141 

autumn 

0-273 

0-142 

spring 


0*267 

O-lll 


5 . Meson disinteobation 

Equation (3) shows that e, and hence To, can be obtained from the average value 
offlif/i is known. This result, although derived for mesons at vertical incidence, 
has been shown by Neher & Stever (1940) to apply also for the case of multi-direc¬ 
tional arrival. Adopting the constants used by Rossi (1938) -To = hi x 
The observed .value of 612 3 gives = 0*0021 g."'^cm."®. The value of -// was 
determined as 0*0016 g."^ cm. *® by measuring / behind different thicknesses of lead 
and allowing for the effects of local radioactivity. This method gives Tq = 2•8/^sec, 
Equation (2) enables Tq to be obtained from a if a value is assumed for 6. To obtain 
cc from 61a.2i monthly figures for the air temperature up to a level of 16 km. over 
Rathmines, New South Wales, as given by the Director of Meteorological Services, 
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were used. Analysis of these results showed ATJdT ^ 0*58 and gave the mean 
value of as 245^ A» From this, again using Rossi’s figures, 

Tq = — 1-5 X = 2*8/isec., 

identical with the value obtained from the barometer effect. 

As shown by equation ( 2 ), a linear correlation should exist between a and log 5, 
and this should allow to be determined without previous knowledge of 5. To test 
this, the monthly values of ^ were correlated with logJS, and the equation 
a “ 0*00204 logio 54*0-008509 was obtained as tlie regression of a on B, If the 
constants in this expression are identified with those in equation ( 2 ) it is seen 
that logi^ft = 1*75 or 6 =a= 52 mm., and that eRjg = 0*00204/logioe, from which 
Tq = 4*2/Asec. Whilst these figures are of the expected order of magnitude, the 
coefficient of correlation between b^^ ^ and log 5 is practically negligible, viz. 0 * 01 , 
and no great weight can be attached to the results. 

As shown by equation (3), P should be a linear function of T^JB, and if this relation 
is known, can be determined without previous knowledge of /^. Measures of 
were not made at Canberra, but the above-mentioned Rathraines figures were used. 
Monthly means of each obtained from about fifteen radio-sonde ascents during 
the period 1944-5, were correlated with the monthly means of T taken during the 
cosmic radiation observations giving the regression equation = 0*5322’-f 92*9 
(temperatures in " Abs.), with the correlation coefficient of 0*97 and mean value of 
2’„ = 245". Correlating measured values of 6^2 ^ with values of (using the 
above expression to obtain T^) gave the regression equation 

P ^ 0*01110-0*02372;j5 

with a correlation coefficient of 0 * 17. This does not support equation ( 2 ), the constants 
being of the wrong order of magnitude, and the correlation coefficient is not statisti¬ 
cally significant. It is not possible to say whether this arises from imperfections in 
the theory or from the approximate method of obtaining the values of It is 
jireferred to consider equation (3) as ‘not proven’ by this method, and to test it 
over a wider range of 5 by making use of observations in different localities. Table 3 
gives values of p determined from substantial series of observations made at various 
altitudes with apparatus of similar type using the same shielding, viz. 10 cm. lead. 


Table 3. Values of in various localities 


Capo Town 

px 10 ^ 

16 

B (mm.) 

760 

Schonland et al. 

Hallo 

13 

753 

Mesaerschmidt & Pforte ( 1932 ) 

Stockholm 

7 

750 

Lindholm ( 1932 ) 

Abisko 

18 

718 

Corlin ( 1934 ) 

Innsbruck 

20 

711 

Steinmaurer ( 1935 ) 

Canben-a 

21 

605 

present work 

Hofolokar 

24 

680 

Priebsoh & Baldauf ( 1936 ) 

Muottos Muraigl 

30 

660 

Lindholm ( 1930 ) 
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Values of for the different locjalities were not available, so a constant value was 
assumed throughout. As each set of observations, in the main, extended over a year, 
this was considered adequate. Correlation of p with B (mm,) gives the regression 
equation >(? = 0’0013r„j/-B 4-0*0014, The correlation coefficient amounts to 0 * 86 , 
and is statistically significant. Identification of the constants with those of equation 
(3) gives T 0 = 2*9/isec., and fi « 0*0014cm.which values agree well with 
figures obtained by the other methods and support equation (3), 

6. OOEBEnATION WITH Z 

Equation ( 1 ) shows that values of e and fi should be obtainable from simultaneous 
observations of /, B and Z. Buperier ( 1945 ) has subjected daily counts of / to a 
multiple correlation with simultaneous observations of B and Z and found values 
of e and ji of the expected magnitude. Analysis of the present results is hampered 
by the lack of simultaneous values of 2 , but monthly points on the average annual 
variation curve of 7 and B (1935-40) have been combined with monthly points on 
an annual variation curve of the height of 100 mb. pressure level above Rathminos, 
determined by the Meteorological Bureau during 1944-5. This showed a total 
correlation coefficient of 0*68 and partial correlation coefficients of 0*62 and 0*64 
for oorrelations with B and z respectively, all these values being statistically signi¬ 
ficant, The value of fi derived from this correlation amounted to 0*0022 cm. 
with a standard deviation of ± 0-0005. This is indeed greater than the directly 
measured value of 0*0015 (§3), but the difference between the two results is not 
statistically significant. The value of c is 5*03 x 10 “'^ cm.(standard deviation 
± 0*99 X 10 ^’), corresponding to a value of Tq — 2 * 0 / 4 seo. ( ± 0*4) when using Rossi’s 
figures. This is in agreement with the results obtained in § 5. 


7. Empikical rklations 

An empirical relation between 613 2 (%/^^ C)> B (mm.) and T C C) may be derived 
from a multiple correlational analysis of monthly values, viz. 

^18.2 == 0*1124*0*0060(R-694*4)-f 0*0046(T-12*3). 

The partial correlation coefficients of 613 2 with B and T are 0*37 and 0*43 respec¬ 
tively, both of which are significant, the probability of the occurrence of accidental 
correlations of this magnitude in a randomly distributed set of variables being less 
than 0 * 01 . 

8. COKCLUSIOK 


The mean values of the rest life of the meson together with their standard devia¬ 
tions, as calculated by the various methods, are as follows: 


(a) From average a 
(h) From average p 

(c) Correlation of a with log B 

(d) Correlation of P with TJB 

(e) Correlation of I with B and Z 


2*8/^sec. ±0*2. 
2*8/isec. ± 0*6. 
4*2/isec. ± 1*4. 
2*9/^sec. ±0*3, 
2*0/^sec, ±0*4. 
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The standard deviations, of course, refer not to absolute error, but only to scatter 
in the results and are minimum values. Rejecting (c) as being of less weight than the 
other determinations, the mean result is 2*6/^sec. The results for fi are (i) as deter¬ 
mined directly by absorption in lead 0-0016 cm.~^*g. "^, (ii) as estimated by method 
(d) 0*0014, and (iii) as estimated by method (c) 0*0022. 

The actual numerical values of are, of course, dependent on the values assumed 
for the mass and the momentum distribution of the meson, but these have been 
retained constant throughout, and the internal agreement between the values of 
Tq and obtained by the different methods is sufficient to indicate the general 
applicability of the theory. 

This paper is published with the consent of the Commonwealth Astronomer. 
It is desired to acknowledge the work of Dr C. W. Allen in materially assisting 
in the operation of the continuous recording equipment and also the help given 
by various members of the Commonwealth Observatory Staff in the reduction 
of the observation. 
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The hodograph transformation in trans-sonic flow 

IV. Tables 

By D. Fekguson and M. J. Liohthhx 
{Conimunicated by S, OoUUiein, F.E.S.—Received 5 May 1947) 

In Part III of this aeries (Lighthill 1947 c) it was shown that the problem of finding 
a plane steady adiabatic eompreaaible flow round a body which reduces to a given 
incompressible flow (with or without circulation) when the Mach number tends to 
zero can be solved, in the subsonic region at least, if certain functions whose 

properties are set out at length in Part IT, are known, with their derivatives, for 
positive intf^gral n and for t< (y — l)/(y-f 1), where y is the adiabatic index. (The 
functions depend on y.) In the supersonic region the same functions may be 

needed for higher values of r; but other values of n would also be needed. In Part I 
(Lighthill 1947 a) it is shown how a knowledge of the V^„(t) may help in the design 
of symmetrical channels. It is also well known (see, for example, Chaplygin 1904 ) 
that the exact solution of ‘free streamline* problems in subsonic compressible flow^ 
may be achieved by means of the functions vi^„(T). Finally, it seems likely that future 
theories of compressible flow will use the functions V^„(t), especially for positive 
integral n. 

These considerations have led us to tabulate the functions for 

values of t between 0 and | at intervals of 0«02 and for the values 1,2, 3,..15 of n, 
taking y = 1-4 (r = ^ then corresponds to Mach number 1 and t - | to Mach num¬ 
ber ^5.) We have taken y = 1-4 for air rather than y == 1-405, because, while both 
values have been widely adopted, the little experimental evidence relating to this 
rather variable quantity points to the lower value as nearer the truth; it is also 
considerably simpler to use. 

Writing ^ tI^F^(t), so that Fn(r) is a hypergeometric function, we have 

calculated F„(t) and F^{t) using the ordinary hyi)ergeometric series for these 
functions. We have tabulated both F^ and xjr^ in this paper because both 
may be used, but more particularly because, while are better suited to inter¬ 
polation near t = 5 = 0, are better suited to interpolation for larger values of t. 

We have given in general as many significant figures as may be considered reliable. 
Thus when n and r are both large, so that the series converges slowly, we have given 
fewer figures than when both are small. (Fewer figures are likely to be required for 
the large values of n.) 

In tables 1 , 2 , 3 and 4 we tabulate FJj), F*Jj), respectively, for 

n ^ 1(1)15, T = 0(0-02)0-50. At the foot of each column we have given the sonic value 
corresponding to r = . In table 5 we give the constants used in Part III (Light¬ 
hill 1947 c), for m ^ 1(1)16, and in table 6 the function «(r), used in Parts II and III 
(Lighthill 19476 and c), for r = 0 ( 0 - 02 ) 0-16 and r «= J. 

[ 136 ] 
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Tabl® 1 


T 

w 

Ft(r) 

0*00 

l-OOOOOOO 

1*00000000 

0*02 

0-9702494 

0*95086976 

0*04 

0-9509960 

0*90346800 

0*06 

0-9272330 

0*86773326 

008 

0-9039597 

0*81366400 

0*10 

0-8811711 

0*77121876 

0*12 

0-8688633 

0*73036600 

0*14 

0-8370325 

0*69107426 

0*16 

0-8166747 

0*66331200 

0.18 

0-7947868 

0*61704776 

0*20 

0-7743618 

0*58226000 

0*22 

0-7643987 

0*64888726 

0*24 

0-7348924 

0*61692800 

0*26 

0-7168386 

0*48634076 

0*28 

0-6972332 

0*46709400 

0*30 

0-6790720 

0*42915626 

0*32 

0-6613607 

0*40249600 

0*34 

0-6440648 

0*37708176 

0*36 

0-6272102 

0*36288200 

0*38 

0-6107822 

0*32986626 

0*40 

0-6947766 

0*30800000 

0*42 

0-6791886 

0*28726476 

0*44 

0-5640137 

0*26769800 

0*46 

0-6492473 

0*24899825 

0*48 

0-5348846 

0*23142400 

0*60 

0-5209210 

0*21484376 

li 

0-8066608 

0*6410690 

r 

F,(t) 

• F,{r) 

0*00 

1-0000000 

1*0000000 

0*02 

0-8687279 

0*8370763 

0*04 

0-7338686 

0*6905147 

0*06 

0-6238908 

0-5758112 

0*08 

0-6274242 

0*4726760 

0*10 

0-4431647 

0*3860261 

012 

0-3698707 

0*3109666 

014 

0-3064486 

0*2487872 

0*16 

0-2618484 

0*1969417 

0*18 

0-2061111 

0*1640399 

0*20 

0-1663632 

0*1188362 

0*22 

0-1317635 

0*0902187 

0*24 

0-1036996 

0*0671992 

0*26 

0-0801841 

0*0489034 

0*28 

0-0609006 

0*0346617 

0*30 

0-0461909 

0-0236000 

0*32 

0-0325609 

0*0161319 

0*34 

0-0226277 

0*0089501 

0*36 

0-0147164 

0*0046194 

0*38 

0-0087666 

+ 0*0014693 

0*40 

0-0043292 

-00005127 

0*42 

-4-0-0011643 

0*0016872 

0*44 

-0-0010127 

0*0022693 

0*46 

0-0023834 

0*0024334 

0*48 

0-0031393 

0*0023187 

0*60 

-0-0034344 

-0*0020343 

[i 

0-2364409 

0*1817118 


W 
hOOOOOOO 
0*8809:289 
0*7731588 
0*6758839 
0*5883370 
0*5097884 
0*4396451 
0*3769497 
0*3213800 
0*2722471 
0*2289955 
0*1911015 
0*1680727 
0 1294466 
0*1047899 
0*0836980 
0*0657934 
0*0507249 
0*0381670 
0*0278190 
0*0194033 
0*0126667 
0*0073732 
0*0033140 
4-0*0002963 
-0*0018629 
0*3043162J 


F.{r) 

F,(r) 

Fio(r) 

1-0000000 

1-0000000 

1*0000000 

0*8159610 

0*7963739 

0*7763022 

0*6610434 

0*6273691 

0*6963771 

0*6313798 

0*4903376 

0*4624375 

0*4236182 

0*3794103 

0*3398629 

0*3343886 

0*2903243 

0*2620073 

0*2612701 

0*2194034 

0*1841710 

0*2017609 

0*1634869 

0*1323843 

0*1637600 

0*1198708 

0*0933648 

0*1163900 

0*0862560 

0*0643639 

0*0860721 

0*0606992*^ 

0*0431846 

0*0614030 

00416697 

0*0280079 

0*0431826 

0*0276089 

0*0173791 

0*0293839 

0*0173946 

0*0101398 

0*0191341 

0*0103080 

0*0063792 

0*0116968 

0*0066051 

0*0023906 

0*0064666 

0*0023899 

+ 0*0006338 

0*0029034 

+ 0*0004919 

-0*0002969 

+ 0*0006194 

-0*0006662 

0*0006957 

-0*0007336 

0*0010309 

0*0007781 

0*0014249 

0*0011443 

0*0006897 

0*0016662 

0*0010470 

0*0005276 

0*0016198 

0*0008466 

0*0003519 

0*0014071 

0*0006110 

0*0001960 

0*0011160 

0-0003878 

-0*0000756 

-0*0008073 

-0*0002002 

+ 0*0000063 

0*1399761 

0*1076675 

0*0826962] 


W 
1*0000000 
0*9270026 
0*8679212 
0*7926234 
0*7309786 
0*6728681 
0*6181346 
0*6666830 
0*6183799 
0*4731037 
0*4307346 
0*3911548 
0*3542483 
0*3199010 
0*2880008 
0*2684376 
0*2311029 
0*2058907 
0 1826966 
0*1614184 
0*1419661 
0*1242114 
0*1080884 
0*0934933 
0*0803343 
0*0686221 

0*6029675 


F,(r) 
1*0000000 
0*9036862 
0*8144931 
0*7320616 
0*6660034 
0*6860011 
0*5217082 
0*4627989 
0*4089577 
0*3698800 
0-3152710 
0*2748486 
0*2383372 
0*2064743 
0*1760064 
0-H96903 
0*1262926 
0 1056898 
0*0873681 
0*0714233 
0*0676608 
0*0456964 
0*0363610 
0-0266611 
0*0193679 
0*0133229 

0*3920839 
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Tablb 1 {cont.) 


r 

^xx(r) 

^xtir) 


Fuir) 

^x^ir) 

000 

1-0000000 

1*0000000 

1*0000000 

1*0000000 

1-0000000 

0-02 

0*7667340 

0*7306674 

0*7180606 

0*6999316 

0*6822693 

0'04 

0-6650161 

0*6361937 

0*5088364 

0*4828703 

0*4682266 

0-00 

0*4174468 

0*3861476 

0*3553362 

0*3278240 

0*3024356 

0*08 

0*3043891 

0*2726039 

0*2441217 

0*2186035 

0*1957437 

010 

0*2187066 

0*1897772 

0*1646540 

0*1428417 

0*1239080 

0*12 

0*1545456 

0*1296610 

0 1087421 

0*0911881 

0*0764665 

0-14 

0*1071398 

0*0866696 

0*0700831 

0*0666623 

0*0457826 

016 

0*0726380 

0*0664748 

0*0438791 

0*0340731 

0*0264462 

0-18 

0*0479666 

0*0366834 

0*0266213 

0*0196916 

0*0146074 

0*20 

0*0306457 

0*0216982 

0*0163316 

0*0108126 

0*0076123 

0-22 

0*0187874 

0*0125605 

0*0083613 

0*0066363 

0*0036668 

0*24 

0*0108906 

0*0067094 

0*0041731 

0*0026606 

0*0015449 

0’26 

0*0068141 

0*0032734 

0*0018044 

0*0009697 

0*0006046 

0*28 

0*0026978 

0*0012821 

+ 0*0006616 

+ 0*0002117 

+ 0*0000636 

0-30 

■f 0-0009040 

+ 0*0002447 

-0*0000146 

-0*0000929 

-0*0000978 

0*32 

-0*0000306 

-0*0002177 

0*0002209 

0*0001694 

0*0001140 

0'34 

0*0004336 

0*0003676 

0*0002427 

00001474 

0*0000825 

0*36 

0*0006310 

0*0003366 

0*0001884 

0*0000961 

0*0000446 

0-38 

0*0004721 

0*0002494 

0*0001168 

0*0000477 

-0*0000167 

(>•40 

0*0003506 

0*()001630 

()*(>(>0()662 

-0*0000137 

+ 0*0000007 

0-42 

0*0()02206 

0*0000723 

-0*0000130 

+ 0*0000060 

0*0000073 

0*44 

0*0001104 

-0*0000103 

+ 0*0000102 

0*0000119 

0*0000077 

0-40 

-0*0000306 

+ 0*0000167 

0*0000188 

0*0000117 

0*0000056 

0*48 

•f 0*0000186 

0-00()0288 

0*0000182 

0*0000082 

0*0000027 

0-60 

+ 0*0000419 

+ 0*0000291 

+ 0*0000133 

+ 0*0000041 

+ 0*0000006 

[i 

0*0634623 

0*0486423 

0*0372596 

0*0285206 

0*0218180] 


Table 2 


r 

^i(r) 

Fiir) 

Fiir) 

Fl(r) 

Fiir) 

0*00 

- 1*2600000 

- 2*6000000 

-3*7600000 

-6*0000000 

-6*2500000 

0*02 

1*2260940 

2*4132876 

3*6608606 

4* 0346500 

6*6641621 

0*04 

1*2003770 

2*3281600 

3*3583839 

4*2878346 

6-1196714 

0*06 

M768506 

2-2446876 

3*1724822 

3*9693032 

4-6143089 

0*08 

1*1616164 

2-1620000 

2*9930072 

3*6484113 

4*1464619 

0*10 

M273760 

2-0821876 

2*8200496 

3*3646178 

3*7141742 

0*12 

1*1034311 

2*0033500 

2*6533393 

3*0773866 

3*3156369 

0*14 

1*0796836 

1*9260876 

2*4928460 

2*8161810 

2*9490836 

0*10 

1-0661349 

1*8604000 

2*3384779 

2*6704764 

2*6128006 

0*18 

1*0327871 

1*7762876 

2*1901430 

2*3397434 

2*3061169 

0*20 

1*0096421 

1*7037600 

2*0477481 

2*1234644 

2*0244069 

0*22 

0*9867018 

1-0327876 

1-9111993 

1*9211219 

1*7690927 

0*24 

0*9639682 

1*6634000 

1*7804018 

1*7322087 

1*6376452 

0*26 

0*9414434 

1*4966876 

1*6662598 

1*6662022 

1*3285786 

0*28 

0*9191296 

1*4293600 

1*6366760 

1*3926142 

M404643 

0*30 

0*8970287 

1*3646876 

1*4216645 

1*2409412 

0*9718807 

0*32 

0*8761433 

1*3016000 

1*3127949 

M006897 

0*8216121 

0*34 

0*8634766 

1*2400875 

1*2092979 

0*9713706 

0*6880495 

0*36 

0*8320282 

1*1801600 

1*1109626 

0*8626001 

0*6702403 

0*38 

0*8108036 

1*1217876 

1*0176870 

0*7436994 

0'4668782 

0*40 

0*7898042 

1*0660000 

0*9293678 

0*6441947 

0*3768036 

0*42 

0*7690330 

1*0097876 

0*846900 

0*5638178 

0*2989030 

0*44 

0*7484928 

0*9661600 

0*767179 

0*4720068 

0*2321095 

0*46 

0*728186 

0*9040876 

0*693097 

0*398301 

0*1754027 

0*48 

0*708117 

0*8636000 

0*62364 

0*332253 

0*1278085 

0*50 

-0*688288 

-0-8046876 

-0-65841 

-0*27341 

-0*0883993 

fi 

-1*0483299 

-1*8266208 

-2*2883672 

-2*4919268 

-2*6071426] 
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Table 2 (cont.) 


T 

m 

F;(r) 

w 

FUr) 

FUr) 

0‘00 

« 7*6000000 

- 8*7600000 

-10*0000000 

-11*2600000 

-12-6000000 

0-02 

6*6406063 

7*6662937 

8*4398643 

9*2660159 

10-0454807 

0'04 

5*8588444 

6*6116400 

7*0840916 

7*6822164 

8*0117932 

006 

5*1496978 

6*6777710 

6*9110100 

6*1607018 

6*3373030 

0-08 

4*6079264 

4*7631083 

4*9007025 

4*9674018 

4-9678482 

0-10 

3*9291131 

4*0277388 

4*0349095 

3*9717861 

3*8560248 

012 

3*4086497 

3*3923897 

3*2969341 

3* 1466899 

2-9606216 

0*14 

2*9422329 

2*8384045 

2*6715502 

2*4676529 

2*2466021 

016 

2*5257607 

2*3577181 

2*1449137 

1-9131721 

1-6800334 

0*18 

2*1553286 

1*9428336 

1*7044766 

1*4644681 

1-2376670 

0*20 

1*8272249 

1*5867983 

1*3389031 

1*1047643 

0*8964017 

0*22; 

1*5379278 

1*2831804 

1*037991 

0*819479 

0-634337 

0*24 

1*2841003 

1*0260460 

0*7926914 

0*5969270 

0-4381692 

0*26 

1*0625869 

0*809937 

0*5946376 

0*42314 

0*293323 

0*28 

0*8704093 

0*6298468 

0*4366706 

0*29169 

0*1886967 

0*30 

0*7047620 

0*481201 

0*3122709 

0*1936433 

0*1147474 

0*32 

0*6630086 

0*3698336 

0*216993 

0*121874 

0*0642760 

0*34 

0*4426770 

0*26)965 

0 142800 

0*07096 

0-03)149 

0*36 

0*3414667 

0*1841844 

0*088407 

0*0360602 

-0-0106873 

0*38 

0*2671890 

0*123424 

0*049118 

-0*01324 

+ 0-00114 

0*40 

0*1878732 

0*0769420 

0*0217749 

+ 0*0006676 

0*0068969 

0*42 

0*1316515 

0*042302 

-0*003702 

0*00819 

0*00882 

0*44 

0*0868101 

0*0173632 

+ 0*00734 

0*0113666 

0*0084826 

0*46 

0*0617735 

-0*000210 

0*013205 

0*01172 

0*00698 

0*48 

0*0260997 * 

+ 0*010767 

0*01640 

0*0104054 

0*0060498 

0*60 

-0*0064769 

+ 0*016987 

+ 0*016143 

+ 0*008270 

+ 0*0031676 

[* 

- 2*3973550 

-2*2124663 

-1*9891076 

- 1*7627311 

-1*6200705] 


r 

FUr) 

FUr) 

FUr) 

FUr) 


0-00 

-13-7500000 

-16-0000000 

-16*2600000 

-17*6000000 

-18*7600000 

0*02 

10*7799831 

11*4712216 

12*1208682 

12*7306127 

13*3017698 

0*04 

8*3783071 

8-686926B 

8*9426014 

9*1496647 

9*3123466 

0*06 

0*4603134 

6-6083025 

6*6189614 

6*4801652 

6*4260394 

0*08 

4*9147844 

4*8189673 

4*6898519 

4*6362769 

4*3618841 

0-10 

3*7021402 

3-5219143 

3*3247980 

3*1182790 

2*9082118 

0-12 

2*7636249 

2-6367911 

2*3185966 

2*1048929 

1*8998161i 

0*14 

2*0190249 

1*7974896 

1*6870231 

1*3913401 

1*2123983 

0*16 

1*4667683 

1*2600178 

1*0632373 

0*8976259 

0*7529412 

0-18 

1*0317791 

0*8606801 

0*6946866 

0*6627606 , 

0*4527102 

0*20 

0*7151379 

0-6641907 

0*4404771 

0*3408062 

0*2610209 

0*22 

0*4830406 

0-3627484 

0*2691689 

0*1976223 

0*1437466 

0*24 

0*3160983 

0*2243026 

0*1668443 

0*1082267 

0*0737691 

0*26 

0*198663 

0-1317402 

0*0866624 

0-0646390 

0*0342043 

0*28 

0*1182406 

0*0719270 

0*0424166 

0*0241826 

0*0132697 

0*30 

0*0649710 

0*0349336 

0*0176178 

0*0081169 

-0*0032007 

0*32 

0*0311816 

0*0133838 

-0*00463 

-0*00068 

+ 0*000876 

0*34 

-0*01099 

-0*0019096 

+ 0*001471 

+ 0*00222 

0*001960 

0*36 

+ 0*0000191 

+ 0-0033017 

0-00348 

0*00266 

0*00173 

0*38 

0*006110 

0*0048770 

0*00346 

0*00210 

0*001122 

0-40 

0*0066130 

0*0046682 

0*0026201 

0*0012977 

0-0006446 

0-42 

0*006147 

0*0034427 

0-001608 

0-000603 

+ 0*000146 

0*44 

0*0047864 

0*0021712 

0*000760 

+ 0*000131 

-0*000008 

0*46 

0*003196 

0*0010743 

+ 0*000168 

-0*0001206 

0*0001403 

0*48 

0-0017682 

+ 0*0002822 

-0*000172 

0*0002069 

0*0001296 

0*60 

+ 0*0006449 

-0*0001948 

-0-0002964 

-0*0001903 

-0*0000845 

[i 

-1*3013889 

-M023325 

-0*9263747 

-0*7708986 

-0*6880002] 
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Tablb 3 


T 


^t(r) 

V>»(r) 



0^00 

0*0000000 

0*0000000 

0-0000000 

0*0000000 

0 0000000 

0-02 

0*1379211 

0*0190174 

000262196 

0*0*3614746 

00«4983286 

0*04 

0*1901990 

0*0361383 

0*00686337 

0*001303189 

00»2474108 

0*06 

0*2271248 

0*0514640 

0*01164914 

6*00263539 

00'5960065 

0*08 

0*2666784 

0*0660931 

0*01064016 

0*00419842 

0 001066004 

0*10 

0*2786608 

0*0771219 

0*02127764 

0*00686001 

0001612093 

0*12 

0*2976190 

0*0876439 

0*02669637 

0*00761260 

0 002192686 

0*14 

0*3131889 

0*0967604 

0*02968467 

0*00907086 

0-002764417 

0*16 

0*3202699 

0*1046299 

0*03317632 

0*01046932 

0-003290931 

0*18 

0*3371991 

0-1110686 

0*03612976 

0*01166011 

0-003742361 

0*20 

0*3463051 

0*1164500 

0*03862607 

0*01261086 

0-004096396 

0*22 

0*3538444 

0*1207652 

0-04036293 

0*01330267 

0-004338313 

0*24 

0*3600223 

0 1240627 

004166092 

0-01372822 

0-004460614 

0*26 

0*3660075 

0 1264486 

0*04241072 

0-01389006 

0-004461941 

0-28 

0*3689411 

0*1279863 

0*04267080 

001379890 

0-004347261 

0*30 

0*3719431 

0*1287469 

0*04246662 

0 01347212 

0-004126897 

0*32 

0*3741164 

0-1287987 

0*04183409 

0-01293236 

0-003811169 

0-34 

0*3765611 

0-1282078 

0*04081831 

0*01220618 

0-003419160 

0*36 

0*3763261 

0*1270375 

0*03946246 

0*01132291 

0-002967868 

0-38 

0*3765114 

0 1253488 

0*03781190 

0-01031353 

0-002476280 

0*40 

0*3761697 

0*1232000 

0*03691236 

0*00920973 

0-00196348 

0*42 

0*3753571 

0*1206470 

0*03380923 

0-00804302 

0-00144794 

0*44 

0*3741243 

0*1177431 

0*03164700 

0*00684396 

0-0*946862 

0-46 

0*3725176 

0*1145392 

0*02916870 

0*00564148 

0-0*476612 

0*48 

0*3706789 

0*1110835 

0*02671547 

0*00446237 

+ 0-0*47302 

0*50 

0*3683467 

0*1074219 

0*02422620 

0*00333072 

-0-0*327641 

[i 

0*3301340 

0*1068432 

0*03422192 

0-010891220 

0-003461006] 

r 




^9ir) 


0*00 

0*0000000 

0*0000000 

0*0000000 

0*0000000 

0-0000000 

0*02 

0*0»6869823 

00*947043 

OOM 30664 

O-OM 7997 

0-0*248097 

0*04 

0*0*4696695 

00»8916389 

0-0*169227 

00*321208 

0-0’609666 

0*06 

0-OM347604 

00*3040568 

0 * 0*688668 

O-OM 656595 

00«3618164 

0-08 

00»2700412 

0*0*6846080 

OOM 734731 

00»4396659 

0-0*111363 

010 

00»4431647 

00*1217566 

00*3343886 

0-0*9180859 

0-0*2620073 

012 

0*0*6391365 

0-0*1861436 

00*6417696 

0*0*1576010 

0-0*468270 

0*14 

0*0*8408946 

0*0*2654326 

00*7750848 

00*2349962 

0-0*711995 

0*16 

0*001031571 

0*0*3226694 

O-OM 007616 

00*3142342 

0-0*978896 

0*18 

0*001196208 

00*3811422 

OOM211318 

0 0*3841630 

0-0*1216200 

0*20 

0*001322826 

00*4261613 

0-0M361164 

0-0*4343284 

0-0*1381906 

0*22 

0*001403017 

00*4606840 

0-0M438403 

0-0*4667606 

0-0*1443426 

0*24 

0*001432161 

00*4660963 

00M432696 

0-0*4471200 

0-0*1383829 

0*26 

0*001409316 

0*0*4382742 

00M342776 

0*0*4063164 

0-0*1204747 

0*28 

0*001336890 

0*0*4014662 

00*1176087 

0-0*3362623 

0-0*926778 

0*30 

0*001220163 

0*0*3476301 

00*947443 

00*244236 

0-0*680887 

0*32 

0*001060627 

0*0*2804901 

0-0*677020 

0-0*141763 

+ 0-0*21266 

0*34 

0*0*885430 

0*0»206n8 

0-0*387986 

+ 0-0*38331 

-0-0*13443 

0*30 

00*686609 

0*0*126516 

+ 0-0*104028 

-0-0*65947 

0-0*42066 

0*38 

0*0*480488 

4-0*0*49700 

-0-0*15296 

0-0*13261 

0-0*6165 

0*40 

0*0*277070 

-0*0*20761 

0-0*36478 

0-0*18627 

0-0*7063 

0*42 

+ 0-0*8562 

0-0*81012 

0-0*51848 

0*0*21113 

0-0*6896 

0*44 

-0*0*8626 

0*0*12823 

0*0*60711 

00*21021 

0-0*6803 

0*46 

0*0*23199 

0*0*16064 

0-0*63001 

0*0*18665 

0-0*4037 

0*48 

0*0*34719 

0*0*17766 

0*0*69240 

0*0*14262 

-0-0*1923 

0*60 

-0*0*42930 

-0*0*17981 

-0*0*60466 

-0*0*8849 

+ 0-0*1969 


0*001090004 

0*0»3434422 

0*0*1080066 

0*0*3391280 

0-0*1063466] 
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Tabls 3 (amt.) 


r 





fu(r) 

0-00 

0-0000000 

0-0000000 

0-0000000 

0-0000000 

0-0000000 

0*02 

0-0*3420061 

0-0><>4714607 

0-0»>6499142 

0-0»*8969124 

0-0**1236021 

0-04 

0-0*1167161 

0-0*2196249 

0-0*4168388 

0-0»®7911347 

0-0>®1601614 

0*06 

0-0*7961206 

0-0*1796944 

0-0*4060902 

0-0*9176973 

0-0*2073801 

0*08 

0-0*2821130 

0-0*7146148 

0-0*1810063 

0-0*4684447 

0-0*1161082 

0-10 

0-0*6916107 

0-0*1897772 

0-0*6206816 

0-0*1428417 

0-0*3918316 

0-12 

0-0*1332161 

0-0*387136 

0-0*1124801 

0-0*3267434 

0-0*9400046 

014 

0-0*2166032 

0-0*662681 

0-0*1974448 

0-0*6971922 

0-0*1806767 

016 

0-0*3046667 

0-0*947490 

0-0*2944677 

0-0*914643 

0-0*2839636 

018 

0-0*3844482 

0-0*1213673 

0-0*3827072 

0-0*1206662 

0-0*3794172 

0-20 

0-0*4386663 

0-0*1388684 

0-0*4388129 

0-0*1384006 

0-0*4367662 

0*22 

0-0*464142 

0-0*1422973 

0-0*4441223 

0-0*1380961 

0-0*4278312 

0*24 

0-0*424826 

0-0*1293647 

0-0*3906902 

0-0*1169839 

0-0*3471196 

0‘26 

0-0*3622396 

0-0*1011199 

0-0*2842296 

0-0*778849 

0-0*206634 

0-28 

0-0*246688 

0-0*617861 

+ 0-0*143166 

+ 0-0*286693 

+ 0-0*38172 

0-30 

-f 0-0*120316 

+ 0-0*17841 

- 0-0*67873 

- 0-0*20317 

-0-0*11714 

0-32 

-0-0*5786 

-0-0*2338 

0-0*13416 

0-0*6819 

0-0*2216 

0*34 

0-0*1149 

0-0*6622 

0-0*2186 

0-0*7742 
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We have used our results to solve one physical problem. When gas flows j&om a 
slit in an infinite plane wall so that on the free streamlines the velocity is subsonic, 
with (say) t = then the flow in the hodograph plane can be found exactly, using 
the by the method of Chaplygin ( 1904 ). The resulting value of the compression 

ratio (width of jet)/(width of slit) is found to be 


k{r^) ^ 




1 + - + 
n 




This quantity is tabulated correct to four significant figures in table 7. 

We conclude by observing that we have on occasion compressed a sequence of 
zeroes following a decimal point into the expression 0 ''. 
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The Plymouth laboratory of the Marine Biological 
Association of the United Kingdom 

By F. S. RussEiiL, F.R.S., Director of the Plymovih Laboratory 
{Delivered 6 March 1947— Received LI July 1947) 

[Plates 1 to 7 ] 

In The Times of 31 March 1884, it was announced that a meeting would be held 
that day in the rooms of the Royal Society for founding a society having for its 
purpose ‘the establishment and maintenance of a well-equipped laboratory at 
a suitable point on the English coast, similar to, if not quite so extensive as, 
Dr Dohm’s Zoological Station at Naples’ (M.B.A. 1887 a). With Professor T. H. 
Huxley in the chair a gathering of distinguished gentlemen gave reasons why such 
a laboratory should be built. All stressed what its value would be from the purely 
scientific viewpoint, and all were agreed that both by fundamental research and by 
more direct investigations on our food fishes, knowledge of economic import would 
be gained. The last speaker, Mr George J. Romanes, said that there was one function 
of the proposed laboratory which had not received the attention it appeared to 
deserve; he meant the investigation of invertebrate physiology. ‘ In the inverte¬ 
brate forms of life’, he said, ‘we saw life in its simplest shape, and in the shape 
which best admitted of observation and exj>eriment, with the view of throwing 
light upon most of the great questions relating to the processes of life’ (M.B.A. 
18876 ). 

As a result of this meeting a corporate society, the Marine Biological Association 
of the United Kingdom, came into being. It was decided that the laboratory should 
be built at Plymouth where a rich and varied fauna was available. The building, 
which was opened on 30 June 1888 (M.B.A. 1888 ), is situated under the walls of 
Charles II’s Citadel in a commanding position overlooking the waters of Plymouth 
Sound. 

The Association, which owed its inception largely to the initiative and energy of 
Sir E. Ray Lankester, received and still receives financial support from persons 
interested in the study of biology and the sea, who are the members of the Associa¬ 
tion. In addition considerable financial backing was given by a number of Uni¬ 
versities and other public bodies, and notably the Fishmongers’ Company. From 
its beginning an annual grant was made by H.M. Treasury, and after the 1914-18 
war this grant began to assume considerable proportions when it came under the 
control of the Development Commissioners. 

• An intewresting account of some of the early history of the Plymouth laboratory is given 
by G. P. Bidder (1043) in hk obituary notice of Dr E. J. Allen. 
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In 1902 the Association was asked by H.M. Treasury to undertake the English 
share of the scientific investigations which formed part of the programme of the 
International Council for the Exploration of the Sea (M.B.A. 1903 ). The English 
share of these international fisheries investigations was divided under two heads. 

I, A survey of the trawling grounds and fisheries in the southern North Sea, 
together with scientific observations on migrations, feeding and rate of growth of 
the more important fish. For this purpose the Association also ran a laboratory at 
Lowestoft. 

II. A hydrographic and plankton survey of the western half of the English 
Channel. 

After the 1914-18 war the Lowestoft laboratory ‘was re-established under the 
Ministry of Agriculture and Fisheries for the purpose of studying problems having 
a direct bearing on the commercial fisheries. At the same time a substantially 
increased grant was made to the Marine Biological Association for the maintenance 
of the Plymouth laboratory, so that researches of a more general or fundamental 
nature concerning life in the sea might be developed on a larger plan ’ (Allen & 
Harvey 1928 ). The years between the two great wars saw an increased staff at the 
Plymouth laboratory, and constant additions to the buildings and improvement of 
facilities for research of all kinds. 

Over the period that the Association has been in existence it is possible to trace 
a sequence in the development of the work from the titles of the many papers in the 
Association’s own Journal and its other publications (M.B.A. 1928 ). It should be 
remembered that in the earhest days practically nothing was known about the life 
histories and habits of even our commonest food fishes, and few carefully compiled 
accounts of the commercial fisheries were in existence. Since the avowed objects of 
the Association (M.B.A. 18876 ) were to establish one or more laboratories on the 
British coasts ‘where accurate researches may be carried on leading to the improve¬ 
ment of zoological and botanical science, and to an increase of our knowledge as 
regards the food, life, conditions and habits of British food fishes, and molluscs in 
imrticular, and the animal and vegetable resources of the sea in general ’, it was only 
natural that the emphasis in the beginning had to be on fishes. Accordingly, we 
find that a large number of the earlier papers were devoted to observations on the 
habits of fishes, shellfish and other products from the sea, and to the collection of 
information on the methods and results of commercial fishing. This was very 
necessary, because the few naturalists concerned had to have a general picture of 
these matters to be able to answer with some feeling of authority the many questions 
that must have been put to them once the Association was founded. I have no 
doubt that quick results were expected in those days as they still are in certain 
quarters to-day. 

But in addition to doing fishery research, the few naturalists of the staff, together 
with a number of enthusiastic visiting workers, were building up a knowledge of the 
marine fauna and flora off Plymouth and its neighbouring coasts. This again was 
a first requirement, because in all branches of science the systematic observations 
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must come first. More direct fishery research also naturally received considerable 
attention as a result of the assumption of the English share of the investigations 
under the International Council for the Exploration of the Sea. But some of the 
programme of these investigations gave opportunities for increasing the pure 
scientific observations and studying the environmental factors in the sea over 
a wide area. Thus much of the foundation was laid for our knowledge of the hydro- 
logical conditions round the British Isles, of the fauna of the sea floor, and of the 
microscopic plants and animals which drift with the water and form the plankton. 

Looking back over the first twenty years of the Association's life it is remarkable 
how much ground was covered by the few research workers available and how well 
balanced on the whole had been the distribution of the investigations. A most 
valuable fauna list (M.B.A. 1904 , 1931 ) had been produced, a beginning had been 
made in the study of the distribution of the animals in relation to their environment, 
and fishery research had be^en put on a solid basis. Many papers on the morphology 
and development of marine organisms had been published, and, in addition, here 
and there appeared a paper somewhat before its time which gave advanced indica¬ 
tions of other j) 088 ible uses to which the Plymouth laboratory might be put. 

After the 1914-18 war there was a noticeable change in the subject matter of the 
contents of the Association’s JournaL With the taking over of fisheries research by 
the Ministry of Agriculture and Fisheries the work at Plymouth became for the 
greater part fundamental in nature. All the emphasis was on the study of the 
chemical and physical conditions of the environment, the life histories and develop- 
ment of marine invertebrate animals, and the distribution in space and time of the 
animal populations. But at the same time the economic aims were not entirely lost 
sight of and a certain amount of research on the biology of fishes was continued. 
Such a preservation of a link with more direct fishery research is of value if only 
because it necessitates that contact shall be kept with current work elsewhere. The 
Association has, for instance, undertaken research on the breeding and habits of 
the mackerel, the distribution of seals, the effects of t.n.t. on oysters, and other 
problems, at the request of the Ministry of Agriculture and Fisheries. But such 
research should not nowadays be needed as a justification for receiving a Govern¬ 
ment grant. All fundamental researches in the long run justify themselves, and the 
bulk of the work done at Plymouth is essentially fundamental in nature. 

Thanks to the valuable work of the Fisheries Departments our factual knowledge 
of the important food fishes is such that the populations of fish on which our food 
supply depends can now be watched with a view to the regulation of the catches. 
The major picture of the distribution, migrations, growth and spawning habits of 
the common fish is now well knowm. But what the underlying factors may be, on 
which the fishes’ lives and habits depend, remain to a large degree unsolved, and 
their solution lies more in the realms of pure science. It seems likely, therefore, that 
all fisheries research will become more fundamental in nature and aimed at under¬ 
standing the great natural fluctuations in the fish populations and the causes of the 
habits of the fish themselves. 


10*2 



146 


F. S. Russell 


It may be noted that most of the researches that have been undertaken in recent 
years by the staff of the Plymouth laboratory can be built around two main under¬ 
lying themes. The first is how much living matter can the sea produce, what are the 
variations and causes of variation in productivity, and how do the organisms obtain 
the materials necessary for life'? The second is how do marine animals in general 
live, how do they fit their various individual environments, and what alterations in 
the conditions in their environment can they appreciate? Both require a knowledge 
of the physical and chemical conditions in the sea. Where the productivity of the 
sea is concerned the seawater is the medium which contains all the ingredients 
necessary for the successful growth and develoj)ment of the living organisms; in so 
far as the general biology of the animals is being studied it is tlie conditions in the 
sea water which determine their distribution, habits and migrations. 

The Plymouth laboratory is therefore equipped for studying the physics and 
chemistry of the sea. Researches of the staff are aimed at the development of 
methods for estimating the quantities of nutrients in the sea water upon M^hich the 
unicellular plants depend and following the changes they undergo throughout the 
year and from place to place in relation to the plant crop. The approximate yearly 
cycle of the more abundant constituents, phosphorus, nitrogen and silicon is now 
known. But much remains to be done in studying their rate of turn-over, and long¬ 
term investigations have shown periodic fluctuations in the amounts available. 
This is now being linked with hydrological observations on the movements of water 
masses and their origins, for much will depend upon whether the water is drawn 
from the rich deep ocean layers upwelling on the continental shelf or from the more 
depleted surface waters. 

One of the first necessities in this research is a knowledge of the amount of photo¬ 
synthesis ; photoelectric methods have therefore been adapted for the measurement 
of the penetration of light into the sea and the extinction by absorption and 
scattering of its component wave-lengths at varying depths. 

In order to solve some of the problems thus posed it is necessary to work with 
pure cultures of diatoms and flagellates, and for many years attention has been 
given to this side of the work. Advances have thus been made in our knowledge of 
the utilization of combined nitrogen and phosphorus by the plants, these con¬ 
stituents often being present in such exceedingly low concentrations in the sea as 
to limit plant growth. Research is also being made on other substances, necessary 
only in minute quantities as trace elements, now known to play a vital part in the 
growth of land plants. Thus the concentration of both iron and manganese is 
probably suboptimal in some waters and may indeed limit plant production. 

It is on the production of these unicellular plants that all the animal life in the 
sea dej>ends, and ultimately those fish which form so valuable a part of man’s food 
sixpply. The first link in the chain from plant to fish is the minute animal life of the 
plankton. Not only are these eaten directly by such fish as the herring and the 
mackerel, but they are of direct importance to nearly all species of fish, because when 
first they hatch the yoimg fish are too small to eat anything larger. Researches on 
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distribution, abundance, growth and habits of the many species of animals in the 
plankton therefore form a necessary part in the general problem of productivity. 
The eJBFects of grazing oflF the plant crops by these animals can be studied at sea by 
evaluation of their numbers in measured volumes of water, and in the laboratory 
by experiments on the rate the animals eat the plants when cultured. 

Observations on the distribution of the plankton organisms are made also in 
connexion with the hydrological surveys. It is found that some species ai’e restricted 
to certain types of water, and they can thus be used as indicators of their respective 
water masses. Some waters in the Plymouth area, which are thus clearly charac¬ 
terized biologically, are not readily distinguishable by the usual hydrological 
features such as salinity and temperature. Such biologically distinguishable waters 
may differ markedly between one another in the amount of life they carry. This 
must in turn be related to their chemical content. 

Other links in the chain are the bottom animals upon which the growing fish 
feed. It is necessary first to know the distribution of these animals. The bottom 
deposits of the sea are not uniformly distributed, ranging as they do from the finest 
mud to the coarsest gravel according to the movements of the overlying water. 
Each kind of deposit has its characteristic fauna ; and recent researches have shown 
that the microscoinc larval stages of some animals will only undergo their normal 
metamorphosis if they can find the individual grade of soil they live in. The estima¬ 
tion of the food available in different dei>o8it8 has received attention, and attempts 
have been mode to evaluate the animal contents of standard samples of deposit. 

There is another link in this productivity chain whose connexion may not at 
first appear obvious. Quite early in the history of the Marino Biological Association 
the opportunity was taken, while studying the distribution of bottom animals, to 
examine also the stones and rooks dredged up in order to throw light on the geology 
of the English Channel. A knowledge of the configuration of the sea floor is of 
importance for the study of water movements. The shape of the continental edge 
where it passes over from the shelf to the steeper continental slope may be of 
critical importatice, for it is here that the deej)er waters of the ocean rich in nutrient 
salts are brought towards the surface at times by upwelling and reach the photic 
zone. It may well be that embayments resultitig from submerged valleys may 
cause submarine waves to increase their amplitude and thus reach higher levels. 

Let us now consider the second major lino of research, the biology of marine 
animals. Every species of animal in the sea can form a subject for enquiry, and each 
alone can pose nearly all the problems of biology. The sea provides a greater vaiiety 
of animals than any other environment. In it are to be found representatives of all 
the groups of the animal kingdom, the insects alone being scarcely represented. 
Many groups indeed are found almost exclusively in the sea. The facilities offered by 
the Plymouth laboratory therefore afford an inexhaustible mine for any biologist, 
and it becomes difficult to canalize the work into any single objective line. There is 
scope for systematists, for morphologists and embryologists, for students of life 
liistories and behaviour, for geneticists and so on. In general it may be said that, 
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once the ground has been laid open by the systematists, research has chiefly been 
directed towards the description of the life histories of animals important in the 
general economy of the sea, of their food and methods of feeding, of their breeding 
and rate of growth, their parasites, and of their relationships with their animate and 
inanimate environment. Many of the results of investigation obviously have also 
a bearing on the general problem of productivity. In this wide field for research the 
emphasis tends to vary from one direction to another according to the predilections 
and aptitudes of the individual workers, but, apart from their value as contributions 
to general biology, any one of them can be shown directly or indirectly to have its 
practical bearing. Knowledge of the life histories and habits of fishes in general has 
obvious value, even where species of no commercial interest are concerned, since 
they are all oomj>etitor8 for the common food supply. Very useful results have 
accrued from investigations on the herring, which at one time formed an important 
winter fishery at Plymouth, attracting a hundred or more steam drifters from the 
east coast ports. In the early 1930’s the herring ceased to come in their usual i\umber8 
to the groxmds near Plymouth, and it became possible by local observations to warn 
the industry of the reduced chances of a successful fishery and thus save the con¬ 
siderable expense of sending ships to the area. The causes of the disappearance of 
the herring are, however, of the greater fundamental interest and the answer may 
be found when our knowledge of water movements grows. 

Apart from the more obvious necessity of research on the biology of crabs, 
oysters, mussels and other shellfish used for food, knowledge gained about inverte¬ 
brate animals in general has proved its worth. The annual cost to the nation 
resulting from damage to underwater structures by boring organisms and by the 
fouling growths on ships' bottoms is immense. All attempts to reduce this wastage 
by improved methods require at the start a knowledge of the natural history of 
the organisms concerned. Other departments are now taking up antifouling 
problems, but they begin with a basic knowledge already supplied by fundamental 
researches. 

It is not wise in the long run to restrict observations only to those organisms 
known to be of economic interest. It has been noteworthy that our common coastal 
seaweeds attracted little attention in the past. In relation to the general economy 
of the sea as a whole the narrow fringe of weeds around our coasts is of small 
importance; probably largely for this reason the seaweeds were neglected. But 
during the war, when supplies of certain raw materials were out off, seaweeds were 
needed as a source of supply of alginic acid, agar and mannitol. It was then realized 
that we knew practically nothing of the rate of growth and breeding of our com¬ 
monest weeds, and investigations were immediately begun. 

I think this necessity for the accumulation of knowledge without regard for its 
immediate practical value should be stressed, for it has proved itself abundantly 
worth while. The Association has often aidvised Government departments with 
resulting savings in expense. A knowledge of the effects of temperature on the rate 
of growth of marine organisms was incidental in the destruction of fouling organisms 
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and their prevention for many succeeding years in a large basin in one of our 
naval dockyards. And, in passing, it is worthy of mention that research on the 
preservation of ropes and nets, besides enabling the Plymouth laboratory to make 
considerable economy in the use of expensive silk plankton nets, resulted in great 
saving for the Ministry of Home Security when proven methods were adopted for 
preserving sand bags. 

But marine animals live not only in the open sea. They inhabit the intertidal 
zones of the shore and they invade the estuaries. Work cannot therefore be limited 
to offshore waters; the shores and estuaries must also receive attention. The 
examination of the estuarine fauna is of great interest physiologically, and a 
detailed knowledge of the distribution of the different species in relation to the 
normal changing conditions is of value in assessing pollution. As a result of a close 
study of a water shrimp (Oammarus), primarily as a subject for genetics, certain 
8j)ecie8 are proving to be valuable estuarine indicators. 

From the point of view of life in the sea as a whole it should be realized that work 
at Plymouth touches only the borders of the great oceans, whose study lies within 
the province of the highly organized ooeanograpliical expeditions. Nevertheless 
Plymouth plays its part in the promotion of oceanographical research. This is 
especially so in the development of methods. Many of the methods used on ocean¬ 
going expeditions have been develoj)ed at Plymouth. This is an essential part of the 
laboratory’s work. Once an oceanographical exf>edition is equipped and its pro¬ 
gramme planned it is necessary that the majority of the observations should be 
carried on by routine methods, for results lose comparative value if they are 
constantly varied en route. At Plymouth, however, there is full opportunity to 
develop methods in the laboratory and test them out at sea. Each succeeding 
cruise by the ocean-going research vessels may therefore take advantage, and employ 
the improved methods and attack new problems for which the necessary technique 
hod been awaiting development at a shore laboratory. 

This brief review of the problems open to investigation shows some of the field 
of research available to the Plymouth staff. The scientific staff is small, only a dozen 
or so in number. The moat that can be done is to distribute this staff in a balanced 
manner so that there is one engaged in each of the possible major lines of inquiry. 
Some might argue that it would be better to concentrate all the energy on to one 
Bf)ec,ific problem. This could only be done by the formation of a school and the 
interests of the leaders of this school might determine a one-tracked course for many 
years. 

This should never be at Plymouth, because there is another most important side 
of the laboratory’s work upon which I have not yet touched. It has been a tradition 
of the Plymouth laboratory that it shall attract visiting research workers. The 
constant flow of visitors gives life to the buildings and, with its ever changing 
interests, affords invaluable points of contact for the staff. It is essential, therefore, 
that the interests and experience of the staff should cover as wide a field as possible 
so that visitors may receive assistance and mutual benefit be derived. 
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The additions to scientific knowledge produced by the many visitors must exceed 
those of the staff itself and they are for the most part published in journals other 
than that of the Association. Much of this work has been on traditional biological 
lines, but it may be noted that, even on the day of the Association’s foundation, the 
words of Romanes pointed to other fields. When the time was ripe the scope was 
broadened to include the comparative physiology of marine animals. In this 
direction Plymouth has always been understaffed, but it has for long been the aim 
as far as space will allow to equip the building with the necessary facilities and 
apparatus so that visiting workers may fill this gap. 

The physiological researches made at Plymouth have been very varied, and 
mention only can be made here of some of the subjects which have received atten¬ 
tion. The common spider crab (Maia) has been much used for studying the heat 
formation in nerves and other problems of the physiology of nerves; the same 
animal also supplies material for the study of the respiratory blood pigment, 
haemocyanin. The sea urchin (Echinus) has been a fruitful animal for experiments 
on fertilization and development since its eggs are most suitable in nature. Advances 
have been made in our knowledge of the nervous coordination of the movements of 
fishes and on the physiology of the regulation of their colour changes. The functions 
of the lateral line system in fishes have been partly elucidated, and our knowledge 
of the labyrinth has been advanced owing to the unique suitability of the dogfish 
(Scyllium) as a subject for experiments. 

Nervous systems in their simplest form have been studied in the sea-anemone, 
and in recent years the squid (Loligo) and cuttlefish (Sepia) have received prominent 
attention because they possess giant nerve fibres on which much can be done which 
is not possible with other nerve fibres; these giant fibres are also to be found in 
other marine animals, notably some polyohaete worms and Crustacea. 

Much remains to be done on the physiology of marine animals, and one direction 
perhaps in which our knowledge is especially lacking is that of the sensory percep¬ 
tions and environment of animals in the sea. 

From these few examples it can be seen that the practical benefits resulting from 
the founding of the Marine Biological Association may have a wider application 
than is expressed in its original aims, for these physiological researches have a very 
definite connexion with the medical sciences. 

In this account I have omitted to mention by name the many distinguished men 
of science whose researches have resulted in the success of the Plymouth laboratory, 
and who, together with the Association’s many devoted benefactors, have raised 
the laboratory to its present position of world repute. I cannot, however, let the 
occasion pcuas without reference to the late Edgar Johnson Allen who, as Director 
for 42 years, was the guiding genius to whom the Marine Biological Association owes 
so much of its success (Bidder 1943 ; Kemp & Hill 1943 ). It is interesting to recall 
Dr Allen’s published works. These were comparatively few, but it is noteworthy 
that they touched on nearly all tlie main fields of research covered by the laboratory. 
To him was due the pioneer work on the culture of diatoms which made possible the 
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great advances in our knowledge of the productivity of the sea. He produced the 
first important publication on the bottom fauna with his work on the Eddystone- 
Start grounds, and he was an acknowledged authority on the systematics of 
polychaete worms. His writings cover many problems concerning fish and other 
products of the sea. He co-operated in work on development and heredity, and had 
a deep interest in evolution; and it is perhaps significant that his first researches 
were on the nervous system of Crustacea. I think this is sufficient to show why the 
Plymouth laboratory never developed into a one-sided institution. 

It would be unfitting also if I failed to include the name of the late Director, 
Stanley Kemp, whose death came as so tragic a blow just as the war was ending 
(Hardy 1946 ). Dr Kemp's name will go down in history as that of the leader of one 
of the greatest oceanographical expeditions of all time. The Discovery Exjiedition 
has become a living institution, and the loss of Dr Kemp is deeply felt by all 
biologists and most by the staff of the Plymouth laboratory. 

1 should like also to record one name out of those of the Association's many 
benefactors, that of George Parker Bidder, for whose wisdom, generosity, and 
unfailing help in times of need we shall always remain in debt. 

The laboratory is managed by a Council of elected members and annual Governors 
appointed by certain governing universities and other bodies, including the Royal 
Society, which have given sums of £600 or more. A number of Universities also 
contribute to the Association by renting tables to which they can nominate research 
workers. All foreign visitors are welcomed as guests free of charge and every year 
sees an increasing number of foreigners coming to Plymouth to work and discuss 
common interests with members of the staff. 

The private sources of income of the Association are from these grants and dona¬ 
tions, from membersliip subscriptions and the proceeds of the sales of specimens, 
collecting gear and journals. By far the largest contributor at the present time is 
the Gk>vernment which voted an annual maintenance grant last year of over £25,000. 
The grant is sanctioned by H.M. Treasury as a draft from the Development Fund, 
and the Association is deeply in debt to the Development Commissioners, their 
advisers, and their Secretary, E. H. E. Havelock, for the wisdom and foresight they 
have always shown in their recommendations for the laboratory's support. 

The Laboratory is built of Devonian coral limestone of w hich the Plymouth Hoe 
is formed, and marine animals of a past age are clearly visible in the weathered 
stone. It is not very large; accommodation is restricted by the limited area available 
between the Citadel walls and the road. It consists of a main south building with the 
two upper floors divided into working rooms in which about twenty-four workers can 
be accommodated. Connecting with it is a north block containing the chemical and 
physiological laboratories. Underneath are cellars excavated from the solid rOck 
which, on account of their uniform temperature and freedom from vibration, are 
most suitable for research requiring very delicately adjusted apparatus. There is 
a smaU constant temperature building with two compartments for controlled low 
temperatures. 
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The north block can take about sixteen research workers. The whole laboratory 
can thus accommodate some forty people* at one time, although this number can 
always be increased by a little ‘ crowding up The present ]^)ermanent scientific staff 
numbers twelve, and there are also usually half a dozen or so investigators on long¬ 
term grants of a year or more duration. Over and above these about twenty visiting 
research workers can therefore be accommodated at one time, and it is of course 
normal for the laboratory to be especially crowded during the summer months when 
University staffs are on long vacation and visitors come to this country from abroad. 

There is a valuable library, which is probably the most complete in the country 
in publications concerned especially with marine biology and oceanography. The 
library also takes a number of other periodicals likely to be needed by visiting 
research workers. Many visitors remark on the pleasure of using a library of so 
compact a nature and with such careful selection of publications. 

On the ground floor of the main south building there is an aquarium which is 
open to the public. Apart from its educational value for the many adults and 
children who visit the aquaritim, the tanks with their living exhibits are a never 
failing source of interest to the research worker on the habits and behaviour of 
animals. The exhibits are restricted to the local fauna and provide a representative 
view of the chief fishes and larger invertebrates of the district. 

The tanks, the largest of which is 30 ft. 6 in. long by 9 ft. wide, with a depth of 
water of 4 ft. 0 in., are supplied from two reservoirs each holding 50,000 gal. of sea 
water. This sea water which supplies the aquarium is also led to certain parts of the 
laboratory where small experimental tanks and seawater circulation benches are 
available. 

A subsidiary, but nevertheless vital, function of the laboratory is the part it 
plays in the general training of biologists. Facilities are provided for courses of 
instruction during the Easter vacation to university students and schools, who have 
unrivalled opportunities for seeing at first hand the variety of living organisms 
which abounds in the sea, and for studying the different environments in which 
they live. There can be few universities in this country whose zoology staffs do not 
contain a sprinkling of those who have passed some of their time at Plymouth, 
either as Easter Course students, members of the scientific staff, or visiting research 
workers. This is most important in view of the overwhelming preponderance of 
animal types in the sea. 

From time to time more specialized courses are given for post graduate students 
on the physiology of marine animals, and other special subjects. Plymouth also 
plays another part in education by supplying to universities and schools preserved 
and living specimens necessary for teaching purposes. 

In order to enable the demands of these manifold activities to be met the Associa¬ 
tion runs two research vessels. The smaller of these, a 26 ft. motor boat, the 

* The eastern block of the south bxiilding, whicsh was the Director's house, waa gutted by 
fire in a bomb attack. It is \m^g rebuilt as a laboratory and should increase the working 
acooininodation by ten rooms. 
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Oammarus, is used for dredging and trawling in waters close inshore, and for visiting 
the shores at different points for collecting intertidal specimens. The larger, at present 
a 90 ft. motor fishing vessel (R.V. Sabdla) on charter from the Admiralty, works in 
offshore waters. As well as making collections generally for those working in the 
laboratory, for stocking the aquarium, and for the specimen trade, the first call on 
this vessel is naturally for research at sea. It is from this ship that quantitative 
observations are made on the organisms of the plankton and the sea bottom, and 
from which physical and chemical investigations are made at sea. The ship also 
makes periodical cruises further afield to study the hydrology over a larger area 
including the western approaches to the English Channel. 

I hope I have said enough to give some idea of the general activities of the 
Plymouth laboratory and the possibilities it affords for work. One might sum it up 
by saying that it aims to give facilities for any research, not necessarily only 
biological, on problems for which the sea can provide the materials or the environ¬ 
ment required. Its position is unique, lying as it does between the extremes of a 
fishery research laboratory and of an oceanographical institution, yet serving both, 
and at the same time offering facilities for visitors like the laboratory at Naples on 
whose pattern it was first founded. Let us hope it may be allowed to continue to 
hold this focal position and attract all those interested in the science of the sea 
and indeed of life itself. 

Note, There have been extensive alterations to the Plymouth laboratory since 
the account written by Allen & Harvey (1928). A new library was built in 1931, and 
in 1932 the north block was further extended to the eastward, to give increased 
accommodation for physiological and chemical laboratories, and improved photo* 
graphic darkroom facilities, A small ooiistant temperature building was added in 
1938. In 1939 the centre of the south building, the original main laboratory, was 
completely renovated and a new floor added. A site plan as at the X’resent date is 
shown in figure 1. 

I vdsh to thank Miss E. J. Batham, Mr D. P. Wilson and Mr G. A. Steven for 
])ermission to reproduce the photographs. 
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PlatK 1 

Figurk 2. View of the Plymouth marine biologicnd laboratory, taken from the Smeaton Tower 
on the Hoe looking eastwards towards the Cattewater (summer, 1946). 

Plate 2 

Fioitbk 3. Tank room on the first floor of south building (south side). 

Figure 4. Tank room on first floor of south building (north side). 


Plate 3 

Figure 6 . Museum on second floor of south building. 
Figure 6 . Typical work room in south building. 


Plate 4 

Figure 7. Reading room on first floor of library. 
Figure 8 . Comer of physiological laboratory. 


Figure 9. Chemical laboratory. 


Plate 6 


Figure 10 . Yard between north and south buildings showing reservoirs for sea water on left, 
outside tanks and circulation bench on right, and en<l of Easter Course building in distance on 
left. 


Plate 6 


Figure 1 1 . General view of aquarium. 


Figure 12. Anemone tank in aquarium. 


PxjiTE 7 

Figure 13. R.V. Sah^. 

Figure 14. Motor Boat Oammarua. 

The photograph for figure 2 woe taken by Miss E, J. Batham. All the other photographs are 
the work of B, P. Wilson, except figures 13 and 14 which wore taken by 0. A. Steven. 
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The cross-sectioiiB for capture of neutrons by deuterons^ involving emiBsion of both electric 
and magnetic dipole mdiation, are calculated using tlie wave functions obtained by Bucking¬ 
ham & Massey (ig 4 i) in the course of an application of the resonating-group stmcture method 
to the elastic scattering of neutrons by deuterons. The value found for capture of neutrons 
with omission of magnetic dipole radiation is found to be very sensitive to the particular form 
taken for the various wave functions, owing to a very high degree of cancellation that occurs 
in the integrations. As a result it is out of the question at present to provide accurate tlieo- 
retical values for this process. All that can be said is that the cross-section for captufe of 
thermal neutrons by deuterons is likely to be abnormally small. It tnay well be cm.® 
or less. This is in general agreement with observation. 

For capture of fast neutrons with emission of electric dipole radiation there is much less 
imcortaiiity in the calculated values although the cross-sections are very small, of the order 
of a few times 10 cm.®. The actual value of the cross-section in this case depends on the 

assumed typo of nucleonic interaction, i.o. whether it is of exchange character or not. 

Results are also giv^en for the inverse process—^the photodisintegration of the triton. 


In a recent paper by Buckingham & Massey ( 1941 ), referred to henceforward as 
Paper I, the theory of the elastic scattering of neutrons by deuterons has been 
worked out in numerical detail using the resonating-group structure method* of 
Wheeler to set up the differential equations for the throe-body system, and making 
certain assumptions about the nuclear forces. The work was directed partly towards 
obtaining phenomena which would enable a choice to be made as to the exchange 
character of the forces between nucleons and partly towards checking the details 
of strength and range of the forces previously derived, whatever their character. 
In both directions it appears to be very promising (Buckingham & Massey 1947 ), 
and it is therefore of interest to utilize the wave function for the three-body system 
to calculate the cross-sections for radiative capture of neutrons by deuterons both 
with emission of electric and of magnetic dipole radiation. These are known to be 
very small, even for thermal neutrons, and comparison between theory and experi¬ 
ment in this direction is likely to provide a further useful check on the assumed law 
of force. 

General formulae 


The cross-sections for capture of a neutron by a deuteron accompanied by emission 
of electric, and of magnetic, dipole moment radiation are given by 




64 ^**)^* 

3hc^v 


I Ml*. 


( 1 ) 


* Tho method does not give an exact solution of the three-body problem, and some allow¬ 
ance for this must be made in comparing predictions, made with its use, with ex|>ertment. The 
evidence at present available suggests that, for ooUision applications, for which it is the natural 
procedure, it is quite satisfactory. 
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where M is the matrix element of the respective moment averaged over the initial 
and final states of the system, p is the fi^equenoy of the emitted radiation, v the 
initial velocity of the neutron relative to the deuteron which is initially at rest in 
the laboratory system of co-ordinates, c the velocity of light and h Planck’s constant. 

Denoting the position vectors of the two neutrons by r^, Tj, that of the proton 
by Fj and their corresponding spin co-ordinates by ^3 respectively, then 


( 2 ) 

where 

(a) For the electric dipole case, 


(b) For the magnetic dipole case 


m = erg. 


(3) 




(4) 


where Oj, O 3 are the usual spin angular momentum operators and //„, the 
magnetic moments of neutron and proton respectively. 

According to the resonating-group method of Wheeler ( 1937 ), employed in the 
detailed calculations of Paper 1, the wave functions ^ arc constructed in the 
following way. 

The basis of the method is to build up the wave functions for the three particle 
system from linear combinations of functions in which one of the neutrons is asso¬ 
ciated with the proton in the ground state of a deuteron, while the second neutron 
moves relative to this deuteron. 

The three-particle states can be distinguished as doublets or quartets^.the 

ground state of the triton, in particular, must be a doublet. If the two spin wave 
functions corresponding to the two possible spin orientations for each nucleon are 
denoted by a, then the forms taken by the three particle wave functions for the 
two multiplicities are: 

Doublet: 

12“*[{a(l)a(2)/?(3) + a(l)^(2)a(3)^2/?{l)a(2)a(3)}0^^^^ 

-.{a(2)a(l)A3) + a(2)^(l)a(3)-2^(2)a(l)a(3)}95tf(13,2)]^ (6) 


and a second function with a, interchanged. 

Quartet: 

ir ^ 2“*a(l)a(2)a(3){^^(23,1)-~54,(13,2)}, 

6~*{a(l)a(2);ff(3)4/?(l)a(2)a{3) + a(l)A2)a{3)}{?i,(23,l)-^^^ 


( 6 ) 


and two further functions obtained by interchanging a and fi in the above two. 

The functions ^5rf^g(23, 1 ) represent a state of afiFairs in which particles 2 and 3 are 
combined in a deuteron and particle 1 moves relative to it. They therefore take 
the form ^ ( 7 ) 
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where x the normalized wave function for the ground state of the deuteron. The 
functions F may be expanded in a series of zonal harmonies, with the polar axis 
in the direction of the incident neutron, in the form 

rF{T) = 27 ,(r) /;(co8 0). (8) 

The best approximation for the function /j is obtained by regarding it as a proper 
solution of the integro-differential equation of the form 

+ »•') + yjpilr, r') + Ar'. 

(9) 

The functions U (r), pi and are as defined in Paper I. a, /?, y are numerical con¬ 
stants which have different values for the doublet and quartet states and also depend 
on the assumptions made as to the fundamental nucleonic interactions, k is the 
wave number, and the energy, of the relative motion of neutron and deuteron, 
and - is the binding energy of the deuteron. 

In the ground state of the tritonTf = 0 in (9) and k^ is negative. For this state we 
shall distinguish the appropriate function F as r“Vo,(r), the suffix t indicating that 
it refers to the ground state of the triton. 

For the initial state the normalization of the function is such that 

sin (kr ~ ^In + ^j,), {10) 

while, for the final state, must be noimalized to unit density. We therefore have, 
as normalizing factor for this state, 


I 

(47r)t 





327rWK 




( 11 ) 


where is as defined in (16) below. 

Before considering the detailed determination of the functions /|, we may 
derive the appropriate expressions for | M in terms of them. To do so we need 
only substitute the expressions (3), (4) for the elementary dipoles aqd the appropriate 
functions for the various oases which can arise in (2), sum over spins, average 
over all initial states and sum over all final states. We then obtain: 

[a) For electric dipole transitions. Writing 


era - f^{4(ri + r2 + r3) + §(r3.-iri^|r2)), 

we find for this case | M |2 == | /^ 4 - f/g p, 

where _J^ ^ 

A* /•'» /•« 


( 12 ) 

( 13 ) 

( 14 ) 
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Here and are the same functions as those which appear in (9) for the cases 
I = 1,1 = 0 respectively and are given by 


ni(r,r') 


2048 n^MEa 
81 


rr' 


Xd 12r' + r 1) /{(cos x(f | r' + 2r |) sin 


(16) 


where 


cos^ = 


tt' ' 


It is to be noted that, for this case, the dipole moment matrix involves only the 
first harmonic in the expansion of F^{r) and, of course, includes no contributions 
from capture of neutrons from quartet states. 

(6) For magnetic dipole transitions. Making use of the well-known relations 


cr^cL = p, (T^OL - if}, (T.ct = a; (Tj.fi = a, (r^fi = iot, crj ^-fi, 

we find here \M\^ ^ |*, (16) 

where M^j arise respectively by capture of neutrons from quartet and doublet 
initial states. is given by 

= 4n{fi„-/ip){J,^-J^), 


with 


-A« = j^fogir)foiir)rdr, 

<4? = jjog(r')Mr)rn,o{r,r')drdr'. 


(17) 


For the doublet states use may be made of the orthogonality condition 


where and J^i differ from respectively in the substitution of /orf(r) for 

/(K^(r). can then be obtained in the same form as viz. 

(Jid-Ju)* ( 1 ^) 

Alternatively, J^d may be eliminated completely to give 

( 20 ) 

If the orthogonality condition above is not used, takes the form 

= 4ff{(/4„ - I/ip) (Jid - 4,) + iMpJia)- (21) 

It will be noted that for these transitions only the neutron waves which possess 
zero atigular momentum relative to the centre of the deuteron contribute to the 
transition matrix. 
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Detailed forms foe wave functions used—sensitivitv 

TO NATURE OF NUCLEONIC FORCES 

For all detailed calculations carried out, the assumptions made were those 
employed in Paper I. The interaction energy between two nucleons with relative 
position vector r^a was taken to be of the form 

^(^12) “ (wMja + H12 4 " ^(^12)» (^ 2 ) 

where and are the Majorana and Heisenberg operators respectively and 
w, h, w, b are pure numbers subject to the conditions 

m-f A + 6 = I, m —A + ic — 6 = a: = (V6 ^ 

(the ratio of the magnitude of the interaction between nucleons with opposite and 
same spin respectively). 

In Paper I calculations were carried out for the three cases: 

I. rn == A = 0 , = b^^{l~-x). This is an ordinary (unsaturated) 

force type. 

II. IT = 0 , 6 — 0 , m “ ^(1 4 -a;), A = |(1 — a:). This is a saturated exchange force, 
the exchange analogue of I. 

III. m = 26 - J(1 + 3 a;), A = 2 tc =*= ^(1 — 3a;). This is an exchange force for which 
the constant a in (9) vanishes, i.e. no ordinary force appears in the equations of 
relative motion of neutron and deuteron. 

The function F(ria) was taken to be 

V{r) ^ (23) 

with a = 1*73 x cm., A = 242mc^. These are the constants found by Present & 
Rarita ( 1937 ) to give the best representation of the binding forces of the light nuclei 
consistent with the observed scattering of neutrons and of protons by protons. 

It was found, as described in Paper I, that the form of the functionsfor zero 
angular momentum of the neutron relative to the deuteron did not depend very 
much on which of the assumptions 1,11 or III was made. We therefore do not expect 
the cross-section for capture with magnetic dipole emission to depend appreciably 
on the exchange character of the forces assumed, so in this paper confined our¬ 
selves to assumption III for the calculation of the magnetic dipole capture cross- 
sections. On the other hand, the functionsdo depend quite considerably on the 
exchange character of the fundamental interaction, so it is to be expected that the 
cross-section for capture with electric dipole interaction will also show an appreciable 
dependence. 

The functions required in the present calculations are /q^ and The 

integro-differential equation for the ground state functionwas not solved in the 
previous work as it is not involved in scattering phenomena. An exact numerical 
solution of the equation would be very tedious—it is as unstable towards solution 
by iterative procedures as that for the quartet function. There is the added com¬ 
plication that, for the calculation ofthe energy is not known initially and must 
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be determined to yield a proper function. In addition the accuracy with which the 
ground state of the triton can be reprosentctd by a wave function of resonating group 
structure form is open to question. As it was found also that the magnetic dipole 
matrix element is very sensitive, owing to strong cancellation in the integrand, to 
the details of the wave functions it was not thought worth while to determine/ q, by 
exact numerical solution of the integro-differential equations. The following 
approximate procedure was xjsed instead. 

The kernel (24) 

of the integro-differential equation (9) was represented approximately in the form 

- 6 - 5 rr'{c 'i-25(r4T') ^ (o.()058 -f 0 ‘() 39 P) e (25) 

in which the unit of length is taken as 10”’® cm. The equation could then be solved 
analytically, yielding a solutiot\ which, for Jc^ = 0*04, differexi only slightly from the 
one obtained by exact numerical integration of the equation with the correct kernel. 
Thus the phase shift at infinity of the exact solution differed by less than ^ % from 
that given by the analytical solution, was therefore calculated analytically using 
the approximate kernel (25), i.e. as the proper solution of 

jfi - = - 6-5r J ^ (o-ooss - 0-039/c*) /(r') dr'. (26) 

It was found to be given, apart from a normalizing factor, by 

/« = e-'‘r + ^A,+ B,r)e-^'^-+(C, + D,r)e-^^, (27) 

in which 

If = 0-439, J„=l-28, ^0 = 0-618, C^=^-2\3, /)„ =-0-123. 

This value of k corresponds to a binding energy of IP of 8-1 MeV, a rather better 
value than tlie exact kernel probably gives! 

The functions were available from the calculations of Paper I, but the 

difficulty arises that/j^j does not satisfy the ortliogonality condition (18) with the 
approximate function/o<. Owing to the strong cancellation that occurs in integrands 
involving products of the functions /od,/o<the departure from orthogonality, reckoned 
by the failure of the relation (18), is serious. In order to carry out calculations using 
functions which do satisfy this condition, approximate functions /od(r) were also 
obtained as exact solutions in analytical form of the integro-differential equation 
with the approximate kernel (25). In this kernel Wo(r, r') is represented by 

-0-036rrV.-«-«''+''>. (28) 

If this is used in (18) together with /o< and/£j, then the orthogonality condition is 
satished. 

The functions/gi(r) are given by 

% Be sin (kr + S) + (^A + Br) -t- ((7 -i- Dr) c-®'*’’. 


II-2 



162 E. H. S. Burhop and H. S. W* Massey 

where the constants J, JB, C, D are as given in table 1. They are adjusted so that 
/o — 0 when r = 0. The remaining functions required for the calculation, 
fti were all available from the calculations of Paper I, 

Table 1 


k in 10 ^® cm. 

<5 

A 

B 

c 

D 

0075 

2-842 

-0*356 

-0-223 

0*061 

0*016 

0*2 

2-367 

-0*826 

-0-629 

0*127 

0*037 

0*6 

1-439 

- 1*076 

-0-780 

0*085 

0*042 


No difficulty concerning orthogonality arises in determining the functions /id* 
However, although the asymptotic phases for the functions /i,| were also obtained 
to a degree of approximation sufficient for the purpose of that work,* it was necessary 
to carry the approximations one step further to obtain the functions themselves 
for the present purpose. Figure 1 illustrates the form for k = 0*6 (11*47 MeV 



Curve 1 , type I interaction; curve 2, type II interaction; curve 3, type III 
interaction; curve 4, plane wave. 


neutrons) and the three types of fundamental interaction I, II and III, compared 
with the appropriate plane-wave function. It wiD be noticed that the two exchange 
interactions II and III give nearly the same function which is markedly different 
from that for the unsaturated force /. In the latter case the effective force deter¬ 
mining is attractive, while for exchange forces it is repulsive, so that with un¬ 
saturated forces/xrf is concentrated rather more at small values of r than for exchange 

* In F&peT I two alternative forms referred to as doublet (a) and doublet ( 6 ) were given 
and used for tlie doublet functions. The doublet (a) functions were derived from a flinction ^ 
whicli is not strictly of pure doublet type and have not been used in this paper. 
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forces. In table 2 the phases given from the present calculations are compared 
with those estimated in Paper I. It will be seen that the differences are not great, 
confirming that the values used in Paper I were of sufficient accuracy. 

Table 2, Phases derived from the asymptotic form of the wave functions 


(a) AS camulatbd in this paper; (6) as given in Paper I 
type of force I II III 


k (m 

f "Ak.—- 

.V 

- -^ — 


__ ^_ 

f 


10 “ cm.”^) 

(a) 

(b) 

(a) 

ib) 

(a) 

(b) 

0*2 

-0*006 

- 0*01 

— 

. 

-0*073 

- 0*11 

0*4 

0*476 

0*43 


— 

-0*246 

-0*27 

0*6 

0*481 

0*60 

- 0-220 

-0*15 

-0*180 

-0*23 


Capture with electric dipole radiation—calculated values 

The results of the calculation for the capture associated with the emission of 
electric dipole radiation are given in table 3. 

Table 3. Cross-sections for capture of neutrons by deuterons, 

ACCOMPANIED BY EMISSION OF ELECTRIC DIPOLE RADIATION 

orosa-seotion x cm.® 
type of force 

-A-^ 

typo II type III 

(exchange) (mixed exchange) 

— 1*29 

— 2-30 

— 3-29 

3*27 3*07 


neutron energy type I 

(MeV) (ordinary) 

0*26 

1«85 3*75 

7*38 6-71 

11-47 4*68 


It is seen that the cross-sections for exchange forces of types II and III are nearly 
equal for the case of incident neutron energy 11-47 MeV. For lower neutron energies 
they would be expected to be even closer. 

With ordinary forces of type I, the cross-section is considerably larger due to the 
greater concentration of the function /,4 near the origin, but the total cross-section 
for the process is so small that it is difficult to see how it could be used to distinguish 
experimentally between the various types of interaction. The cross-section for type I 
forces and an incident neutron energy of 0-26 MeV has not been calculated but it 
would not be expected to be very different from the type III case for this low energy. 

As the neutron energy is decreased the electric dipole cross-section* falls to zero 
as the square root of the energy. Thus for room-temperature neutrons the calculated 
value is as low as 4-9 x 10“®* cm.*. 


CaPTURK with magnetic dipole radiation—CALOITLATED VALDES 

A high degree of cancellation occurs in the transition matrix elements in this case. 
Thus, using the orthogonal set of approximate functions,/j, the negative and positive 
parts of the integrals cancel to within 1 and 10 % respectively. A similar 
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behaviour is exhibited by the contribution from quartet-doublet transitions. 

Under these conditions it is clear that small inaccuracies in the wave functions will 
have a profound influence on the calculated cross-sections. It can be said that the 
cross-section is likely to be abnormally small, but to obtain an accurate value for 
it will be imj^oasible without such great refinement of the wave functions as to be 
beyond the powers of available technique. The position is rather like that which 
prevails in the theory of the absorption of light by potassium atoms (Bates 1946 ). 

To convey some idea of the numerical values which are obtained with a consistent 
set of assumptions we give in table 4 those obtained using the approximate kernels 
(25) and (28), the approximate functions/Sij/S c^nd the accurate functions/g. Extra- 
Isolation of these values to very low neutron energies gives for thermal neutrons 
a total capture cross-section of 7*3 x 10 “** cm.^. These numerical values can only 
be regarded as illustrative of possibilities. They might be nearly correct but there 
is no great a priori justification for them. 

Table 4, Calcflated values of the magnetic bipole cross-section 
(using a consistent set of wave functions) 



cross-section 

cross-section 

neutron 

for quartet 

for doublet 

energy 

initial state 

initial state 

(MeV) 

X 10“»* cm.* 

X 10“** cm.* 

0«26 

18-5 

0*40 

1*85 

6-33 

3*37 

11*47 

3*46 

1*17 


Comparison with experimental data and previous calculations 

Theoretical estimates of the magnetic dipole capture cross-sections for thermal 
neutrons have been made by SchifF ( 1937 ) who gave a value of 3 x 10 “*’cm.*, and 
Mocker ( 1942 ) who gave 1*7 x 10 “** cm.*. In view of the extreme sensitivity of the 
cross-section to the form of the assumed functions which the present work has 
revealed, the discrepancy between their results is not surprising. 

Very few estimates of the cross-sections for capture of neutrons by deuterons 
have been published. Kikuchi, Aoki & Takeda ( 1937 ) have given an upper limit of 
3 X 10“** cm.* for this cross-section for thermal neutrons, based on an attempt to 
measure the intensity of the y-rays produced in the capture process. More recently, 
Borst & Harkins ( 1940 ) have made an estimate of the capture cross-section for 
thermal neutrons by measuring the production of the radioactive tritons following 
the passage of neutrons through deuterium. They give an upper limit of between 
2 and 3 x 10 **cm.* for the cross-section. 

There is no doubt that the capture cross-section is abnormally small as would 
be expected from the theory. Despite the difficulty of measurement, an accurate 
observed value would provide a very sensitive test of a detailed theory. Until such 
a value is available it would not seem to be worth while to attempt the very lengthy 
analysis and numerical work involved. 
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The PHOTO-DIStKTEGBATION OF THE TBITON 

The matrix elements of the electric and magnetic dipole moments calculated 
above may also be used to calculate the cross-sections for disintegration of the triton 
by y-rays. Owing to the possibility that quantities of tritium may become available 
as a by-product of the chain reacting pile, it is of some interest to calculate the 
cross-section for such a photodisintegration into a neutron and deuteron. 

From the principle of detailed balancing it follows that the cross-section for 
disintegration is related to that, for capture, which we have already calculated, 
by the relation (Bethe & Bacher 1936 ), 



where are the momenta of the quanta and the incident neutron in the respec¬ 

tive cases, g is the probability that the spin of the incident neutron is suitable for 
capture. It follows from this that Qj^ vanishes for y-radiation of quantum energy 
just sufficient to produce disintegration ( 6 * 2 MeV)—for magnetic dipole transitions 
as k, for electric dipole transitions as P. Except for y-ray energies very near to the 
threshold value the magnetic dipole contribution is negligible. Table 5 gives cal¬ 
culated disintegration cross-sections for various y-ray energies. 

Table 5. Cross-sections for photodisinteoration of tritons by y-RAYS 


electric dipole transitions 


y-ray energy 

r ' . 

type I force 

.X . 

type 11 force 

type III force 

(MeV) 

cross-section (x 10”*’^ 

cm.*) 

6-37 

.— 

— 

0*092 

7-43 

L39 

— 

0*86 

1M2 

4*03 

— 

2*28 

13-85 

3-24 

2-32 

2*17 


The contribution from electric dipole transitions is of the same order as that for 
photodisintegration of the deuteron and should be readily measurable if sufficient 
quantities of tritium become available. Furthermore, the considerable dependence 
of the calculated cross-section on the assumed interaction would suggest such a 
measurement as an additional means of obtaining evidence on the type of interaction. 

We are indebted to Dr R. A. Buckingham for permission to make use of the 
detailed calculations involved in the preparation of the joint paper ‘The scattering 
of neutrons by deuterons and the nature of nuclear forces*, published by him in 
collaboration with one of us (H.S.W.M.). 
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The kinetic basis of thermodynamics 
By M. Born, F.R.S. and H. S. Grbbn, Edinburgh University 
{Received 2 May 1947 —Revised 9 June 1947) 


In this paper the thermodynamical properties of any system whatsoever are deduced from 
quantum mechanics. Two fundamental irreversible processes are considered: the conversion 
of other forms of energy into heat, and the flow of heat from one temperature to another. 
By the proof of a generalized H*theorem, it is shown that in each case the entropy, correctly 
defined, must increase, and the system tend towards a state of equilibrium. 

A simple but rigorous proof of Boltzmann's law is given from which the thermodynamics of 
reversible processes may be inferred. An appendix includes the exact solution of the most 
general time-dependent perturbation problem of quantum mechanics. 


1. Introduction 

There are three principal ways of establishing the laws of thermodynamics. The first 
is the classical way of Clausius and Kelvin, brought to logical perfection by Carath^- 
dory ( 1909 ), where no use is made of atomistios, and the fundamental laws are 
derived from simple principles which express very general experiences. The second 
way is that of statistical mechanics, which operates with virtual assemblies, and 
derives their thermo-mechanical properties in statistical equilibrium by appl 3 dng 
the laws of probability. This method is worked out in a mathematically satisfactory 
way for both classical and quantum mechanics (cf. the elegant, presentation in 
Schrodinger’s little book Statistical Thermodynamics, or in the voluminous work by 
Fowler & Guggenheim ( 1939 )), but the physical foundations of this procedure are 
obscure. It is assumed that the observable properties of the system considered are the 
same as the average properties of a virtual assembly of equal but unconnected 
systems. The only justification of this hypothesis is that it gives useful results. 
Einstein ( 1902 , 1903 }, in his classical papers on statistical meo^nics, was aware of 
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this difficulty and based his theory on the consideration of a single system, taking 
averages over time. He showed by a plausible argtunent that this ‘time assembly’ 
(ZeitgesamnUheit) is equivalent to a special kind of virtual assembly, called a micro- 
canonical or ergodic assembly (Gibbs 1901), and this again can be shown to be 
equivalent to Gibbs’s canonical assembly. A rigorous proof of this so-called ergodic 
theorem was later given by Birkhoff (1931) and von Neumann (1932a) for classical 
mechanics. No corresponding theorem has been formulated for quantum mechanics. 
Apart from this objection against the logical foundations of statistical mechanics, 
it has the disadvantage of saying nothing about the way in which statistical equili¬ 
brium is reached. 

The third way of treating thermodynamics is that of kinetic theory, which deals 
with atomistic systems in motion, and regards equilibrium as a special case. The 
central point of this theory is the so-called fl^-theorem, first formulated and proved 
by Boltzmann for ideal gases. It expresses the irreversibility of thermal processes, 
and shows that the quantity H, which is essentially identical with the negative 
entropy, always decreases in time, until equilibrium is reached. It has been proved 
for dense (non-ideal) gases by Enskog (1922), and by ourselves (1946, 1947) for any 
condensed system, under the assumption that the laws of classical mechanics hold; 
this restricts the validity to the domain of high temperatures. For complete gener¬ 
ality, one has to apply quantum mechanics; there are a few attempts to extend the 

-theorem to these conditions, the most notable one by Pauli (1928). He divides 
the problem into two parts. In the first part, the laws for the temporal change of 
the number of particles in a given quantum state are formally established in analogy 
to the eqiiations of radioactive reactions, assuming the existence of certain transition 
probabilities. In the second part, the essential properties of these probabilities are 
derived from quantum mechanics. This procedure is not satisfactory, as it appears 
to use two different sets of assumptions; quantum mechanics, which combines the 
mechanical and statistical laws in a single formalism, should alone be sufficient to 
derive the H-theorem for any system under proper conditions. 

We shall show in the following that this is in fact the case. Our attention was 
drawn to this problem when we tried to extend our kinetic theory of liquids (1946, 
1947), or rather of dense matter, to quantum systems. The natural formalism in 
dealing with this problem consists in the use of the statistical operator, or, in the 
co-ordinate representation, the density matrix of von Neumann (19326) and Dirac 
(1935), the equilibrium properties of which have been studied by Kodi Husimi (1940). 
This method is very well suited to the derivation of the H-theorem, and we find that 
the resulting kinetic theory leads to the laws of thermodynamics in a way which is 
both simpler and more convincing than statistical mechanics, since it does not 
involve any enumeration of states, but is derived directly from the laws of quantum 
mechanics. 

The problem will be attacked in two stages, corresponding to the two main types 
of irreversible process: transformation of other forms of energy into heat, and 
conduction of heat. ' 
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The first type of process is that studied by Joule’s experiments, where the work 
done in bringing a thermally isolated system from one state to another is measured 
by mechanical or electrical devices. Joule showed that this adiabatic work is 
independent of tlie way it is applied, which proves the first laM" of thermodyiiamics. 
Caratheodory has further shown that one needs only to add the observation that 
the system cannot return from its final to the initial state in order to prove the 
existence of entropy and absolute temperature, and the second law of thermo¬ 
dynamics. Our theoretical model for Joule’s experiment consists of a quantum- 
meclianical system, subject to an external j>erturbation which may or may not 
depend on the time. It is possible to represent in this way any cyclic process which 
communicates energy to the system, for example, the stirring of a fluid or the 
oscillations of a piston, as long as the size of the stirring wheel and the displacements 
of the piston are not too large. The behaviour of the system is described in terms of 
the constants of the motion of the unperturbed system. A complete solution of the 
perturbation problem is given (in the first appendix), and it is shown that, if the 
external potential is independent of the time, the energy is conserved. This verifies 
that the model corresponds to the thermally isolated system of Joule. Previous work 
(Born & Fook 1928 ) has shown that this adiabatic, or rather quasi-statio, behaviour 
holds also for the feufficiently alow variation of any external force. One can now give 
an atomistic definition of the entropy S in agreement with the known applications 
to gases and liquids and holding not only in equilibrium, and thereby prove that @ 
always increases in time. If the time-dependent perturbation ceases, starting from 
any initial state, a state of equilibrium is reached in which the density, given by 
the diagonal elements of the density matrix, is constant for a state of given energy. 

The second type of irreversible process relates to completely isolated systems, 
where no external work is done. The experimental fact is that if the system consists 
of initially isolated parts with given entropies which are then brought into energy 
contact, the parts tend to a state of complete mutual equilibrium such that the total 
entropy in the final state is greater than in the initial state. At the same time there 
is a tendency for the redistribution of energy, due to the transfer or conduction of 
heat. Now, a completely isolated system is and remains iii a definite quantum state, 
and from this standpoint nothing can ever happen in it; it would ndt even be suscep¬ 
tible to observation. One has, therefore, to adapt the definitions to these circum¬ 
stances in a way corresponding exactly to the experimental arrangement. In order 
to observe a change in the system at aU, one has to assume that it consists of several 
parts in given quantum states which are loosely coupled. This interaction can be 
treated as a perturbation in the same way as before, with the only difference that the 
properties of tlie system are expressed in terms of the constants of the motion of the 
partial systems, and not of the whole. 

The definition of the entropy S is readily modified in a corresponding manner; 
it can then be shown that 8 always increases, and that a final state is reached in 
which each single system and the whole system os well have an energy distribution 
given by Boltzmann’s law. This follows essentially from the fact that for loosely 
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coupled Bystems the energies are additive, whilst the eigenfunctions, and hence the 
density matrices, are mxiltiplicative; no enumeration of ‘complexions', as made in 
statistical mechanics, is necessary. This result can be easily generalized for the case 
where slowly varying external forces are acting which shift the energy levels, and 
the whole formalism of thermodynamics follows immediately. 


2. QUANTlTM-MECHANKUn FOUNDATIONS 

Consider the most general system whose state at any time t can be specified by the 
values of a set of generalized co-ordinates (a ^ 1, and whose Hamiltonian 
»(?«)» where is the canonical momentum corresponding to In the 
g^-representation, the representatives Qa(9^q') a-Dd Pa(q*^') of the operators 
and which replace and in quantum mechanics, are given by 

QM<i') = flail Mqfi-q'fi), 
fl 

Pa{q,q') = -ih^nS(qfi-qfi)- 

With the aid of the addition and multiplication rules 

(A + B){q,q') A(q,q') + B(q,q'), 

{AB){q,q') ^ jA(q,q") B{q\q')dq% 



the representatives of all functions of and including the Hamiltonian may 
be constructed. For a function/(Q^) of the co-ordinatos alone, one has 


/(«.)(?.?') =/(?.) n %y»- 3 ^). 

Vq^ y 


(2-3) 


The possibility that the system under consideration has spin co-ordinates is not 
excluded in this formalism. If particles with spin are present, the elements 
of the ‘matrix* representative of will themselves be matrices. In order to avoid 
an unnecessarily complicated notation, the spin indices are not shown explicitly, 
and can be omitted from further consideration on the understanding that all pro¬ 
ducts of quantities which normally have spin components are to be interpreted as 
matrix products with summation over the spin index. 

It is always possible to find a set of independent quantities (a = 1, 

such that A tu A A A A A /rt.v 

A© = = AA’> (2-4) 


they are the constants of the motion. They may include the internal energy, and the 
momentum and angular momentum of a mechanical system; ^ can always be 
expressed in terms of them and together they furnish a complete basis for matrix 
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representation. Let \lr(X, q) be the normalized eigenfunction for which the have 
the simultaneous eigenvalues A^, so that 

jA^(q,q')f{X,q')dq' = A,i5r(A,g), (2*6) 

and let aQ{A) be the probability that at an initial time these eigenvalues are realized. 
Then the ‘density matrix ’ p may be defined at time (q by the equation 

Po(9< ?') = S ao(A) f (A, q) q'), (2-6) 

A 

and subsequently by Heisenberg’s ‘equation of change’ 

{2-7) 

if there is no interaction with any external system. In the event of such interaction, 
(2-7) must be replaced by - 

(2-8) 


where S is the interaction energy, which is not necessarily small. depends on the 
co-ordinates of the system under consideration, and may or may not vary in time. 
It must not depend explicitly on the co-ordinates of the particles of the external 
environment, whose motion is unknown, but only on macroscopic parameters which 
may be considered as given functions of time. This is a mathematical description 
of the physical situation where, for example, the system is enclosed by adiabatic 
walls; for, if the walls could transmit heat, the perturbation SS would depend on the 
unpredictable motion of its constituent molecules. The walls may, however, make 
any small movements in time. One has only to represent the wall by a steep slope 
of finite height of the potential energy; the perturbed eigenfunction corresponding 
to a small displacement of the wall can then still be expanded in terms of the un¬ 
perturbed eigenfunctions. Small oscillations of a piston, stirring by means of a paddle, 
and in general any small cyclic process can be represented in the same way. Changes 
of a more general nature are also not excluded, but necessitate the incorporation of 
part of the environment into the system considered. 

The equation (2-8) is most conveniently solved by transforming to the A- 
representation. Expanding p and 9} in terms of the orthonormal functions 
■ilr{X,q), thus: 


one obtains^ 


A, A' 

«(?.?')- S «(A,A')l^^(A,3)f*(A',j'), 

A, A' 


(2-9) 


ih~p(\,X') 


§(A)p(A,A') + S«(A,A'’)p(A'.A') 

A' 


■ p{A, A') «>(A') - S P(A, A") »(A', A'). (2-10) 

A' 


t The same symbol ^ is used to denote both the Hamiltonian and its eigenvalue. 
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and writing 

p(A. A') = p(A, A') exp[-^ - «.') {t - <o)], j 

p * "1 1 

(2-11) 


a?(A,A')- ^(A,A')exp M 


it follows, in matrix notation, that 



ih^-T ^ sBp-p®. 

(2-12) 


This equation is usually solved by a perturbation method, in which, however, the 
calculation of successive t^rms becomes more and more difficult. For this reason, 
an exact solution has been obtained by one of us (H.S.G.) which will be presented 
in the appendix 1. From this solution it is easy to write down an approximation 
with any desired degree of accuracy. Let 

* n ' 

u = - 7 ® dt, ihu = S?; 


lig, = UU — mi, 1I23 = ^22 ^ ~ ^^22> 


(2-13) 


14^4 — 'W34 ^(^ 22^22 ^22^^22)5 j 

where all the u'a vanish at time then one has the expansion 


A* = Po+Pi+/’2+•••> (2’1‘t) 

where pi — up^ — p^u, 

P% - i(wVo-2M/5o“+Po“*) + i(W32/>0-^oM22). 

P8= i(wVo-3M*Po“ + 3Mpo“®-po“®) 

+ J{w{W 2 jPq —PqMjj) — {W22P0 —PoM,,)'*^) "h hi^XtPo ~Po^S3)’^ 


! (2-16) 


etc. To obtain the corresponding expansion a = ao + aj + a^-f... of a(A), which is 
the probability of finding the system in the state A at time (q, one simply writes 
A A' in the above; then = 0 and 


a2(A) == S a(A, A') ^4(A', A) {ao(A) ^ a„(A')}. (2-16) 


Since !iJ is Hermitian, and u is anti-Hermitian, p(A, A') == - ?/(A, A') *4(A', A) is a real 
positive quantity, which, in view of the relation 

a(A) - ao(A) + Si>(A, A'){ao(A0~a„(A)} (2-17) 

A' 

(correct to the second order), must be interpreted as tlie probability of a transition 
from the state A to the state A', or vice versa, in time t — 

For small 9S or ^ it may be expected that (2*17) will provide a sufficiently exact 
description of the changes occurring in the system. When ag is small, however, it 
may happen that becomes important; its value, according to (2*15), is 




= S Pi(A, A', A") {ao(A'')-Oo(A')} + SP2(A. A') {ao(A') -a„(A)}, 

A, A^ A^ 

p,(A,A'.A*) = i1R{M(A,A')«(A'.A'')tt(A',A)}, | 

Pj{A,A') = P{tt(A,A')MM(A',A) + tt„(A,A')tt(A',A)}.J 


{2-18) 


where 


(2-19) 
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3. Conservation of enerqv 

In the special but important case where ti does not vary with the time, it is pos¬ 
sible to calculate u, Wgg, etc., explicitly and so to reveal the time dejiendence of 
flj, etc. 

For convenience one writes t' - t~ t„, ^ — ho' = Ig' — Sp’', and abbreviates 

e*"'' to e, e*"'' to e', so that, according to (2-1J) and (2-13), 


ihii = He, 

ihu = 

1(0 

and, by integration of ” uu — un, 

AX2(A, A”) = 1)(C (3-2) 

It is clear that most of the elements of u and Wgg, etc., consist of terms wiiich are 
constant or periodic in the time; these terms must be rejected on the ground that tlicy 
do not represent continuous and permanent transitions from one state to another. 
When this is done, only those terms for which energy is conserved survive, thus: 



ihu “ 


(3-3) 


w 


It is easily verified that the same is true for all the u’s defined previously. As a result, 


p(A,A') = p|S8(A,A')|*«'»#©8', 


(3-4) 


and Pi(A, A', A") = - A') ®(A', A") «(A\ A)} 

P,(A,A') = -^3S3i|»(A,A')L; 

” oo' 0)' ^~Ui(A',A)j.J 


{3‘6) 


It has been assumed here that the energy levels form a discrete series; but in practice 

tfiey are generally continuous, and the summation S has to be interpreted as an 

4V 

integration. Then one finds that the principle of conservation of energy remains 
valid, although the time dependence of the u’s is different: 


Qtt 

p(A,A') = -~j»(A,A')|*<'^©0' 


(3-8) 


and PilA.A'.A") - ^{S 8 (A,A')®(A^A")S 8 (A^A)}^'^e&'Vft^^^ (3*7) 

whilst, as is shown in the second appendix, ^ 2 (A, A') effectively vanishes. It has been 
proved by one of the authors (Born 1 Q 26 ) that this principle of conservation of 
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energy can be generalized for systems which are subject to slowly varying external 
forces, where it becomes the ‘adiabatic principle\ in the terminology of Ehrenfest, 
though the term quasi-static would be more appropriate. Although in these circum¬ 
stances the energy is not conserved, it can be proved that no quantum transitions 
between different energy states take place; the general proof of this theorem for 
any approximation has been given by Born & Fock ( 1928 ). Their result will bo 
required subsequently for application to systems under the action of quasi-static 
external forces. When varies rapidly with the time, it is clear on physical grounds 
alone that the theorem can no longer hold: the system absorbs energy, which is 
generally converted into heat. In mathematical language, the w's are no longer 
diagonal in so that transitions from one energy state to another may occur. This, 
however, does not exclude the exceptional possibility that, owing to the physical 
natxire of the perturbation such jumps cannot occur; in such cases SS itself is 
diagonal in so that the a’s are also diagonal, quite independently of the ‘ adiabatic 

principle’. 


4. The geneeal //-theorem 

So far, no restriction has been put on the state of the system, characterized by the 
values of the a(A). Defining a quantity @ by the equation 


S = -|s«Wlog«W,| 


(4-1) 


Sjl = Va(A) = S«o(A), 

A A 

one finds, on substitution from (2-17) and neglecting squares and higher powers 
of the small quantity p(A, A'), 


® = -|2ao(A)loga„(A) + ^ 2i>(A,A'){l + logao(A)}{a„(A)-s(A')} 

= -|sao{A)loga,(A) + A s ?,(A,A')log[^^/J(a„(A)-ao(^^^^^ 
If (3-6) is introduced, one has further 


(4-2) 


S - ®(, 2nk 


In any case, 0 increases with time, and must continue to do so until 


t-U 


(4-3) 


0 (A) = o(A') for all A, A'for which m(A.A') 4 =(). (4-4) 

This is the condition for equilibrium, which could have been deduced immediately 
from ( 2 * 12 ); but only now can it be seen that, whatever the initial state, the effect 
of the perturbation is to cause the system to approach asymptotically a state in 
which (4*4) is satisfied. 

It has been assumed in the above that the remainder of the series 

(2*14) may be completely neglected; although these terms are very small under the 
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conditions postnlated, they have an effect when equiUbriom hMalinoet beenxeached. 
It is clear, from (2’18), that the condition for equilibrium (4*4) auffioes to make o, 
vanish. However, since A', A*) and j»,(A, A') are not neoesBarily positive, when 
Og has decreased to be of the same order as a^, the convergence on the eqoilibrium 
state will not necessarily proceed further, and the result will be continuous random 
fluctuations in the neighbourhood of equilibrium. This is in accord with experience; 
and it is clear that a new approach to the theory of phenomena such as the Brownian 
movement and the ‘ shot effect ’ can be made from this point of view. 

One might conclude immediately from the calculations of this section that S 
must be icIentJSed with the entropy of the system. It should be noticed, however, 
that if the system is imagined to be isolated from the rest of the world, ® vanishes, 
and there is no change in S, whatever the initial state of the system. This is neces¬ 
sarily so, since in the absence of external perturbations, the system must remain in 
the same quantum 'state, and any quantity defined solely in terms of the quantum 
state cannot be altered. It is true that it is physically impossible to isolate a system 
from all other objects, and that if it were possible, the system would be unobserv^able; 
yet one would expect that even in such conditions, the internal interactions would 
lead to an increase in the entropy of the system. In the next section it will be 
shown how to define a function which in this respect conforms more closely to the 
conception of macroscopic thermodynamics. 

5. Modification fob composite systems 

It will now be supposed that one has to do with a system 2" consisting of a number 
of subsystems (t = 1, in interaction with one another. There is no formal 
difference whether the system so far considered is identified with 2 or one of the 
2'^\ Ijet be the Hamiltonians of the individual subsystems, omitting the inter- 

J 

action energies of one with another. Write H = and let V be the total inter- 

action energy, so that 

+ (6-1) 

If there is a perturbation energy arising from influences external to 2, this is included 
in F; it is subject to the same restrictions as were mentioned in §2, to ensure the 
thermal isolation of the system. Substituting (6-1) in (2-7), one obtains 

iA,|?=(H-fF)p-p(H-(-F), (5-2) 

wliich is formally the same as (2'8). The commuting quantities which commute also 
with H are now simply the constants of the motion of all the uncoupled systems; 
also ffl(A<»)... A«)) = p(A(i)... A<», A<»... A«>), or briefly 


a(A«) = p(A<‘),A«)), 


{ 6 - 3 ) 
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the A*®-representation now becoming fundamental. Ciorresponding to (4"1), one has 

S « - s)a(A«>)logo(AW), (6-4) 

and it now follows, by an argument at every step identical with that employed in 
§§ 2 to 4, that S must increase until a state is reached for which the analogue of (4*4) 
is satisfied. Energy is conserved as long as V is not too large and does not depend 
explicitly on the time. 

Now, making the explicit assumption that the interaction is small, one has 

a(A<^)) - n (5*5) 

t-i 

where is the probability that is in the stat^ A^^\ If one writes 


*S'«) = - X log a<*>(A«>), = S a<«(A«)), 

A('> 

i 

then, since ^ = H it follows that 

t-i 

= i: 


(5*6) 


(5*7) 


Thus the entropy is additive for weakly coujded systems; the same can no longer 
be proved, however, for cases of strong interaction. 

In the limiting case of vanishing interaction, the quantities S and ® coalesce; 
but in general the interaction will cause an increase in S whilst © remains constant. 
This was discussed in the introduction, but can bo illustrated in a different way, by 
an example from the kinetic theory of gases. Consider a system of gas molecules 
distributed uniformly between perfectly reflecting walls, with a velocity distribu¬ 
tion differing from the natural equilibrium distribution. On account of the inter¬ 
action between the molecules, S will generally increase, and the distribution will 
approach more closely the equilibrium distribution. Imagine now, however, that 
there is no interaction between the molecules; then the velocity of each molecule 
remains unchanged, 8 is constant, and the velocity distribution is unaltered. 
@ remains constant, whether the moleculeskinteract or not. 

If the system considered is not a gas with small interactions between its molecules, 
but a liquid or solid, then this whole system can be identified with one of the 
the rest being surrounding bodies, which constitute a 'temperature bath', in the 
language of ordinary thermodynamics, assumed to be in energy contact with the 
system considered. This point of view is similar to that taken by Schrodinger ( 1946 ) 
in his exposition of statistical thermodynamics, except that our temperature bath 
may be a real environment, and not a fictitious one consisting of copies of the original 
system. 


Vol. 193, A. 


12 
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6. The EQtriLIBBIA of loosely OOirPLED SYSTEMS 

Thej condition for the equilibrium of the most general type of system, namely 
a(A) = a(A') for all A, A' for which ^/{A,A') + 0, must now be examined in greater 
detail. There will be among the (a == 1,..., n') a set of operators (a - 1,..., 

which commute not only witli If but also with V ; they are those constants of the 
motion which are not changed by the perturbation F. The number m of these 
' absolute' constants of the motion is in general much smaller than that («') of the A, 
The matrix w(A, A') is reducible, being diagonal in the eigenvalues /i of the M; the 
numerical degeneracy for the eigenvalue /i is deiiotod by w(/i). Then, in equilibrium, 
the a(A) must have the same value for all states A which liave the same //. Thus one 
may write a (/{^... A„.) = ... //,„), or briefly 

a(A) = «(//). (fl'l) 


It has already been seen that under adiabatic conditions, and in the absence of 
work performed by moving the constraints of the system, the energy H is one of 
the (i. By virtue of the ^adiabatic principle’ of Born & Fock already referred to, 
H is also included when quasi-static forces are acting. There may well be othei* 
quantities /i, however. For example, in a system which has an axis of symmetry 
in real space, the angular momentum about this axis will be included, and a system 
which is free to move in a given direction will have the momentum in this direction 
among the residual constants of the motion fi. Under non-adiabatic conditions, H 
will not be included, and quite a different variable may play the same role. 

Substituting (6-1) in (2*6), one finds for the density matrix in equilibrium the 
expression 


p{q,q’) = 


(6-2) 


where n(/i) is the degeneracy of the state /i ; this factor arises through the renormaliza¬ 
tion of the jJ^-functions after performing the summation 2 over all 

Mm) 

those A’s which correspond to the same //. This reduction has l>een found jmssible 
by consideration of the external constraints of the system; it will now be shown that 
the form of the function a{/i) is determined by the internal constitution of the system. 

Suppose the original system £ consists of a number of subsystems all in weak 
energy contact with one another; then (6*6) is satisfied, and in equilibrium takes 
the form , 

a(u) « n (6-3) 


Now the //- may always be expressed in terms of the A<^, thus: 

( 6 - 4 ) 

and the equations (6-3) and (6'4) suffice to determine a and as far as is possible 
without knowing the initial state of £ from which the state of equilibrium evolved. 

As a apexiial case, consider a system subject only to the condition that its energy 
remains constant; then the (i reduce to the single variable H. As the subsystems are 



The kinetic basis of thermodynamics 


177 


in energy contact with one another, the are not included among the /*, but (0-4) 

takes the form j 

v //(0 ( 6 * 5 ) 

*«i 

Substituting (6*5) in (6-3), and solving the resulting functional equation by the well- 
known method used by Maxwell in his attempt to prove the classical velocity 
distribution law in gases, one finds 

loga(/f) - a(H) = ^ 


( 0 - 6 ) 


log a<‘‘>(//<^>) - e/ 

i 

where /?, A and the A^^^ are constants, and -4 = S 

MaxwelFs argument was not rigorous, because it is impossible to imagine ‘weak 
energy contact ’ between different degrees of freedom of the same molecule, but the 
present derivation is quite free from this defect. Thus the fundamental Boltzmann 
law of statistical mechanics has been derived in a way which is not only perfectly 
rigorous, but is simpler and more fundamental than the usual method. 

The subsequent development of statistical thermodynamics from ( 6 - 6 ) is well 
known (cf. Schrodinger 1946 ), and will only be summarized here. 

The constant A is determined from ( 6 - 6 ) with the aid of the normalizing con¬ 
dition ^a(H) = 1 ; 

A 


A 


whilst the internal energy U is given by 


f/- Sa(//)H. 

A 


(6-7) 


( 6 - 8 ) 


Consider now the external work done in moving the external constraints of the 
system U. This process might be regarded as included among the irreversible changes 
discussed in earlier sections, but if effected very slowly may be treated specifically 
as a reversible change in virtue of the ‘adiabatic' theorem, quoted in § 3, and repre¬ 
sented by a variation of the eigenvalues of the unperturbed system. The increase 
in U when external work is done on the system, by moving the external constraints 
and consequently changing the eigenvahies A by the small quantities dA, is 

{Hda{H) + a{H) dH}, (6-9) 

and this exceeds the work done S ^{H) dH by the amount 

A 


Td8^Y.Hda{H) 

A 

A 


( 6 - 10 ) 


The additional term vanishes, according to (6-7). In 

A 

order that dS should be a perfect differential, one must have 1 /T = whore k is 


a pure constant, and 


8 


■k^fi(A' 

A 




( 6 - 11 ) 


12-2 
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apart from an unimportant constant. It thus appears that the whole of thermo¬ 
dynamics is contained in (6*6). 

However, this must be regarded as a special case even among equilibrium pheno¬ 
mena, in view of the general nature of the eqiiations (6-3) and (6-4). The possibility 
of treating the * dynamic equilibria ’ of systems under conditions more general than 
that of constant energy, in which other variables play the part of constants of the 
motion, may prove to be of considerable interest. 


7. Appendix 1 . By H:S. Green 
Here the exact solution of the equation 

= (71) 


is derived. If one writes S3 = w, where = 0 at time and substitutes 

p = (TPqT, & = tier, f = —TWj'l 
cr T = 1, when t ^ ) 

one sees that (7-1) is satisfied, and that is the value of p at time given by 


Po(A, A')-ao{A) (7^3) 

according to (2*6). It is now necessary to solve only the equations & = urr and 
f === — Tii. One requires the lemma in quantum algebra to the effect that if/(M.) is 
any power series in u, and v any operator, then 


’’/(«) =/(w) p+/'('«)^+/''(m)^ + •••. 

f(u)v = «/(«)-+ 

where m-- uv and == Vf^u — Jc ^ 1,2,3, etc. 

In particular, if v is the Hamiltonian operator, one obtains 

a/(«) - J/'w-^rw+ir (»)-.. 


(7-4) 


(7-6) 


where t/,, = uu — uii and == —wi,.* {k = 2,3,4, etc.). 

Hence, if one writes <t = cV, 

one obtains, using (7*4) for the transposition of each term, 


i + c“d'2 


\l! 2! ^3! 

= ue*‘cr 2 - e“ |--j + J] ^ + • • • j ^a 4 + • • •) 

e «(r + e“(-'!i,(r2+(*■,), 


(7-6) 


(7*7) 
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'2! 3! 4! 


(7-8) 


so that the equation o’ = licr is reduced to 

^2 “ ^ 2 ^ 2 * (^*^) 

For the complete specification of it is necessary to add the condition = 0 
at time 

Again, writing <t^ = one obtains 



d’s — 'agO’g, 

(7-10) 

where 

^ *^34 , 2^33 Sligg 

2! 3! ^ 4! 

(7.11) 

and ^34 = KgWa —' 

itgtia, ttse == W 34 W 2 —Mjttsi' suffix 1 in 

Uf^i has been chosen to 


indicate the power of S 3 which is involved in the expression; clearly == 0 ( 93 ^*^^), 
and decreases very rapidly with k when ® or ^ is small. One obtains finally 

O '=1 * (7*12) 

as the exact solution of the equation & ^ ucr, the boundary condition being satisfied 
as Uj Wg, etc., vanish at time Iq. Similarly one obtains 

r = ...e(7*13) 

so that p ^ e(7*14) 

Expanding all the exponentials in power series, and separating terms of the same 
order, one obtains the expansion 

p =11 Pq+Pj (7'lfi) 

where 


Pi ^ wpo’-PoW, 

Pt = i(wVo-“2ap(,tt-fpoW*)4-i(t^aaPo--Po«22)» 

^3 i(wVo“^^Vo'^ + 3upott®-po^*) 

H“ |{«(W 22 Po“"Po'^a 2 )*'(^82/^0'“/^O^22) W'!■ ^ 28 ^ 0 “*^23)* ( 7 * 16 ) 

Pa == ^(n^Po-^u^PoU + ^u^poU^- 4 :upQU^-¥poU^) 

i{^*(^^22/^0 "" Po^gg) ” ^^(**82Po ■“ Po^82) ^ (%2Po Po^82) ^*} 

+ JW^asPo^Po^aa) “ (w2aPo*^Po%3)^}+ K^mPo*” ^*^28Po^22 + Po^i2) 

■h i(Wg4po “ po'W]|4)-f-ii'M'giPo p0^34)» 

etc. This series can be obtained with much greater difficulty by ordinary time- 
dependent perturbation theory. 
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8. Appendix 2. By H. S. Green 

Here is given a formal proof of the statement in the test that A') effectively 
vanishes in the continuous spectrum. For brevity one writes 

= I (8-1) 

aj) = s.m, .&)•/ 

'• ««(.£», ^" 2i(a Bin lot') Ihdfi, 

H.O/’,ip) loci'. 


Then 

and 

t 

Hence 


(8-2) 

(8-3) 


<0") .§)dr = yj (/»«« !*<' - «sin iAn «n lcci'd/9doc 

2®’2AK(i^sina-asin/f) . 

“ sJJ ^ -r 7 j " iT.- - 

_ *^iiT^es A A\ rr/^sin*(/^8ina-a8m;^)dy?(ia 

= .-- 


for large t\ which does not increase with f and may therefore be ignored. 


(8^4) 
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Light-scattering in homogeneous media regarded as reflexion 
from appropriate thermal elastic waves 

Bv A. B. Bhatia, D.Phil. ant> Sir K. S. Kiushnax, F.R.S. 

University of A llahaixid 

{Received 21 May 1947) 


Attributing the Mcattering of light in a hornogoneoiis tran^pai-ent liquid to the local fluctua- 
tionH in dcuMity, and the latter to the superposition of the thermal elastic waves of difforont 
wave-lengths maintained in the enchwure, one may, following Einstein, evaluate the scat¬ 
tering coetriciont of the liquid along any given (iirwdion. The oxproHsion for the scattering 
coetHcient involveii a triple infinite stwies, which Einstein evaluates by suitably replacing 
it by a triple irttegral. TIio series, how*evor, can bo directly Humn)ed, and the t!ontributions 
from different progressive waves to scattering studied in detail. This method brings out 
prominently the appropriateness of regarding scattering as regular Bragg reflexions from 
suitable elastic waves, and also reveals some mtfjresting features which are missed when the 
summation is replaced by integration. 

The inter!sities of the Brillouin components are calculated on this basis, both in a fluid 
medium and in a (crystal; and in the latter case the expression for the overall intensity of tho 
Brillouin components is shown to be identical with the? well-known expression of Waller in 
X-rey scattering. 


1 , Einstein's treatment ok light-scatterinq in a liquid 

The intensity of light .scattered by a homogeneous liquid is calculated by Einstein 
( 1910 ) in the following manner. Consider for simplicity a monatomic liquid contained 
in a large cube of edge-length L, ()<x< LyO<y< L,0<z< L. The local fluctuations 
in the density of the liquid, due to thermal agitation, w hich ultimately produce the 
scattering, may be expressed in terms of the stationary elastic waves maintained 
in the cube: 


A 


‘ 27 Tpx . 2n<ry . 2nTZ .... ^ 


( 1 ) 


where A is the fluctuation in density at any point xyz from the mean value D^, and 
pen are positive integers which define as usual the stationary elastic waves; a 
stationary wave defined by given pen will consist in general of eight pi'ogressive waves 
whose wave-length is equal to 2 L/(p®+o’*-t-T‘*)*, and the direction-cosines of 
whose wave-normals (one in each octant of co-ordinate space) are given by the 
eight combinations of {±p, ±<r, ± T)l{p* -f- cr® -f- t®)*, 


Np„r = ^^r/A^,rr. (2) 

where is the frequency, and is the phase velocity, of elastic waves of wave¬ 
length 

Consider a small cube of edge-length I of the liquid, with its edges parallel to 
those of the large cube. The fraction of the incident light scattered by this element 
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of volume P, per unit solid angle, along a direction making an angle ^ with the 
incident direction, will then be given by 


SJ^ 


V V' V ^ ^^ ^ 


(3) 


where 8^ is the scattering coeificient per unit volume of the liquid per unit soUd 
angle along the direction considered, and is the corresponding coefficient for an 
individml (not isolated) atom in the liquid, n is the number of atoms per unit volume, 
is the time average of and 

i = = 1^(0—(To), ?: = |j^(T-To), (4) 


where are positive numbers, not necessarily integers, which analogously 

to par define certain wave-normal directions, and a wave-length, and are such that 

(1) one of the four pairs of wave-normals defined by them is along the bisector 
of the exterior angle n^(j> between the directions of incidence and of observation; 

(2) the wave-length Aq = 2X/(/7g-f cr§-f defined by them satisfies the Bragg 
condition for reflecting the incident light-waves along the direction of observation, 

"““'’‘y- 2A.8taJ^. A. (5) 

where A is the wave-length of the incident light. 

In other words, if there were elastic waves in the liquid of the above wave-length, 
and progressing along the above bisector in either direction, the coefficient of re¬ 
flexion of the incident light-waves from these elastic waves would be a maximum 
in the direction selected for observation of scatteriflg. 

In (3) we have expressed the scattering coefficient 8^ of the liquid along any given 
direction (ft in terms of the scattering coefficient of the atom, i.e. the atomic cross- 
section for scattering, along the same direction, namely, (t^. The <t^ introduced here 
is analogous to the well-known atom form factor for intensity in X-ray scattering. 
cr^ will be proportional to M*, where M is the dipole moment induced in the atom per 
unit ‘field in the medium’, and since the actual field acting on the atom which 
produces the dipole moment M is not merely the field in the medium but includes 
the polarization field due to surrounding atoms, ar^ will not be an atomic constant, 
but will depend also on the density of packing of the atoms in the medium. 

We may mention here that in Einsfein’s derivation, 8^ is expressed in terms of 
the local fluctuations in the refractivity of the liquid accompanying the fluctuations 
in density. We shall discuss the value of in the liquid in relation to the density of 
packing of the atoms, and the refractivity of the liquid, in § 6 of this paper. 

We should, however, emphasize here a fundamental assumption that underlies 
the derivation of relation (3). Consider a small element of volume v in the liquid 
containing on an average N atoms, the linear dimensions and the disposition of the 
volume element being such that the scattered radiations ftom the different parts 
of the element reach the observer in practically the same phase. If AW* is the mean 
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square of the fluctuation in the number of atoms in the volume element from its 
average value iV, the assumption referred to is that the contribution from tliis volume 
element to the scattering by the liquid is given by 

S^v ^ ( 6 ) 

We shall discuss the validity and the implications of this assumption when we 
take up in § 6 below the question of the relation between the atomic scattering 
coefficient in the liquid, and the density and the refractivity of the liquid. 


2 . Evaluation of the series appearing in ( 3 ) by integration 


Coming back to expression (3) for 8^, since the wave-length of light is long in 
comparison with the interat<3mic distance, the values of for the back¬ 

ward direction of observation, will be much smaller than the maximum values of 
par for the elastic waves, and since the significant values of sin^^/^^, sin^?//?;® and 
sin^^/f® are confined to small values of rj and ^ respectively, the summations in 
(3) may be taken to extend over all permitted (discrete) values of ^ or 7/ or ^ as the 
case may be, from —oo to +qo. 

Now par vary in steps of unity, and for given directions of incidence and observa¬ 
tion, i.e. for given Pq(TqTq, the corresponding steps in the variation of will be 
^nljL, and can be made infinitesimally s mall by making I sufficiently small in com¬ 
parison with L, Doing so, and regarding as independent of par —which will be 

practically the case at room temperature, which is high enough for the thermal 
energies of the long elastic waves that are involved here to be nearly proportional 
to the absolute temj>erature—we obtain 




sin* i sin* ij sin* f 




8in*^8m*i;sin*^ 


didfid^ 





(7) 


from which we obtain 


8^ 


n‘(T, 




At the high temperatures that we are considering 


( 8 ) 


m 




(9) 


where /? is the isothermal compressibility of the liquid, and k is the Boltzmann 
constant, and we obtain for the scattering coefficient per unit volume, per unit solid 
angle, along the direction considered 


= n^cr^kTfi. ( 10 ) 

For a gas obeying Boyle’s law, nkTfi — 1, and 8^ becomes equal to ncr^, as should 
be expected since the scattered radiations even from neighbouring atoms will then 
be of random phases. In the other extreme case where all the atoms scatter in the 
same phase, 8^ will evidently be equal to nV^. 
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3 . Direct sitmmation of the series 

We wish to point out here that the series appearing on the left-hand side of (7) 
may be summed up directly, and to draw attention to certain interesting features 
in scattering that are revealed by the summation, and are missed when it is replaced 
by integration in the manner described above. What is required is the sum of the 
values of sin^^/^^, etc., at equal intervals a — \nllL, and it can be shown that 

a’ ^ ^ 

where n is an integer, 0 < a ^ ;r, and 0 is a constant. (6 in our problem is equal to 
^nljL times the fractional part of or cTq or 7^, as the case may be.) The proof is 
as follows: 

Consider the well-known series* 


rsin y] sin{(-n-f /})y}l ^ sin 

n^l L.^ + J f 


( 12 ) 


in which ytf is a constant and n an integer. In the interval 0 ^ ?/ < 27r, the series 
in (12) can be integrated terra by term (i.e. the sum of the series of inU^grals thus 
obtained will be equal to the integral of the sum), since it is uniformly convergent 
except in the neighbourhood of zero, and is boundedly convergent over the w hole 
interval including zero. Replacing each sine term in (12) by the product of a sine 
and cosine term, and integrating, we have 


„ “ rsin*{(n + /?) yl2} sin* {{-n+fi)yj'Zn _ ^ .Jy . 

\?.L—r»+ss- J - 


(13) 


Putting ly ~ a, a/? = 0, transposing 

p z 

both sides by a^, a + 0, we obtain for 0 < a < w 


to the left-hand side, and dividing 


sii^ {noL + <?) _ ^ 
{ncL^df 


This can be readily seen to be true for a = ;r also, and hence (11) holds over the 
interval 0<a:^7r,t 

We notice in particular that the sum in (11) is independent of 0. 

(bming back to the series appearing on the left-hand side of (7), we obtain 


using (II) 




i V C 


/xrr 


-8in*^sin*j?sin*^ 




the same result as obtained in (7) by integration. 


vSeo, for example, J. Bromwich, An hUroductimi to the Theory of Infinite> *S^eri‘e«(Macmillan, 
1931, p. 371). 

t We are thankful to Professor Norbert Wiener for the following elegant alternative proof 
of (11). 


Let 
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Since the series can be summed up, it is not necessary to make I small. One may 
choose I as large as one likes, even make it equal L, in which case a Ixjoornes equal to 
and still satisfies the condition 0 < a ^ tt. 

Making I — L, one obtains from (3) 



n 


p (T r 


(15) 


where 


^ ® sin^ (Inn *f 

V . .^ . . „ e! 

{\nn + 0^f ’ 


(16) 


and 0^ — \n times the fractional part of etc. 

Each of the three sums appearing in (15) is obviously equal to 2, giving for 
the same value (8) as before. 


4. Ltoht-scattkhinq reoardkd as heflkxion 

FROM APFROFRIATE KEASTIC WAVES 

Expressions (15) and (Ifi) for give us the following information: 

(1) For any given stationary wave (specified by given par) (15) and (16) give the 
variation of its contribution to with the change in the direction of incidence, or of 
observation, i.e. with the change in po^o^o* "^^e variation is as 

sin^ . sin* Tjjif . sin^ 
i = 0, when « p, etc., 
and dildp^y = dijIdaQ - d^jdrQ = 

(2) For any given directions of incidence and of observation, i.e. for any given 
PqO-oTo, (15) and (16) give the contributions to from different stationary waves, 


bo the Fourier transform of the function 


Then 


gM 


/(«) = 

sin* (« + ^) 

(u+<?)> 

/■ 

single 

“ V( 2 »^) J 

- c' 

.^00 w* 

^-ivd 





., aay. 

e*^^dw 

4:0 when ~ 2 <v< 2 . 


A^ow according to Poisson’s formula, 

+ ® J(2n) /2nn\ 

S /(na)=y-'--' S gi---). 

n=-ot3 a ot. \ OE / 

where n is on integer, and a > 0. If furtlier, as in oiur problem, a is not greater than tt, there is 
only one value of n for which differs from 0, namely n = 0; and .<?(0) = an<l is 

independent of 6. Hence 


+ ® J(2,n) In n 
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i.e. Btationary waves of differing p<TT\ these contributions also are proportional to 

^ being zero when p - p^, etc., and a change of /? or er 
or T by unity, as will occur when we pass from one stationary wave to the adjacent 
one, corresponding to a change of \7t in or or respectively. 

It can be readily seen that the resolving power of the stationary waves regarded 
as forming a reflexion grating is just half that necessary to resolve, in the Rayleigh 
sense, the reflexions from adjacent stationary waves, by which we mean stationary 
waves whose p or cr or r values differ by unity. Hence the significant part of the 
contribution to comes from waves whose par lie close to PqO’qTq, and practically 
lie in the range p^ ± 2, (Tq ± 2, Tq ± 2. Hence it is not now necessary to assume the 
independence of on per. We choose for B® the value appropriate to the neigh¬ 
bourhood of Po^^o'^o- 

On the other hand, when the scattering volume is restricted to a small element P, 
l4,L, the resolving power of the elastic waves inside the element regarded as 
forming a reflexion grating naturally becomes smaller by a factor l/L, and hence not 
only the few elastic waves whose par values He in the close neighbourhood of PqCTqTq, 
but waves corresponding to a much wider range, {pQ-2Ljl)<p<(p^^-h2Ljl)y etc., 
will apparently contribute to the scattering along any given direction. 

4 * 00 

Now when I = L each of the sums S appearing in (15) is equal to 2, 

f s" eo 

which is just twice the value of sin*^/^* at | = 0, etc. Their product will therefore 
be 8 times the value at ^ = 0. Now in reflexion from a stratified medium, 

it will be seen by applying Huyghens’s principle, that the variations in density along 
the normal to the reflecting plane alone will affect the intensity of reflexion in the 
Bragg direction. Hence the above result indicates that is eight times the coeflicient 
of reflexion along the Bragg direction of reflexion from a pair of progressive elastic 
waves, extending over the whole volume of the liquid, the two progressive waves 
travelling in opposite directions along the bisector of the exterior angle between the 
directions of incidence and of observation, the wave-length of these waves, 

Ao = 2X-/(pS-Krg-l-Tg)* = A/(2sin 

being that appropriate for giving a Bragg reflexion of the incident light-waves of 
wave-length A along the direction of observation, and the energy of each of the two 
progressive waves being me-eighth of the energy associated with a normal mode of 
vibration,* or one-eighth of the energy of a Planck oscillator of frequency Nq corre¬ 
sponding to the wave-length Ap. It follows that 8^ may also be taken to be just the 
coefficient of reflexion along the Bragg direction of reflexion, from these two pro¬ 
gressive waves, provided we assign to each of these waves the full energy of a Planck 
oscillator of the appropriate frequency Ng. 


* Since eight such progressive waves constitute one normal mode of vibration. 
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6. Intensity of scattering in terms of the energy anp velocity 
OP propagation of the reflecting elastic waves 


In the last section we noticed that practically the whole of the contribution to the 
observed scattering along any given direction comes from the few elastic waves in 
the close neighbourhood of those in a position to reflect, in the Bragg sense, the 
incident light-waves along the direction of observation, i.e, from those elastic waves 
whose par values lie in the close neighbourhood of Po^o'^o* hence expression (8) 

for namely, 


& 




will be valid even under conditions when may not be independent of par, o.g. 
at low temperatures, provided we use for B^ the value appropriate for 1^^ 

that case it will be convenient to express in terms of the energy and the 

velocity of propagation of the elastic waves defined byinstead of in terras of 
k'T/i as we did at the high temperatures. The expression for will now be of the form 



n^a^ 


E{No) 


(17) 


where E(Nq} is the energy of a Planck oscillator of frequency Nq and is equal to 
—1)4* fhe velocity of propagation of elastic waves of this 

frequency in the liquid, 

W- Ao-2L/(pg + rrg4-rg)i. 

For the long elastic waves Ao>n"* involved in light-scattering, Vq will be practically 
independent of the wave-length A,,, and will be equal to leading to the same 

expression for as before. 

We have confined ourselves till now to a fluid medium, in which the elastic waves 
concerned in reflecting the incident light-waves, and thus producing the observed 
scattering, are longitudinal waves, the direction of displacement of the atoms under 
tluNSje waves being along the wave-normal, i.e. along the normal to the reflecting plane. 
This will be the case in an elastically isotropic solid also. If, however, the medium 
is an elastically anisotropic solid, the wave-length Aq and the direction of the wave- 
normal, say Oq, of the elastic waves which by reflexion of the incident light-waves 
]>roduce the scattering, will still be determined in the same manner as before, namely 
frequency and the velocity of propagation of these elastic 
waves will now he dependent on the direction of the wave-normal in the 
crystal, and will have three different values, corresponding to the three directions 
of displacement in the crystal associated with elastic waves of a given wave-length, 
and given wave-normal direction.. Further, the directions of displacement will not 
in general be parallel and perpendicular respectively to the direction of the wave- 
normal n^, as in an elastically isotropic medium, but will be inclined to this direction. 
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Let Wj, 6 > 2 , W 3 be the angles which the three directions of displacement make with the 
direction of the wave-normal of the elastic waves. According to Huyghens^s principle 
it is only the components of the displacements along the normal to the reflecting 
plane that will determine the intensity of reflexion. Hence the scattering coefficient 
will now be given by 


E(N,)oo^ho, 
' Ff 


(18) 


where Nf ^ VJA^, and i = 1 , 2 , 3 , are the frequencies and the velocities of pro- 
pagation of the three polarized elastic waves associated with the wave-length 
and the wave-normal n^, both defined by Po^oro* 

Expression (18) can be readily recognized as Waller’s ( 1925 ) expression for the 
intensity of scattering of X-rays of wave-length A for the case when 


Ao == A/(2sin^^)>w~*. 

V( can be expressed as usual in terms of the elastic constants of the crystal, which 
for such long wave-lengths A^ as are involved here, will be practically the same as 
the static elastic constants of the crystal. 


6. The atomic cross-section for scattering 

Coming back to the liquid medium, we proceed to evaluate the cross-section of 
the atom in the liquid for scattering, namely cr^. If the incident light is linearly 
polarized, and the direction of observation makes an angle 0 with the electric vector 
of the incident light (and <f> with the direction of propagation of the incident light, 
as before) cr^, as we have defined it, will evidently be given by 

cr^ == (27r/A)^ Jlf^sin^P, (19) 

where M is the dipole moment induced in the atom per unit 'field in the medium 
as usually defined, of the electric vector of the incident light-wave, and is given by 

where x is the optical susceptibility and e is the square of the refractive index, of 
the liquid. 

Hence or^ « -^ 4 -- sin* 0. ( 21 ) 

We should emphasize here that the field actually acting on the atom, and pro- 
duoing the dipole moment M, is not merely the field in the medium, say E, but also 
includes the polarization field P due to the dipole moments similarly induced in all 
the surrounding atoms. Hence x in expression ( 20 ) will not be just proportional to n 
(except in a gas where e 1 ), but will be greater. If the polarization field P has the 
Lorentz value, namely P = ^nxEjSf the total field which acts on an atom and 
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induces the dipole moment M, will be 1 + 47rx/3 or {6 + 2)/3 times E, where e is the 
mean dielectric constant of the medium. Hence neither Jkf, nor as we have defined 
it, which is proportional to ilf ®, will be atomic constants, but will depend also on 
the density of packing of the atoms in the medium. If the dielectric constant con¬ 


forms to the Lorentz formula, will be proportional to 



and will be corre¬ 


spondingly much higher in the liquid than in the gaseous state. 

Expressions (19) and (20) are intended to refer to the case when the incident light 
is linearly polarized, and the direction of observation makes an angle 6 with the 
direction of the electric vector of the incident light-wave. If the incident light is 
unpolarized, sin^ 6 in the above expressions will have to be replaced by (1 4- cos^(^)/2, 
and for other polarizations of the incident light by a suitable factor f{P) which can 
be readily calculated. 

Substituting the value of deduced here in expression (10) for we obtain 



n'^kTp 


{e-miP). 


( 22 ) 


7 . Comparison with Einstein’s valite 


We expressed in the first place in terms of the atomic scattering coefficient 
and thence deduced expression (22) for 8^, whereas in Einstein’s derivation, as 
we mentioned in an earlier section, 8^ is connected directly with the local fluctuations 
in the refractivity of the liquid accompanying the fluctuations in density. The two 
are related in the following manner. 

in our notation gives the scattering per unit volume from an element of 
volume when all the atoms in the element scatter in the same phase. This would 
correspond in Einstein’s derivation to n^jX^DdejdDYfiP). In evaluating 
Einstein adopts the Lorentz relation 


e-1 1 


constant, 


which gives on differentiating with reference to D 


of 

de 


. .6 + 2 

(e l)- g , 


(23) 


(24) 


(26) 


which leads to Einstein’s expression for 5^, namely 

/e + 2\* 

This differs from (22) in that it includes the factor (“^"1 ^hich is not present 
in (22). ' ’ 

This discrepancy is due to the following circumstance. 0c/0D occurring in Einstein’s 
expression for 8^ denotes the fluctuation in e in any small element of volume of the 
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liquid accompanying the fluctuation in its density />, per unit valtie of the latter. 
Adopting a suitable formula connecting e and D for the liquid, for example the 
Lorentz formula (23), os we have done, we would not be justified in obtaining the 
required value of de/dD by differentiating e in the expression with reference to D. 
Such a differentiation would give the change in e consequent on a change of D, per 
unit value of the latter, when the density D of the liquid is varied uniformly through¬ 
out the liquid, whereas the variations of density we are concerned with here are 
local fluctuations, the fluctuations in different regions being uncorrelated with one 
another. In order to obtain the value of de/dD appropriate for such local variations 
in density, we need to know how the polarization field at any point, which is equal to 
^ (e— l)/3 times the field in the medium, and which together with the latter 
gives a total field (e + 2)/3 times the field in the medium, varies with the fluctuations 
of density at the point. Now the polarization field at any point will be determined 
not only by the density of distribution of the atomic dipoles in its close neighbourhood 
but in the whole of the surrounding regions. Hence though e appearing in the 
numerator of (23) will vary in accordance with the fluctuations in density at the 
point, e occurring in the denominator of (23), which comes through the factor 
(€4-2)/3 which gives the ratio of the actual field to the field in the medium, both at 
the point, will not vary in the same manner. From some arguments put forward 
by Ramanathan ( 1927 ) it appears that to a first approximation the polarization 
field at any point iti the medium should be independent of the fluctuation in density 
at the point. In other words the value of dejdD appropriate to our problem would 
approximate more closely to the expression 

rather than to (e- l)?ii 


obtained by direct differentiation of Lorentz’s expression, and given in (24). 

The fundamental assumption underlying our derivation of expression (3) for 
namely that the contribution to from a small element of volume v in the 
liquid containing on an average N atoms, and so small that the scattered radiations 
from different parts of the volume may be regarded as being in practically the same 
phase, is given by ( 6 ), 8^v == is indeed equivalent to assuming that the 

Lorentz polarization field at ajiy point in the liquid is practically independent of 

+ 2 \® 

—-1 

in our expression for as compared with Einstein's. 

The available experimental data for light-scattering in a large number of liquids, 
as was shown by one of us several years ago (Krishnan 1926 ), point definitely to the 

( e 4- 2\ * 

1 from Einstein’s expression ( 20 ) for the scattering 

coefficient in a liquid. 
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We have neglected till now the small changes in frequency accompanying scat¬ 
tering, i.e. the enhancement and degradation in frequency accompanying the 
reflexions respectively from the two sets of progressive waves travelling in opposite 
directions, to which attention was first drawn by Brillouin ( 1914 , 1922 ). Consider 
an elastic wave defined by par and having a frequency and extending over the 
whole volume L® of the liquid. The contribution from this wave to the scattering 
coefficient along the direction ^ selected for observation of scattering, which we 
shall denote by will now consist of two terms, as Brillouin ( 1933 ) has shown, 

namely 

+ (27) 


where the two terms with superscripts + and — correspond respectively to scat¬ 
tering of enhanced and degraded frequencies, namely v' == v±N^^^. Let us denote 
by ky., ky and k^ the components of the wave-vector k of the incident light-wave, 
and by X'', ky and k'^ the components of the wave-veck>r k' of the scattered radiation ; 

= 1/A = vjv, and k' = I/A' = p'Iv\ where v and v' are the velocities in the liquid 
of the incident and the scattered radiations respectively; v' besides being slightly 
different from v, will also be slightly different for the two values of k'. Either of 
the two terms in (27) will now be given by 


l”,Up(rT 128^5 ^ If* C ’ 

in which are now given by 


(28) 


^np-nL\K~k'^\' 

Tf = \n(T~nL\ky-ky \ •, 
f = \7n-nL I kg~k'g |. 


(29) 


Corresponding respectively to the two values of k'. 

It will be seen from (29) that the condition ^ = i; = f = 0, which defines the 
directions of maximum intensity of reflexion for the two fi^quencies, is not now the 
same as the Bragg condition, namely p = Po> ^ ~ ’’o> corresponds to 

slightly different values of par, which we shall denote by PoO'^p’l, respectively. 
PotTgTo will also be slightly different for the two Brillouin components. 

In the special case when k' is put equal to k, i.e., when we neglect the change in 
frequency accompanying reflexion, p',i<r'fpr't, reduce to PoO^qTq as they should, and 
will then be equal to r‘8^];;rT» aiid {^^p,rr will be twice the value given by the 
right-hand side of (28). 

Considering the general case, and confining ourselves to a given direction of 
incidence, and a given direction of observation, it will be readily seen from (29) 
that as we pass from one elastic wave to another, the corresponding change in g 
(and similarly in rf or g) will be given by 


Ag/Ap * ^n + nLA^cl^p, 


(30) 
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which in view of the relation = pj{%L), where is the :r-coinponent of the 
elastic wave-vector K, and K ^ + becomes 



Ap 

rrr nr 

“21^ ^ J " 2 L k' ~K AA'J • 

(31) 

Now 


A(v'k') AN A(FA) 

Ap ~ ~ Ap ~ ~ Ap 

(32) 

Hence 


Ak' ANjAK. 0 

AK^-Av'fAk' -g'’ 

(33) 


where and G are the group velocities of the scattered light-waves, and of the 
elastic waves in the neighbourhood of the wave-number K, respecti\"ely. Therefore 


Kp 21 - K ■ 


(34) 


In the second term inside the square brackets, and KJK are direction- 
cosines, and hence will not exceed unity, and Qjg' will m geneml be of the same order 
of magnitude as Vjv\ the ratio of the velocity of sound to that of light, and hence 
the second term will be negligible in comparison with the first term, and A^/Ap, 
and similarly Ai//A<r and Af/Ar, will be almost exactly equal to In other words 
as we pass from one stationary elastic wave to the adjacent one, and the p or (r or r 
values change by steps of unity, the corres|x>nding changes in will be in stops of 
practically as before. 

Since etc., are practically ^tt, or will be significant for only 

a few values of par in the close neighbourhood of the corresponding p^fr^TQ, or 
practically of PoO'o^o* Po—Po, ^tc., can be readily shown to be less than 4:Lk. Vjv, 

and hence less than 1 when L is of the order of unity. In other words the frequencies 
and the mean square of amplitude for the elastic waves concerned 

effecMvely in scattering either of the Brillouin components, will be practically those 
corresponding to PoCt^Tq, In other words for any given direction of incidence, and 
of observation at an angle fi, the changes in frequency will be practically ± Nq, and 
the intensity of either component will be given by 


«?+ <?- «*/r ^*-5* 8in*^sm*i?8m*f 


(35) 


(36) 


Thus the coefficient of scattering of either of the Brillouin oomponente separately, 
of enhanced or degraded frequency, p' = v + N^ per unit volume, per unit solid angle, 
will as before be equal to eight times the maximum intensity of reflexion from a 
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progressive wave of the appropriate frequency travelling along the appropriate 
direction, and extending over the whole volume L® of the liquid, and having one- 
eighth the energy of a Planck oscillator of frequency Nq. 

This result is the same as that obtained by Brillouin ( 1933 ) who assumed the two 
progressive waves that give rise respectively to the two spectral components in 
scattering as each having the full energy of a Planck oscillator, and further arbitrarily 
took the scattering coefficient as equal to the reflexion coefficient at the maximum 
corresponding to^ = j; = f = 0 . 

In a crystal too, the wave numbers of the elastic waves whicH effectively con¬ 
tribute to the scattering along any given direction, will be defined as before by 
Po<^oro, and practically by po^'o^o- but in general there will be three different values 
of Nq associated with the three velocities of propagation of a wave whose wave-length 
and wave-normal are defined by and hence there will be three pairs of 

Brillouin components whose frequencies are 

= (i = 1,2,3). 

On this basis the intensities of the Brillouin components corresponding to the same 
frequency shift on either side, will be the same, whereas the intensities of the three 
components on any one side, corresponding to the three values of N^, will be widely 
different, the intensities of the three being given respectively by (see (18)) 


n\E{Ni)coB^(Oi 


1,2,3); 


(37) 


and and N^, and hence Vi also, being widely different for the three components. 


9. Relative intensities of the Stokes and the 
anti-Stokes Brillouin components 

From the point of view adopted above, which regards the Brillouin components 
on either side as Doppler shifts accompanying reflexions from the appropriate 
progressive waves moving in opposite directions, the enhanced and degraded 
frequencies corresponding to the same frequency shift should be of the same 
intensity. Though this will be true at all ordinary temperatures T^hNJk, where k 
is the Boltzmann constant, this will not be the case at low temperatures. The 
intensities will then have to be calculated on the quantum theory, as in the case of 
the intensities of the Ramon spectra. Indeed the Brillouin components are the 
Stokes and the anti-Stokes Raman lines respectively, due to acoustic frequencies, 
whereas the usual Raman spectra are due to the vibrational and rotational fre¬ 
quencies characteristic of the medium, i.e. due to the optical branches of the elastic 
waves, which also will be present in general, and which for simplicity, we have 
neglected till now, in the crystal explicitly, and in the liquid implicitly by assuming 
the liquid to be monatomic. 

There is one striking difference between Raman spectra due to the acoustic and 
the optical branches of the elastic waves. Whereas for the optical branch of the elastic 
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waves the frequency is practically independent of the wave-length A ^ A/{2ain j^), 

and hence the corresponding Raman shifts — ± are independent of A, and 
therefore of the direction of scattering, for the acoustic branch is nearly pro¬ 
portional to 1/A, and hence the frequency shifts of the Brillouin components are 
proportional to 1 /A, and hence vary as sin 
The effect of including the optical branch will be twofold. Besides the appearance 
of the usual Raman spectra the polarization characteristics of ordinary scattering 
also will be greatly altered, since for the scattering atoms will be a function of the 

direction of the electric vector of the incident light-wave'in relation to the disposi¬ 
tions of the different atoms. In other words the optical branch of the elastic spectrum 
will not only produce Raman spectra corresponding to much larger frequency shifts 
than are involved in Brillouin splitting, but will affect the polarization of ordinary 
scattering—in a liquid the effect will be the same as that attributed in the usual 
treatment to the optical anisotropy of the molecules in the medium. 


Summary 


The intensity of light scattered by a homogeneous monatomic liquid can be 
calculated readily, following Einstein, by attributing the scattering to the local 
fluctuations in density, and regarding the latter as due to the superposition of the 
standing or progressive elastic waves of different wave-lengths. The expression for 
the scattering coefficient along any given direction involves a triple infinite series, 


each of which is of the form 


-f- of.* 

2: a 

n*-* ~ 00 


sin*(wa + <9) 


-, where n is an integer, and a and 6 are 


(na + 6Y 

positive constants. By splitting the medium into small volume elements, a may be 
made sufficiently small, and the summation may be replaced by integration, and 
this is usually done. But this is not necessary, since the series can be summed even 
when a is not so small, provided 0<a<jr, which is actually the case, since, even 
when the volume element chosen is the whole of the medium a is just Jtt. 

Taking the medium as a whole, one finds that the elastic waves regarded as forming 
a reflexion grating, have a high resolving power, actually half tha^t necessary to 
resolve in the Rayleigh sense the reflexions firom adjacent elastic waves; and hence 
it becomes convenient to regard scattering in terms of reflexion from the appropriate 
elastic waves. 

On this basis, the coefficient of scattering along any given direction comes out to 
be eight times the coefficient of reflexion at the maximum from just two progressive 
waves in the medium which satisfy the Bragg law, each of the two waves having 
one-eighth the energy of a Planck oscillator of the same frequency as the waves. 

These two progressive waves give rise respectively to the two Brillouin components 
in scattering, and the intensity of either of them deduced in the above manner agrees 
with that given by Brillouin, who assumed each of the progressive waves to have the 
full energy of a Planck oscillator, and who further arbitrarily took the soattering 
coefficient as equal to the reflexion coefficient at its maximum. 
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The calculation of intensity is extended to a crystalline medium, and the expression 
for the total intensity of all the BrilJouin components together, is shown to be 
identical with Waller’s expression for X-ray scattering. 

For more precise calculation pf intensity the Brillouin components have to be 
regarded as the Raman spectra due to acoustic frequencies, as distinguished from 
the usual Raman spectra, which also will be present when the elastic spectrum 
consists of optical branches also. 
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Relativistic equations for elementary particles J 

By Harish-Chandra, Gonvilh and Cains College, University of Cambridge^ 
(Communicated by D. R. Hartree, F.R.S.—Received 3 December 1946) 

From the general principles of quantum mechanics it is deduced that the wave equation of n 
particle can always be writteii as a linear differential equation of the first order with matrix 
coefficients. The principle of relativity and the elementary natiiro of the particle tlien impose 
certain restrictions on these coefficient matrices. A general theory for an elementary particle 
is set up under certain assumptions regarding these matrices. Besides, two physical assump¬ 
tions concerning the particle are made, namely, (i) that it satisfies the usual second-order 
wave equation with a fixed value of the rest mass, and (ii) either the total charge or the total 
energy for the particle-field is positive definite. It is shown that in consequence of (ii) the 
tlioory can be quantised in the interaction free case. On introducing electromagnetic inter¬ 
action it is found that the particle exlubifs a pure magnetic moment in the non-relativistic 
approximation. The well-known equations for the electron and the meson are included as 
special cases in the present scheme. As a further illustration of the theory the coefficient 
matrices corresponding to a new elementary particle are constructed. This particle is shown 
to have states of spin both } and J, In a certain sense it exhibits an irmer structure in addition 
to the spin. In the non-relativistic approximation the behaviour of this particle in an 
electromagnetic field is the same as tliat of the Dirac electron. Finally, the transition from 
the particle to the wave form of the equations of motion is effected and the field equations are 
given in terms of tensors and spinors. 

t A short sununary of this paper was read at the Physical Society Conference held in July 
1946 at Cambridge. 

§ Now at The Institute for Advanced Study, Princeton, N.J,. U.S.A. 
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1. Introduction and general theobv 

In quantum mechanics every particle is described through a wave function 
A complete description of the behaviour of the particle therefore implies the know¬ 
ledge of the value of tj/ at all space-time points. A^y set of physical laws governing 
the particle are to be translated into the corresponding mathematical equations 
satisfied by The entire system of these equations is called the equation of motion 

of the particle. In accordance with the principle of near action one assumes that 
these equations can always be put in the differential form. The principle of stiper- 
position then requhes that these differential equations be linear in ijr. 

In general it may be necessary to use more than one wave function to describe 
the particle as, for example, in the case of the electron. Assuming that a finite 
number of them are sufficient one can write them as v^^i, ^2 ,^ usual to 
call these n functions the components of one wave function This terminology, 
which has been taken over from the theory of vector spaces in mathematics, has 
the following two physical justifications, except for which it would have been simpler 
to treat the n functions separately and thus regard the particle as composed of 71 
physically simpler entities. First, these functions are in general not independent, 
since they are interconnected through the equations of motion. Therefore it may 
not be possible to put, say, all except equal to zero for all time. The second 
justification de|)end8 on the principle of relativity according to which all physical 
laws should be expressible in the same mathematical form in different co-ordinate 
systems moving uniformly with respect to each other. In order to be able to pre¬ 
serve the form of the equation of motion under a Ijorentz transformation it is, in 
general, necessary to assume that in the new co-ordinate system the components 
of the same wave function are given by suitable linear combinations of those in the 
old one. This is illustrated in the case of the electromagnetic field where a pure 
electric field gives rise to magnetic components in a transformed system. It is 
therefore not possible to separate the electric and the magnetic components of the 
field in a relativistic way. 

Returning to the equations of motion one notices that any system of linear 
differential equations can always be replaced by a suitable system of linear differ¬ 
ential equations of the first order merely by defining new functions which are equal 
to the derivatives of the previous ones (Courant & Hilbert 1937, p. 10). Therefore 
one can bring the equations to the form 

where and are suitable coefficients. Here the summation convention for the 
tensor index k (A' = 0,1,2,3) is used, and as usual the metric tensor (fl'ja = 0, i + Z; 
000 = * "S'as “ 1) employed for raising and lowering the tensor 

indices, m and n are suitable integers. Considering the interaction free case so that 
no physical quantity other than i/r can enter into (1), it follows that the c’s must be 
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given functions of It will be assumed that they are constants. ( 1 ) can then be 
written as 

^ ^ djdx^), ( 2 ) 


where y^ 


1 

i 


c*^|| and/]^ 



are mxn matrices operating on the nx \ matrix 


yir “ II II and x in ^ numerical constant + 0 . Now in accordance with the prin¬ 
ciples of relativity and quantum mechanics one requires that in a new Lorentz frame 
the components of the same wave function be given by suitable linear combinations 
of those in the old one. Therefore for every Lorentz transformation t given by 


4 = 


(3a) 


there exists an n x r?. matrix T(t) with constant coefficients such that the new nxl 
matrix formed from the components in the new system is given by 


(36) 

However, in present quantum mechanics, it is sufficient for all physical purposes 
to determine ij/' to within a constant factor of modulus unity. Therefore, in order 
that one may be able to calculate tjr' unambiguously from ijr to within this factor, 
it is necessary and sufficient that for any two Lorentz transformations s and i and 
their product 8t the following relation should hold: 


T{8)T(t)^io{8,t)T{8i). (4) 

Here a»(s, i) is a imimodular complex number. By multiplying the matrices T(i) 
with suitable imimodular factors it can then always be arranged that t) ^ ±l 
(Wigner 1939 ). (4) then implies that the matrices T(t) constitute a representation 
of the Lorentz group, the double-valued representations being permitted. Further, 
in order to ensure the relativistic invariance of the equations of motion ( 2 ), one 
assumes that for every Lorentz transformation t there exists an m x m matrix 

rw such that rwy,T-Hi)-iJr,. (»«) 


= (66) 

It is now necessary to introduce the concept of decomposability. Let 91 be a 
vector space and let (t = 1 ,..., y; j > 2 ) be subspaces of JR such that 

91 = 9t,©91a®...eSR^. (0) 

where ® denotes a direct sum. Then 91 is said to be decomposed into a direct sum 
of 9l<. Let <B be another vector space and let T be a linear transformation of 91 intoJ 
Then one writes T: 91 If T transforms 91< into a subspace of © one writes 

TI 9ij: 91i -»■ ©(. A simultaneous decomposition 

91 = 91i®...©9i,, (7o) 

® = @1®...©©, (76) 


f The preposition 'into’ is used in the usual sense. It includes the case when the trans¬ 
formation is ‘on to’ (see Lefsohetz 194a. p. 2). 
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(j^ 2 ) of 91, @ is said to be allowed under T if T | 9if: (» == 1 ,j). In par¬ 

ticular, if © is the same as 91, (7) is an allowed decorapositionj of 9i, 91. On the other 
hand, the decomposition ( 6 ) of 91 is said to be allowed under T if T ;9l“>'91 and 
T 1 91^ :9l^->'91/ (i = 1,j)- 9l< are then said to be invariant under T. Now let 
Z be a set of linear transformations of the following three types: 

(1) ?\:9l->91, (2) (3) 

Then the simultaneous decomposition (7) is said to be allowed under -S’ if (i) the 
decomposition (7 a) of 91 is allowed under all (ii)the simultaneous decomposition 
(7) of 91, © is allowed under all Jg? decomposition (7 6 ) of © is allowed under 

all Tg. An allowed decomposition of 91, © is said to be proper if 91^, ©^ are never both 
zero for any i. If a proper allowed decomposition of 91, © exists, then the pair 
91, @ is said to be decomposable under £ and also £ itself is said to be decomposable. 
One easily proves that either the pair 91, © is indecomposable or there exists a proper 
allowed decomposition of 91, © such that each pair 91^, ©^ (i - 1 ,j) is indecom¬ 
posable under £. Such a decomposition is said to be complete. A complete decom¬ 
position of £ has the same meaning. Moreover, if • 

91-9ii®...©9i;^ * ( 8 a) 

© = ©i®...©@> m 

is another complete decomposition of 91, ©, then it can be shown that/ — j and the 
pair ( 9 l<, ©^) is isomorphic to (91^, ©i) under 2 ’, provided the suffixes in ( 8 ) are suitably 
rearranged. More explicitly, this means that there exists an isomorphism between 
9 i< and 91^ and another between ©^ and ©^ such that they are both preserved under 
all transformations of £. Thus a complete decomposition is unique to within 
isomorphism. 

In particular, let Z* be a set ofnxrtfmxn and mxm matrices. Let 91 and @ be 
the corresponding n- and w-dimensional representation spaces. Decompose 91, © 
completely under £ and choose co-ordinate systems in 91 and © adapted to this 
decomposition. Then the linear transformation corresponding to any matrix of £ 
is represented by a new matrix when referred to these new co-ordinate systems. 
This new matrix is then said to be a completely decomposed form of the old matrix. 
In particular, let £ = ^(0)* where t runs through the whole Lorentz group. 

The decomposability of £ then implies the existence of two non-singular nxn 
and in x m matrices U and U' respectively, such that IJ'yHJ and have the form 



t The word * simultaneous' is often omitted. 
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(where at least one of the white rectangles consisting of zeroes actually exists) and 
U has the form 



(2) is then equivalent to 

iUYUdf,(U-^\/r)^xU'fiU{V-^t/r) - 0 . ( 9 ) 

Clearly ( 9 ) then decomposes into two entirely independent sets of equations, each 
set separately being relativistically invariant since 

In such circumstances one says that (2) is decomposable. The complete decomposi¬ 
tion of 2* similarly brings about a decomposition of (2) into indecomposable equa¬ 
tions. (2) is then said to be completely decomposed. The complete decomposition 
of (2) is unique to within isomorphism. 

Now the physical system described by (2) can be considered elementary only if 
it cannot be decomposed into two independent subsystems both having relativistic¬ 
ally invariant equations of motion. Therefore the equation of motion of an elemen¬ 
tary particle must be indecomposable. Also since every equation of the type (2) 
can be decomposed into two or more independent and indecomposable equations 
it is sufficient to study only the latter. 

Hence let (2) be an indecomposable equation. In the present paper only the case 
m ^ n will be considered. Two essentially different cases arise according os is 
singular or non-singular. Attention will be confined to the latter case. One can then 
multiply (2) by on the left. This has the effect of replacing by 1. Therefore it 
can be assumed that /? == 1 in (2). Then it follows immediately from ( 56 ) that 
r{t) = T(ty 

Since m = w, one can take @ = 91. Then the decomposability of 91, 91 in this case 
is equivalent to that of 91. For, clearly, if 91 is decomposable so is 91, 91. Also if 
91, 91 is decomposable there exists an allowed decomposition 

91 = 9li©9l2> (10a) 

© = @ 1©©2 

under 2 - (y**, fi ^ I, T{t)), But since i, it follows^ that 9liC@i, 91a 
However, as both the sums are direct one gets immediately 91i ~ 912 ” @ 2 - 

X The usual symbols C aud ^ for ‘is oontained in’ and ‘belongs to’ respectively are \ised in 
this paper. 




200 


Harish-Chandra 


Hence ( 10 a) is an allowed decomposition of 81 which is therefore decomposable. 
Thus in order to ensure the elementary character of the particle it is sufficient to 
assume that 91 is indecomposable. A stronger condition to assume is that 91 is 
irreducible under E = T(t)), i.e. there is no subspace of 91 other than itself and 

zero, which is invariant under E. However, the still stronger assumption that 91 is 
irreducible under E^ = (y*) will be made. Besides, the following two additional 
physical assumptions concerning the particle will be made: 

(i) That it satisfies the second-order wave equation 

+ ( 11 ) 

(ii) Either the total charge or the total energy of the field, associated with the 
particle is positive definite. 

(i) ensures that the particle has a fixed rest moss, while (ii) is necessary if the field 
is to be quantized. The consequences of (i), together with the relativistic invariance 
of the equation of motion, have been examined in a recent paper (Harish-Chandra 
1946 a, referred to as A). It was shown there that in order that every solution of 
the wave equation 

= ^ ( 12 ) 

may satisfy (II), it is necessary and sufficient that the minimum equation of y^ 
be of the form 

rr^y§-l)»0, (13) 

n being some integer > 2 . Moreover, it seems essential for constructing an energy- 
momentum tensor and a current vector, according to the usual principles of quantum 
mechanics, that the y-representation be equivalent to its Hermitian conjugate, 
i.e. there should exist a non-singular matrix A such that 

= Ay^A-\ (14o) 

where f denotes Hermitian conjugate. If such a matrix exists it can always be 

chosen to be Hermitian (cf. § 2) so that 
* 

A* = A. (146) 

(14) enables one to derive (12) by variation of the Lagrangian 

+ (IS) 

where yjr* — ijr'^A. The current vector 8^ and the energy-momentum tensor 
derived from (16) in the usual way, are 

( 16 a) 

Tkt “ 


( 166 ) 
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Using (16) it will be shown in §3 that (ii) is equivalent to the condition that either 
yjyw (where m is the greatest even integer — 1 ) be a non-negativej 

matrix» 

Notice that the present initial assumptions differ from those made by previous 
authors (Fierz & Pauli 1939 ; Madhavarao 1942 ; Bhabha 1945 a, b). The theory given 
by Fierz & Pauli ( 1939 ) fulfils the conditions (i) and (ii), but the corresponding 
wave equation cannot, in general, be written in the form (12). On the other hand, 
Bhabha (1945 a, 6 ) starts from an equation of this form (with the irreducible), 
but he assumes that = l{yk7i^7iYk)f where If^ are the matrices corresponding 
to the infinitesimal Lorentz transformations (cf. equation ( 20 )), and / is a numerical 
constant. It can be shown that this assumption is incompatible with ( 11 ) except 
in the two cases corresponding to the Dirac and the Duffin-Kemmer matrices. 
Also, the condition (ii) is, in general, not fulfilled in his theory. 

2. The matrix A 

Assuming that A exists one can study its properties more closely. From (14a) it 
follows that A^"^A commutes with 7 ^. Therefore it is a multiple of the unit matrix 
since the form an irreducible set. Hence one can arrange that A A\ 

Now T{t} is a representation of the Lorentz group. It is uniquely determined 
by th. cndition that . Tmy.T^V). (17) 

For if is another representation satisfying (17), then T-^t) T\t) commutes 

with 7 j^. and therefore T'{t) = e(0 T(0, where c{i) is a number. (^Uearly is 

a one-dimensional representation of the Lorentz group. But the only possible one¬ 
dimensional representation is where the + sign is valid at least for all 

proper Lorentz transformations. Hence T{i) = T'{t) at least for the proper liorentz 
group. Now since tf/ is real it follows from (14) and (17) that 

t^iy^ = A-'^T^{t)-^Ayf,A-^'r(t)A, (18) 

Also A 

is a representation of the Lorentz group. Hence 

T(t) - ±A-^T^{i)-^A, 

i.e. T\t)AT{t)-=-±A, (19) 

Now consider the infinitesimal Lorentz transformation ^(e) given by 

tk ~ + ~ ( 20 a) 

being infinitesimal quantities. The corresponding matrix 2’ may be written as 

T=l + i€^/w (2Q6) 

t A Hermition matrix is called non-negative if all its eigenvalues, wliich are necessarily 
real, ore > 0. 
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satisfy the following commutation rules: 

™ 9km ^In "i* ffim ^kn 9hn ^Im ^ 9ln ^km* (21 U) 

[rkJtml- = 9kiym-9kntyu (2li>) 

where From (19) it follows that 

l\iA-{-AIi^ = 0 , ( 22 ) 

Let J be the reflexion matrix so that 

where the suffix Jfc® runs from 1 to 3 only. Since J* commutes with it can always 
be arranged that J® = 1 . Now it is well known that by a suitable equivalence 
transformation one can always go over to a representation in which 

(23a) 

ji ^ j^i ^ ( 236 ) 


For brevity such a representation will be called a f7-representation. Consider a 
non-singular matrix /I' in a (/-representation such that 

Ij^A' = (24a) 

H = (246) 

Such a matrix exists since A' = AJ is a possible choice. From (24a) it follows that 
A' is a scalar or pseudoscalar element of the algebra 21 ( 7 ) generated by y* (see A). 
Conversely, if /I' is a scalar (pseudoscalar) element such that in a (7-representation 

yj = A'y^A'~\ (26) 

then A' satisfies (24) on account of (216). Hence A = A'J fulfils (14a). 

Choose A' so that it is Hermitian. Then it can be expressed uniquely in the form 


A' * A*ri, 


(26) 


where yl* is a positive definite matrix which commutes with the unitary matrix rj. 
Also 7} = 7j\ so that = 1 (Mumaghan 1938 , p. 26). lict ^A* denote the positive 
definite Hermitian square root of A*. Then A* and ^A* are, respectively, the 
positive definite Hermitian square root and fourth root of A'* which commutes 
with J and rj. Hence yl* and ^JA* do the same. Therefore from (24a) 1 / is a scalar 
or pseudoscalar. if’urther, the equivalence transformation y*->V^''' 7 *(V^*)~^ 
leaves J and 4, unaltered but transforms A' into {,JA*)~^ A'{yjA*)~^ = iy. Hence 
in a suitable (/-representation yl' = t], where 7 is a scalar or pseudoscalar element 

such that , , , 

V = V\ T = J- 


Put 


yl = etjj. 


(27a) 

( 276 ) 


where e » 1 or ( according as is a scalar or pseudoscalar. Then yl fulfils (14). 
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Now in the case of the Dirac and the Duffin^Kemmer matrices it is easily proved 
on using the results of A (§ 5) that every scalar or pseudoscalar element of 31(7) 
satisfies the equation 

mWo* 

Then it follows from (27) that in a suitable f/-representation 

y^yl = roro- 

so that is a normal matrix (Mumaghan 1938 , p. 26) which can therefore be brought 
to the diagonal form by a imitary transformation. Since unitary transformations 
preserve the U -property of the representation it follows that it is possible to have 
diagonal in a f/-representation. But clearly in the diagonal form yj — y^, since 
the eigenvalues of y„ are real. Therefore A' = 1 is a possible value of A' in (26) and 
so J J in a suitable representation. 

Returning to the general case, suppose j/ is a pseudoscalar. Then 

= -.dyg'+^ JAy’^J-^ = ~Ay'^, 

and therefore neither /lyj'^ ^ nor Ay^ can be non-negative. This contradicts our 
assumption (ii). Therefore 57 is a scalar and 

A = i/J. (28) 

Hence only the + sign is possible in (19). It then follows immediately that 
is a scalar and fjr*y^\/r transforms as the components of a vector. The Lagratigian 
L is then invariant under all Lorentz transformations. 

3. Quantization 

First one must derive the matrix conditions corresponding to the positive definite¬ 
ness of the total charge or the total energy. For this purpose decompose the field 
into Fourier waves. Then it follows from (16) in the usual way that the total charge 
or the total energy of the field is a sura of terms each of which corresponds to a 
Fourier wave occurring in this decomposition. As y + 0 every Fourier wave can be 
brought to rest by a suitable Lorentz transformation without affecting the value of 
the total charge or the sign of the total energy. Now since for a particle at rest the 
charge and the energy-densities are independent of the space co-ordinates it is 
necessary and sufficient for our purpose to ensure that either the charge-density 
or the energy-density is positive definite for a particle at rest. Due to ( 11 ), the wave 
function i/r of such a particle is given by 

(29) 

where 1F+ and are independent of **,. Put 


(30a) 

(306) 
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Then from (12) one finds that 

(ITyJiSrj^ = 0, (31a) 

(l-y§)# = 0, (316) 

= 4(l±yo)l^"- (31c) 

Therefore the charge-density is given by 

So = ef^Ayoir = e^P^Ay^ W = e*P^Ay]^+^ W, (32) 

where m is the greatest even integer ^ri — 1. Conversely, let W be any arbitrary 
one-column matrix independent of x^. Then since w = »—1 or n —2 it follows 
from (13) that ,, _ n 


and therefore 


^ = i(i+yo )Yo ^^c^***’+4(1 -yo)y” 


is a solution of (12) and hence represents a possible state of the particle at rest. 
Remembering that m is even and * — yS** finds that the charge-density 
corresponding to (34) is 

So = e'PMyS'+i^P. (35) 

From (32) and (35) it is clear that the total charge is positive definite if 

tf/fAy”‘+^W>0 (36o) 

for every for which yJ’S^+O. (366) 

Now from Ay^"^^ W — Oit follows that 

yoA-^AyS'+'^ W = yj'+* = yj* !P = O, 

and obviously the converse is also true. Hence (366) can be replaced by the condition 

yly«t+i^^0. (36c) 

From (14) it follows that ytyo*"^^ is Hermitian, and so it can be brought to the diagonal 
form by a unitary transformation. Then it is obvious from (36o) and (36c) that all 
eigenvalues of/lyo*"*^ * must be >0. ^y5*+^ is therefore a non-negative matrix. Con¬ 
versely, if .dyj'+^ is non-negative (36) holds. Hence the non-negative character of 
/jym-i-i jg necessary and sufficient condition for the positive definiteness of the 
total charge. 

On the other hand, from (166) one finds that the energy-density corresponding 
to (29) 18 given by ^ y^^AW «(37) 

Then by a similar argument one shows that the total energy is positive definite if 
and only if /lyj* is a non-negative matrix. 

It remains to be shown that the field can be quantized. Consider the commuta- 
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where [A^ =:* AB ± BA and the -f or — sign is to be taken according as 

or Ay'!^ is non-negative. <r and p are matrix indices and D{x — x*) is the Well-known 
generalization of Pauli & Jordan's Delta-function for the cose % + 0 (see Pauli 
1940 ). Clearly these commutation rules are relativistically invariant. Further, 
they are consistent with the equation of motion ( 12 ). For it is shown in A that as 
a result of (13) and the relativistic invariance of (12) 

where Q denotes any permutation of the indices Ajj, .,., and the sum is over all Q. 

Therefore 

Now transform (38) to the momentum space by the transformation 

l4--^SOkC«kx), (39a) 


where, as usual, F is a large volume, x = (Xj, Xg, Xg) and k is the spatial momentum 
vector. Then since 


D{x) = 


(396) 

*0 = V(k*+A:*)>o> 


(39c) 

one finds on putting k = 0 and = a that 



r, , . , , fm., if k - 0 . 


(40) 

Now corresponding to (316) one gets 



(l-yg)a = 0 . 


(41) 

Hence, from (40) and (41), 



K.a.li = 


(42) 

Now the minimum equations of yp and have no repeated factors since 


rS‘(rir-i) = o, 


(43o) 



(436) 

Hence one can choose a representation in which y” S'Od 7?'*’^ diagonal and 

therefore Hermitian, since their eigenvalues 0, ± 1 are real. Therefore from (14) 
A commutes with yj* and yS’'*'^ in this representation. Therefore by a unitary trans¬ 
formation A can be brought to the diagonal form without disturbing yj* and y”'’’^. 
Now consider the case when is non-negative. Then y^'*'^A~^ — Ay^'*'^A~‘ is 

also non-negative. The diagonal elements (yo*''’*^“^)«p = 0 correspond to (yo‘)„o’ = 
since yoyS'''*^ == yS*. Hence for cr * p the right side of (42) is > 0 unless (yS*)^^ = 0, in 
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which case = 0 from (41). The commutation rules (40) are therefore consistent 
in the case of Fermi statistics. The validity of (38) then follows by Lorentz trans¬ 
formation. The other case corresponding to Bose statistics does not need any further 
investigation. 


4. Electromagnetic interaction 

One can introduce electromagnetic interaction in (12) in the usual way by replacing 
where e is the charge and the electromagnetic potentials. 
The resulting equation is 

+ = 0. (44) 

It is not at all obvious whether this equation is self-consistent, i.e. whether it admits 
of any solutions other than ^ » 0 for a given set of functions The argument 
that since (44) can be derived by variation of a Lagrangian it must be self-consistent 
is invalid because the Lagrangian is not a positive definite from and therefore it 
need not have a minimum at all. Also the method of counting the number of 
‘ subsidiary conditions ’ (Fierz & Pauli 1939 ) satisfied by ^ at a given time is equally 
unsatisfactory so long as the mutual consistency of these conditions is not demon¬ 
strated. In fact, this problem of the existence of a solution of the above system of 
partial differential equations is not an easy one at all, especially since the y^^’s are 
in general all singular. I shall therefore have to content myself merely with some 
remarks which make the existence of such a solution plausible. 

First notice that the most general solution of (12) is 

(45) 

where Dsy^djix and is an arbitrary solution of (11). For, clearly, (45) is always 
a solution of (12) in consequence of (39), and every solution ijr of (12) can be put in 
the form (45) by taking W = Hence in considering the equation 

^ (46) 

with ^0 given, one need obtain only one particular solution. One such solution is 
given by 

(47 a) 

where Wq is any solution of the equation 

( 476 ) 

Thus (46) always has solutions. Now assume that a solution of (44) can be expanded 
in powers of c so that 

+ (48a) 

Substituting (48a) in (44) and equating coefficients of powers of e one gets 


( 486 ) 



Relativistic equations for elementary particles 207 

Using (47) one can determine by induction. If the series, so determined, converges 

for sufficiently small e in some domain it defines a solution of (44). 

Put = (49a) 

% 

and Pfc = Ay^. (496) 

Then multiplying (44) by A on the left one getsj 


Since A is non-singular (50) is completely equivalent to (44). Notice that due to (14), 
are Hermitian, Choose a representation in which pj, is diagonal. If n > 2 , and 
therefore is singular, and so some of the eigenvalues of p^ are zero. Let (Tq and cr 
denote any two matrix indices such that (Po)(ro(ro == ^ (/^o)(rtr + ^* Then (50) 

determines n^r/r^ but not Corresponding to every cr^ one gets a ‘subsidiary 

condition’ (Fierz & Pauli 1939 ) for 

So far it has not been possible to quantize the field, in the general case, in presence 
of the electromagnetic interaction. 

^ 6. Nok-reiativistic approximatiok 

Put P, = i 7 {|'( 1 + yo), P_ = \y ^{I - ro), = 1 - r”- (61) 

Then P^, P_ and P^ are three mutually orthogonal idempotents. In (39) put == 

= A:, = ... = jfc„ = 0 and multiply by P^ on both sides. Remembering that 
P.,yo-P.. one gets P^y^-P., = 0. (62a) 

Similarly PLy*.P. = 0. (626) 

The equation of motion with the electromagnetic interaction can be written as 

= xf- (63) 

Multiply (63) by P+, P_ and Pq respectively. Remembering that P+ + P_ + Po = 1 
and using (62) one finds that 

TTo = X^+, (64a) 

- Wol^- + iri,.P_y’‘'{f+ + fo) = (6^6) 

»»’oro fo + (64c) 

where = P± and = Pg'^, (646) can also be written as 

Similarly (64c) is equivalent to 

t Throughout this paper any index with a ° at the top runs from 1 to 3 only* 


. Vol. 19a. A. 
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Multiplying ( 66 ) with 1+ 70 + 70 +•••bearing in mind.that 7 o*io = 0 , 
one gets 

^o = (|“-i)(7o+rg+-+rS‘)?^o+(i+7o+-+rr')^o^^^“- m 
Now consider the non-relativistic case when 

where | | « {^/r^r/r)^. Then it is clear from (54), (55) and (57) that up to the first 

approximation 

irn^(l-¥yo+ ...+Ya~^)Pn'^^-~f- 

Thus and are both small in comparison to \jr and therefore to since 
^ Thus neglecting and \Jr^ in comparison to \jr^, one gets up to 

the same approximation 

(69a) 

V^o*^(1+7o+--+7o‘"‘)-Po^-^1A^+- ’ 

/V 

Substituting (69) in (64a) one finds 

^0 -P+ 7''°[2( 1 + 7o + • • • + y”~^) -Po + ^-] 7^P+= XV^+- (60) 

Now on putting A:, = ^°, /fc, « = ... = k„_j = 0 and k„ = P in (39) and multiplying 

by on both sides, it follows that 

i*+{y*»[7r*+2( 1+7o+•. •+yr *)] yr 

+ yr[yo ■* + 2 ( 1 + 7o +... + 7j-»)] 7*. - 2ff^} « 0 . (61) 

Now m«=n- 2 orn-l according as n is even or odd. Hence 

7J-» + 2(1+7o+...+7J-*) = /*_ + 2(1+7„+...+7J*“^)±P+, 

where the + or — sign is to be taken according as n is even or odd. Therefore, 
from (62a) 

P+7*"[yo"“* + 2(l+7o + ...+7o"-*)J = P+7*-[2(I+yo + -+yr') + P-] (62) 

in both cases. From (60), (61) and (62) one gets 

l — P Vn* 

where Pia and -r-^sl+ 7 o +78 + ...+ 7 g'-i+ 


( 63 ) 



Relativistic equations for elementary jmrtides 209 

The charge-density is given by 

So = xjr = eijr% «i^+ f + (6^«) 

up to the first order of approximation. Here ^5^ = and similarly for the 

others. Notice that 


t+ = f f+ > 0. 

since either /lyj* or Ay^^^ is non-negative. Also 

= ef*yk^ilr = e.fXy^^{f_-¥ir^) + e(f*+ft)yk’f+- 

Now from (59) + 


Hence 


Sjji % . 

4X1 


^ {« r.(rr|) *> - ’'*•>^4 

:^{r. ?e >!> -.S''(«[r.-(Vi^;)rr-rr(^)rr]vi-,). 


(646) 


where 0]^ s 9^. + ie<^ic- The particle therefore has a magnetic moment M given by 


where y = (yi. ya. ya) bracket denotes the usual vector product. 


6 . A NBW y-EEPBBSBNTATION 

In the two well-known cases of the electron and the meson, the equation of motion 
can be put in the form (12) and the corresponding y* satisfy all the conditions imposed 
on them so far. It is therefore of interest to know whether any other y-representa- 
tions, besides these two, exist which fulfil all the above requirements. Corre¬ 
sponding to every such representation one can set up a theory of a new elementary 
particle based on (12). In this section one such new representation will be con¬ 
structed. This suffices to show that the basic assumptions given do not preclude the 
possibility of the existence of new elementary particles. 

Define y*. by the following algebraic relations: 

7k71 + 7i7k‘^ ^9a-Bk^i-Bi ^it. (66a) 

y* A + Ay* = i(BkBi+ A A). (666) 

BkBiBn + — g,iiBm + 9waBk- (66c) 

Thus iJfc satisfy the Duffin-Kemmer commutation rules. Notice that on putting 
A “ 6 one gets the usual Dirac commutation rules for y*. Hence (66) may be looked 
upon as a generalization of the latter. Let ^(y) and ^(£) denote the abstract 
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algebras generated by ( 7 *, 1 ) and 1 ) respectively. Then there exists an element 
R in such that 

+ (67 o) 

.B* = 1. (676) 

This is seen as follows. — satisfy the same commutation rules as B^. Hence 
is an automorphism of which leaves the elements of the centre 
invariant (see A, §5). Since 9l(J?) is semi-simple, every such automorphism is an 
inner automorphism. Therefore there exists a unit R of such that 

Clearly G = commutes with By. and therefore belongs to the centre. By con¬ 
sidering the regular representation it is obvious that an element c exists in the 
centre such that == C\ J? = Rc then fulfils (67), Moreover, R commutes with 
^ ByBi — BjBy and the ‘reflexion operator' l- 2 jBg. Hence it is a ‘scalar' 
(cf. A), Therefore as shown in A (§ 6 ) it is a polynomial in ByB^. Now put 

^k = 

Then from ( 666 ) and (67) A^Bj — BfAf^, 

so that .<4*. and Bi commute. Therefore A^R = RA^ and from ( 66 «) 

A^Ai + AiAic = 2jr*j. 

Hence the algebra '&{A} generated by .4^ is the usual Dirac algebra. Thus 

y^ = AkR + iBk, ( 68 ) 

where Aj^ wd Bi commute with each other and satisfy the Dirac and the Duffin- 
Kemmer commutation rules respectively. Now from ( 66 a) it is clear that i?.€Sl(y), 
so that 

Ak = 4(.S7k + rfc.R)€8((y). 

Hence | (y*. - ^ * i?) € 8 l(y). 

Thus both 9l(.d) and 91(B) are contained in Sl(y). Therefore 3((J)x 91(H)C8l(y), 
where x denotes Kronecker product. But from ( 68 ) it is obvious that 

91(y)C9l(^)x9l(JB). 

Hence 9((y) = 91(.d) x 9[(H). (69) 

Now choose an irreducible representation for H* in ( 68 ) so that the corresponding 
91(H) is simple. Then since 91(^4) is also simple it follows from (69) that 9I(y) is simple 
(see Artin, Nesbitt & Thrall 1944 , p. 62). Hence the y-representation so obtained 
is irreducible. 
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For physical application it is found more convenient to express y* in a slightly 

modified form. Put . _ , . 

a* = A^B, {70a) 

0) = ioL^aia^a,^ = (706) 

(70c) 

Then and /?, commute with each other and satisfy the Dirac and the DuflSn- 
Kemmer commutation rules respectively. (60) and ( 68 ) can now be written as 

Vk 7i + 717* = - M - Pith, (71a) 

+ /?i<a7fc = i{Mi+^iPk)> (716) 

PkPlPm + PmPlPk ~ ffktPm + QtniPk’ (71 c) 

7 fc = afc + iw/?*. (7 Id) 


The tensor form of ( 66 ) ensures the invariance of 2l(y) under the Lorentz group 
(cf. A). In fact, the operators 4^ are given by 

The reflexion operator is a 0 (l - 2 //g) It. Moreover, from (71a), 


(l- 7 o) = ^ 0 . 

80 that yliyl -1) = -m -1) = 0. (73) 

However, except for the representation in which /?^ — 0, 

7 o+ 7 «. 

and therefore the minimum equation of is of the fourth degree so that n = 4. 
Further if /!„ and are two non-singular Hermitian matrices in the a- and /ff-spaces 

r<»peoti™ly .»ol. that (74a) 

(746) 

then A ==> A^xAjj (74c) 

satisfies (14) since ^ =-w^ In a suitable representation A^ - and 


A^= 1-2/?*. Then 


^7o = «o(l - ^Po) (1 -Po)^o = 1 -Po 


(75) 


is a non-negative matrix, its eigenvalues being 0 and 1 . Hence the total charge is 
positive definite and quantization in accordance with Fermi statistics is possible. 

For the 10 -row representation of /?* the corresponding y^’s are 40 x 40 matrices. 
However, on account of (71d) and the rather complete knowledge of the structure 
of the a- and the /?-algebra 8 which we now possess (Harish-Chandra 19466 , 0 ) the 
wave equation ( 12 ) can be handled quite easily (cf. §§7, 9). The a-spaoe is the direct 
sum of two subspaoes SR* „ and SRo,» transforming respectively according to the 
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irreducibla representationef 2 )^ 0 and j of the Lorent* group. Suuilarly, the 
/?HSpaoe is the direct sum of three subspaces q, 91*^, JRo^i trausforimng according 
to i respectively. The product space x can therefore be reduced 

with respect to the proj>er Lorentz group in the usual way by reducing each product 
occurring in the product representation 

Here © denotes a direct sum. As usual one finds on reduction that 

where the factor 2 denotes that the representation in question occurs twice in the 
reduction. Similarly for the five-row representation of the are 20 x 20 
matrices and the following scheme of reduction holds: 

(76) and (77) would lead one to expect that the corresponding wave equations 
describe particles which are capable of both spins f and This question will be 
discussed more closely in § 8 . 

7. The equation oe motion 

As shown in A the second-order equation (11) follows from ( 12 ) on account of (73). 
However, from ( 12 ), one finds that 

= 0 . 

BO that (g*'—y*y)3fc3j^ = 0 . 

Or = 0 

from (71 o). Multiplying this equation by and using (71 c) one gets 

= 0. (78o) 

Thus from (71d) and (78o), ( 12 ) reduces to 

ia>‘dk^ + == 0. (786) 

The equation with interaction may be written as 

* )C/r- (79) 

Therefore — X^^- 

Or from (7lo) 

i.e. fffc 77 j(e-*' - iTM(yY +^ = aY- (80) 

t denotes that irreducible representation of the proper Lorentz group which is induced 
in the space of all symmetric spinors with %k imdotted and 2i dotted indices. 
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Multiply (80) by Then from (71c) one get 8 :j; 

AjO 

Now 7T^n^n,~n,n^7r„ = [nrn,”k^i\- + [^k>”i\-”m 

= ie[F^nk + F^^n, + F^jTt^ + eid^F^). 

Therefore 

Also 

“f 2 iwa*/?*) yjr * 

4 ^ 

= 2 w • y?’"(a*a' - 2iwaV0 + -- F^tx’‘ot>n„fi^>/r + --■ J’*,( - 2M,>a V"*/?') f • (^3) 

Therefore from (81), (82) and (83) 

+ 5 - 0fc . (/S^a'a™ - 2M,>y?*a'/5f'« - ifr. (84) 

(84) is the correct generalization of (78a), in the presence of the electromagnetic 
interaction. The second-order equation with interaction now follows immediately. 
From (80) 

7T* ^ ■F«(a''a' - 2wcc^fi‘) f - ^ V- (^ 6 ) 


One can now substitute for from (84). 

The charge-current density «* is given by 

a* = e\jf*y^ijf = \\jf*y^’^di' ^ — df 

as 7—. . \Jr] -J- -—. di[^*{y'y‘ +~ yV' ~ Z^*/^*) 

*X‘' 

- ^ rjr - 0 ,+ . /?'/?Y 3 

from (71 o). Write —| 0 ,+^*=a y!r*w). Then the above equation may be written as 

t 

a* * ^ 1^*3-* ^ _ g+* . ^] + _L 3,{jjr'»(a*a' - a'a* - 2 tW/?*) iJr} 

X For any two operatora p, g, p.q^ = p(q^)> while pq.'^ = (pg) 


(86) 
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The first term corresponds to the usual orbital current. The second term may be 
interpreted as the current due to a dipole density given by 

*r ^ (oL^ot} — a^a^) — ~ J ^ 

On account of (84) the third term in ( 86 ) is proportional to e* and must be inter¬ 
preted as the polarization current (of. Kemmer 1939 ). It vanishes in the absence of 
the external electromagnetic field. 

Now assume that the electromagnetic field does not vary appreciably within a 
Compton wave-length and the interaction energy is small compared to the rest 
mass so that 

and ^-\F^\<x- 


Hence 




< 1 . 


Further, exclude the extreme relativistic case so that 




( 88 ) 

is not large com¬ 


pared to I ^ |, Then it follows from (84) that up to the first approximation 

and therefore to the same approximation 


X 




2 X* 


r 




from (71c). Therefore from (85) 

Therefore from (79), ( 86 ), (89) and (90) 

“A! Au 




(89) 


(90) 

(91a) 

(916) 


8. Spin 

Define two three-dimensional vectors a and K as follows: 

o's = I («!«»-«*«!). 

■^8 ** ^{PiPa~PtPi)< 


(92a) 

(92b) 
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the other components being obtained by the cyclic permutations of 1, 2, 3* More¬ 
over, define a non-negative Hermitian operator k by the relation 

K^^k(k^l). (93) 

k has only two eigenvalues 0 and 1, Choose ctj and k diagonal in the a- 

and yff-spaces respectively. This corresponds to a reduction of the two spaces separ¬ 
ately with respect to the three-dimensional rotation group. Now consider the free 
particle in the rest system. From (78a) it follows that = 0. Hence only the 
states corresponding to the eigenvalue 0 of are permitted. First consider the 
ten-row representation of Then the eigenvalue 0 of occurs four times. There 
are therefore 4x4= 16 independent states in the rest system. The energy density 
is given by 

Hence the eigenvalues ± 1 of ao correspond to states of positive and negative energy 
respectively. Thus there are eight independent states corresponding to each sign of 
energy. Now the angular-momentum tensor is given by 

(94) 

where is the same as in (72). Hence the spin (i.e. the angular momentum in the 
rest system) is given by 

■^fcv.o = |vi^*(jf**rro + yo4r)i^^ = (95) 

Thus the spin is represented by the operator Jo + K. Since o and K commute this 
can be interpreted as the resultant of two independent spins Jo and K respectively. 
The first of these has two independent states corresponding to the eigenvalues 
o’s = ± the second has four independent states corresponding to k — \, 

■^^3 = 0, ± 1 and fc * 0 , JTj = 0. This accounts for the eight independent states for 
each sign of energy. Similarly for the five-row representation there are six in¬ 
dependent states for each sign of the energy corresponding to the eigenvalues 
0-3 » ± 1 and ifc = 1 , Jfs = 0 , ± 1. In both oases the total spin has the eigenvalues 
I and J. Notice that in order to describe completely the state of the free particle 
in the rest system in the ten-row representation it is, in general, not sufficient to 
give the sign of the energy and the direction and magnitude of the total spin. One 
must, in addition, specify whether the two component spins o and K are pointed 
along or opposite to each other. In this sense therefore ike. particle has an inner 
structure beyond the spin. 

From (63) one easily shows that the non-relativistio approximation of (7.9) 
is the same as that of the Dirac electron. In this approximation the electro¬ 
magnetic field acts only on the a-spin leaving the K-spin free. Hence each non- 
relativistio state with a given direction of the magnetic moment (i.e. o-spin) is 
fourfold and threefold degenerate in the ten-row and five-row representations 
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respectively. Thus the Pauli exclusion principle would be apparently inoperative 
for these particles in the non-relativistic approximation until all the degenerate 
levels are filled up. This difference in behaviour from a Dirac particle can therefore 
be detected in the case of systems consisting of several particles. 


9. Field equations 


One can go over from the above ‘particle formulation ’ to the ‘ wave formulation ’ 
(cf. Kemmer 1939 ) by using the F-formafism developed in two previous papers 
(Harish-Chandra 1946 6 , c). Greek alphabets will be used to denote spinor indices, 
Latin letters being reserved for tensor indices. Two one-row matrices F* and Ff and 
two one-column matrices 7^ and 7^ are defined in the a-space so as to satisfy the 
foUowing relations: ^ ^ ^ 

(966) 

“AA = = 2(7;,r;+(96c) 

Here and have their usual meaning. It can be shown (Harish-Chandra 

1946 c) that w = ( 97 a) 

1 = i7, -I- Hi r*“, (97 6 ) 

Then (79) may be written as 


= i(7,r;+7^/T)9-*^ii^-i{7.r*»-7^r*^)/?*a* » o, (98) 


where ®= Now put F*^ ~ ^ *= multiply (98) by 

r* and /’* respectively on the left. Then one finds that 

fx + Xi^x = 0. (99a) 

Now in the yff-space one can similarly introduce one-row and one-column matrices 
fjf and 1} respectively with the following properties (Harish-Chandra 19466 ): 

A*7, = (7«, = 

—^Tfik% = ~^i'^k> 1 for the ten-row 

nMm^ngim-rfgkn., representation 

rtPi-gki\^mP^y = g«i^m7’",| for the five-row 

/^kfit'Im^'Ik9im- } representation 


(100a) 

(1006) 

(100c) 


First consider the ten-row representation. Multiply (99) by /’* and respec¬ 
tively and put 


mx-V,,x, nMx--Gki.x> 

A 


( 101 ) 
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Then one finds that + 

A 

^-'’‘dki.A + X^lh-xSjxUl 
^k l^l,n~^T ^4,/!+ 

K 

From (78) it follows that in the force-free case these equations reduce to 

dkAUt--xUk.M = 

i^k^l.k~^t^k.k — ~ O.i 

^i^kt,/l — X^kl.X> 

d'^Gki,^ = 3*=G«.a = 0 . / 

For the five-row representation one similarly finds on putting 
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(102a) 

(1026) 

( 102 c) 

(102d) 

(103o) 

(1036) 


nfx = ~^Uk.x, npifx^-gktU^i 

nMf.=^gkiV,, J 

(104) 


that (69) is equivalent to ^k^x+^k.x = - ^xft 

(IO 60 ) 

dkUUx’^U,^h]:H7^, 

A 

(1066) 

Sfc U^+ Uic^/i = y^Xfi^kt 

K 

(106c) 

From (78o) one finds that in the force-free case 

0 fcC/ = O, 0‘17;t,. = O, 

(106d) 


where the dot denotes that one can put either of the two suffixes A, /t. Hence 


and 


(7, * = 0, 

^x^ui^xUk.x> ^xU^k^xUk,p 3*f4., = a*t4.^ = 0. 


(106) 
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The behaviour of the lattice of polycrystalline iron in tension 

By W. a. Wood, D.So., Metallurgy Division^ National Physical Laboratory 
{Communicated by Sir Charles Darwin, F.B.S.—Received 24 March 1947 ) 


The stress-strain charaoteristics have been investigated for two distinct types of lattice plane 
in specimens of Swedish iron in tension. Earlier observations are confirmed that the raetallio 
lattice under stress ceases to conform with Hooke’s law when external plastic deformation 
occurs, but the deviation differs in the two oases. The elastic range for the (211) spacing 
appears to be greater than for the (310) spacing. On removal of stress in excess of the ‘lattice 
yield the two types of spacing show a residual strain of opposite sign to the strain imder 
stress, but the magnitude is different. The residual strain is attributed to the onset of internal 
stresses tm a result of plastic flow, and the difference in strain for the different types of plane 
to a difference in magnitude of the internal stress for grains of different crystallographic 
orientation. The internal stresses for both types of plane appear to consist of a longitudinal 
compression and a transverse compression. These components should be balanced by equi¬ 
valent regions in tension, but none so far have b^n found. It may be necessary to conclude 
that such regions are in a state too disordered for coherent reflexion. 


Intbodxtotion 

In recent years the author and his colleagues have studied the behaviour of the 
lattice in tensile and compression specimens of iron and steel under systematically 
applied stress (Wood & Smith 1941,1942 o, b, 1944). The main observation was that, 
when the primitive elastic range of the material was exceeded, the lattice spacing 
ceased to obey Hooke’s law, and the deviation was such as to suggest that the 
mechanism of plastic deformation gave rise to an internal stress system on a micro¬ 
scopic scale of distribution. The lattice strain was observed to change more slowly 
with applied stress than Hooke’s law required; an indication that the internal stress 
took up a direction opposed to the applied stress and so reduced the resultant stress 
on the crystalline lattice, and, correspondingly, the lattice strain. In practice the 
lattice strain tended to remain unchanged in spite of increasing applied stress, 
suggesting that the internal and the applied stresses increased in proportion. Also 
the internal stress appeared to be permanent because after removal of the applied 
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stress the lattice retained a residual strain which persisted with time at room 
temperature. 

The present paper describes further developments. The earlier work was confined 
to measurements on the (310) planes, and to the spacing changes exhibited by this 
plane when the normal to the plane was at right angles to the applied stress. Also 
the measurements were made on flat tensile specimens, which might not have 
deformed uniformly near the edges. The present measurements refer to the (21 i) as 
well as the (310) sets of planes, and to spacing changes when the normals are inclined 
at various directions, relative to the applied stress, which permit numerical estima¬ 
tion of the induced internal stresses. Moreover, the measurements were made on 
a tensile test specimen of circular section, a special X-ray and tensile test machine 
being designed for the purpose in collaboration with the Engineering Division of 
the National Physical Laboratory. 

These later results indicate that for each type of lattice plane, deviation from 
Hooke’s law occurs with the onset of external plastic deformation, but in a difierent 
manner. Whereas the lattice strain for the (310) planes tends to a steady value soon 
after the external yield has been exceeded, the strain for the (211) planes continues 
to increase for an appreciable range of stress beyond the yield, although finally a 
steady value of strain appears to be approached. Also it is found that the residual 
strain in a given direction, for instance, at right angles to the applied stress, differs 
for the different types of planes. It is shown that this leads to the new conclusion 
that the internal stress in a given direction may vary appreciably from one grain to 
its neighbour according to the particular crystallographic orientation of the grains. 

Material 

The material used in the present experiments was a Swedish iron (N.P.L. mark S). 
Chemical analysis for impurities gave C 0-017 %, Si 0*05 %, S 0-003 %, P 0'036 %, 
Mn 0*005 %, Ni nil, Cr nil, Cu nil, A1 trace. * 

The material as supplied was in the form of a 1 in. diameter bar. From this were 
turned circular section tensile test-pieces of diameter 0-200in. and parallel test 
length If in. After machining, each specimen was heated in vacuo at 950° C for 
15min., and furnace cooled; the rate of cooling through the critical range was about 
20 ° C/min. This treatment produced grains which exhibited a high degree of per¬ 
fection, as shown by the sharpness of the X-ray reflexion spots. Before actual 
testing, the surface of each specimen was etched, and then examined by X-rays at 
various points to check that the structure was reasonably uniform. Microscopic 
examination also indicated a reasonably homogeneous structure with grain size 
approximately 10^* cm. 

The specimens were then placed in the X-ray and tensile testing apparatus and 
the behaviour of the lattice examined from zero stress up to the stress (ultimate 
stress) which just preceded necking of the specimen. The measurements therefore 
were confined to the range in which under stress the cross-section of the specimen 
remained sensibly parallel, and the plastic deformation uniform across the section. 
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X-BAY METHOD 

The lattice spacings were measured by an X-ray back-reflexion method. From 
Bragg’s law {2d sin 0 = A), it is seen that S& = — tan dijidjd). For a sensitive change in 
reflexion angle with a given lattice strain ddjd, it follows that tan^ must be large. 
In practice, the planes from which most accurate measurements are obtainable are 
the (310), which reflects cobalt Xa-radiation at 0 = SO-T®, and the (211) which 
reflects chromiu m Xa-radiation at 0 = 78*1°. This is why these particular planes 
were chosen. 

The experimental arrangement is shown schematicaUy in figure 1. The photo¬ 
graphic film is vertical in the plane XOZ. The incident X-ray beam passes centrally 
through a hole in the film along the direction OFto meet the tensile specimen at Y, 
the specimen l 3 dng on the XOY plane. The specimen can be rotated in this plane 
about Y from the transverse position YS^, when the specimen axis is at right angles 
to the beam, to a position such as YS^ when the axis is inclined at the angle ^n—a 
to the beam. In practice, values of a up to 46° were utilized; at higher values the 
reflexions become unduly diffuse because the oblique incident beam covers too 
large an area of specimen. 


z 



Fioubb 1 

In an unstressed specimen, reflexion from the lattice planes under consideration 
occurs when the normal to the planes makes the angle i =: ^n—0 with the incident 
beam. As indicated in figure 1, these normals form a cone cutting the film in the 
circle XZX'. Changes in the value of i give the changes in lattice spacing on applica¬ 
tion of stress. 

If the specimen lies along Y8^, then the normals YX and YX' in the horizontal 
plane make diflerent angles with the specimen axis, the angles being (Iw—a) + t 
and — Therefore when the tensile stress is applied, the change in value 
of i will differ for the directions YX and YX'. It is necessary to measmre in the YX 


Behaviour of the IcUtice of polycrystalUne iron in tension 221 


or the TX* direction separately by noting the change in radius of the diffraction 
ring either along OX or OX\ This is the customary method. 

The foDowitig procedure, however, was preferred. It will be noted that if the 
vertical plane is considered then the normals YZ and YZ' are similarly inclined to 
the specimen axis. It can be shown that for the small values of i used in the back- 
reflexion technique ZYS^^Z'YS = ^rr —a. The radii of the diffraction ring measured 
along OZ and OZ' will therefore change similarly when stress is applied to the 
specimen. It is therefore possible to find the changes in i from measurement of the 
total vertical diameter, instead of on a single radius as in the first method. This 
second method therefore was used throughout. 

In obtaining the changes in lattice spacing from the changes in diameter of the 
diffraction ring, the following relations could be used, since the range of change to 
be measured was small. If D is the diameter of the diffraction ring and R the distance 
to the specimen, 


D 

2R 


= tan 2i ^ — tan 20 


or 


SD = —4i? sec® 20 50. 


But from Bragg’s law 


cot 050. 
a 


Hence 


Sd _ cot0 . cot0 

J “ 4)2 sec® 20 4l?8ec®20^ * 


Since i)/2i2 = — tan 20, this relation simplifies to 


d 


oot0 . .^5Z) 
—Bin 40-^, 


giving the lattice strain in terms of fractional changes in diameter of the diffraction 
ring. 

For the experimental conditions employed with cobalt radiation, the value of D 
was 7 cm. for the unstressed material, and 6 — 80'7° (corresponding to a unit cube 
of side 2-861 A). Substituting numerical values, the above relation becomes 

M 

^ = 0-00036 X SD, 
a 

where JD is in mm. In the elastic range SD could be measured to 0-1 mm. In the plastic 
range this accuracy becomes less as the difiiractiqn ring becomes more diffuse, until 
the limit becomes about 0-2 mm. These figures indicate the order of accuracy 
possible. 

For the chromium radiation, the corresponding experimental conditions were 
given by 0 78-1°, D « 10-6 cm. and Sdjd = 0-00034 x SD (mm.). 

From experience with the earlier work, the characteristics of the lattice stress-’ 
strain relation are best brought out by making a lattice-strain measurement at a 
given Ipad, and then following this measurement by one with the load removed 
before proceeding to the next higher load, and so on. This method was therefore 
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followed in the present teste from zero load up to the ultimate etreee. For a given 
stage of loading or unloading measurements were made with the specimen axis at 
right angles to the heain, also at 46° to the beam, and such intermediate angles 
which it was desired to study. 

BbSUXTS with COBAI.T BADMTIOJf —(310) 

The lattice stress-strain characteristics observed with use of cobalt radiation are 
best indicated by the two curves given in figures 2a and 2b. The continuous curve 
in figure 2a shows the variation with applied stress of the lattice strain for those 
(310) planes with normals perpendicular to the stress direction. Figure 26 gives the 
corresponding curve for those (310) planes with normals at 45° to the stress direction. 




Fiotok 2 a, Lattice strese-atrain curve for 
(310) spacing, measured at right angles to 
stress direction. 


Fxgukk 26. Lattice strees-stram curve for 
(310) spacing, measured at 45^ to stress 
direction. 


Figures 2a, 26. Curves A*, variation of strain with increasing stress. Curves B: residual 
strain observed after removal of stress shown os ordinate. Thus after removal of stress at A, 
the strain corresponding to B remains. For stresses less than C, external yield, no residual 
strain is obswved. 
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The points of interest are the following: 

(1) In both the transverse and the 45^^ directions, the strain varies in proportion 
to the applied stress up to the external yieldTpoint. When the stress is removed 
within this range the lattice returns to its initial spacing. This deformation is elastic. 

(2) On exceeding the yield-point in both the transverse and 45"^ directions the 
lattice parameter tends to a steady value of the same order as at the elastic Hmit. 

(3) On removal of the applied stress in the latter range the lattice spacing is left 
with a permanent set of opposite sign to the strain exhibited whilst under stress. 
This residual strain is given by the broken curves in the same figures, the strain 
remaining after application of a particular stress being plotted against that stress. 
Within limits of measurement this residual strain is proportional to the amount by 
which the applied stress exceeds the yield. It is greater in the transverse than in the 
45® direction. 



These results confirm the earlier work, but the present additional observations 
in the 46® direction permit calculation of Poisson’s ratio and Young’s modulus for 
the (310) spacing, and also the magnitude of the internal sti'esses corresponding 
to the observed residual strains. The relations used were the following. In figure 3, 
let Sy be the stress parallel to the stress direction acting at the point 0 in the surface 
of the specimen, and Sx a possible transverse stress in the direction OX also in the 
plane of the surface. In the elastic range Sx is of course zero. In these experiments 
the lattice strains are determined in the plane YOZ for directions such as ON, 
where the (310) normals make an angle a with the stress direction. Prom standard 
elasticity theory 

Ee^ = Sy[coB^ oc-tr sin^ a] - aSx, (i) 

where E is Young’s modulus, cr is Poisson’s ratio and ^ Sdjd is the strain in the 
direction ON From this relation <r, E and the internal stresses were determined. 
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Elastic range 

In the elastic range, where Sx is zero, for the two directions a ** 90° and a = 4S°, 
Ee^=^~(TSy, 

Poisson’s ratio can then be obtained simply fix)m the ratio 

^»o - - ^ _ (2) 

®46 ^ ' 

Substitution ofthe strain values observed gives <r = 0-3and E = 21-1 x 10®kg./mm.® 
(or 13-4x 10*ton/in.*). 



Fioubk 4o. Variation in strain for difforont 
inclinations of (310) normals OS to stress 
directtion OY for stresses in elastic range (14-7 
and 8-1 kg./mm.* respectively). 



Fiotjbk 46. Variation in residual strsun for 
different inclinations of (310) normals ON 
to previously applied stress direction OY, 
after removal of stress of 87 kg./mm.*. 


The strains in the elastic range are small. In practice, the strain measurements 
in the two directions a ■= 90° and 46°, where the strains are largest, therefore lead 
to the best value for Poisson’s ratio. However, measurements in other directions 
were made, partly as a check that the elasticity theory was applicable. The need 
for this arises because the (310) planes reflecting in the various directions belong to 
different grains (a point, however, which is discussed mote fully later). For the 
present purpose, the observed strains at stresses of 8y = 8-1 and 14-7 kg./mm.* 
respectively are plotted as points in figure 4o for a — 90°, 76°, 65°, 66° and 46°. 
The curve drawn also in the figure gives the strains at the various angles as calculated 
from equation (1) with (S* = 0) for the same appUed stresses, and using the values 
of <r and E obtained above. Within limits of measurement, the points giving the 
observed values of the strain fall on the calculated curves, and provide the confirma¬ 
tion required, namely, that the (310) strain depends only on the normal stress 
whatever grains are operative. Also from the observed values it is possible to see 
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that the lattice strain changes sign at about the value a == 62®. But from equation 
( 1 ), the strain is zero when cot* a ~ cr, leading to the value<r = 0 * 3 , the value obtained 
by the above more accurate method. 

Plastic range 

In the plastic range, the (310) spacing behaves in the more complicated manner 
associated with development of the residual strain. 

This strain must correspond to an internal stress with a transverse as well as longi¬ 
tudinal component. For if the transverse stress were neglected and equation ( 2 ) 
used to get a value for Poisson’s ratio, the answer would be too large. Thus after 
removal of 37*1 kg./mm.*, the residual strains in the transverse and 45® directions 
are respectively 0'00036 and 0*00013, giving the value cr = 0 * 6 . The value is high 
because the transverse strain compared with the longitudinal strain is larger than 
for a simple longitudinal stress. Therefore to a longitudinal compression which 
causes the (310) planes to expand transversely must be added a further transverse 
compression to raise the expansion to the value required by the apparently enhanced 
value of Poisson’s ratio. 

The value of the longitudinal and transverse internal stresses can be obtained 
from equation ( 1 ) on the assumption that Young’s modulus and Poisson’s ratio 
are in fact the same in the plastic as in the elastic range. The assumption is justified 
because the atomic displacements in the plastic range are no greater than in the 
elastic range, and because in each range they are very small compared with the 
interatomic spacing. Thus Sdld is of the order of 0*0002 only, so that the same laws 
of interatomic force must apply. 

If 8y and 8x are the longitudinal and transverse internal stresses corresponding 
to the residual strains and 645 in the directions at right angles and at 45° respec¬ 
tively to the previously applied external stress, then from ( 1 ) 

= “• o‘8y - (r8x, ^ Sy - aSx. 

For the residual strains remaining after removal of the highest stress used, 
37*1 kg./mm.*, is observed to be 0*00036 axid 645 is 0*00013. For this case then 

8y = 16kg./mm.*, compression (- 10 ton/in.*), 

8x^ 9 kg./mm.*, compression (— 6 ton/in.*). 

After allowing for the possible extreme limit of experimental error, which is 
± 2 kg./mm.*, these values show that the internal stresses are not second-order 
magnitudes. 

It is possible to express the internal stresses 8x and 8y in a somewhat more 
general manner by utilizing the observation that the magnitude of the residual 
strain appears to increase linearly with the amount by which the previously applied 
stress exceeds the yield-point. The stresses thus rise to the above values from zero 
value at the yield. The internal stresses arising after application of a stress 8 inter- 

15*2 
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mediate between the ^yield (7 » 12-5kg./mm.*) and the maximum stress of 

37*1 kg./mm,* by proportion are 

Longitudinal compression; 0*65(/S'— ¥) kg./mm.^, 

Transverse compression: 0*41 (/S— Y) kg./mmA 

As in the elastic range, the most accurate values of the strains and internal stresses 
are given by comparing two directions as widely apart as practicable, such as the 
transverse and 45° directions employed above. Measurements were, however, made 
in intermediate directions. The strains in these directions are shown by the plotted 
points in figure 45, plotted against the inclination to the stress direction for the 
case of the residual strains remaining after removal of 37*1 kg./mm.®. This case was 
subjected to special study because the strains are then relatively large and most 
easily measurable. On the same graph is drawm the curve for the variation of strain 
with angle calculated from equation (1), using the above values of Sx and Sy, 
obtained from the transverse and 45° measurements. Within limit of measurement, 
the plotted intermediate strains fall satisfactorily on this calculated curve, showing 
that the change in (310) spacing in the different directions follows the rule to be 
expected from elasticity theory, although the planes reflecting in the various 
directions actually belong to different grains. 

The observations with cobalt radiation thus show that following plastic deforma* 
tion, those grains which are so oriented as to permit X-ray reflexions from the (310) 
planes are subjected to an internal longitudinal and transverse compression of 
appreciable magnitude, and that the actual residual lattice strain in the (310) 
direction varies in amount according to the ellipsoid rule as one proceeds from (310) 
directions along the longitudinal axis of the specimen to (310) directions along the 
axis at right angles. Before discussing these results it is important to compare them 
with the results obtained for the (211) directions. These are described in the next 
section. 


MeASTJREMENTS with CHROMItTM RADIATION —(211) PLANES 

The lattice stress-strain characteristics of the (211) planes are shown by figures 
5a and 55. Figure 5a gives the lattice stress-strain curve for the (211) spacing 
measured in the transverse direction relative to the applied stress, and figure 55 
gives the corresponding curve for the (211) spacing measured at 46° to the stress 
direction. 

The curves show the following interesting features: 

(1) Up to the external yield the (211) lattice spacing behaves elastically within 
limits of measurement, and in this respect resembles the behaviour of the (310) 
planes. But above the external yield the behaviour is different. As the yield is 
exceeded the (211) lattice strain at first begins to increase more rapidly with the 
applied stress than it did in the elastic range, and only at a stress much in excess 
of the yield does it begin to take up a steady value. The spacing of the (310) planes, 
on the other hand, reached this steady state immediately after external yield. 
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(2) Again, on removal of the external stress within the elastic range no residual 
strain is observed for the (211) planes, os with the (310) planes. But whereas with 
the latter the residual strain began to appear very soon as the external yield was 
exceeded, with the (211) planes no residua] strain is found until after removal of 
stresses in the range where the spacing under stress has reached the steady state; 
and this state is reached only after application of stress much in excess of the yield. 




Fjo0eic 5a, Lattice stress^Btrain curve for Fioukk 56. Lattice etresa-strain curve for 

(211) spacing, measured at right angles to (211) spacing, measured at 45*^ to stress 

stress direction. direction. 


Figures 6a, 56, Curve A : variation of strain with increasing Btress. Curve B : residual strain 
observed after removal of stress shown as ordinate. Thus after removal of stress at A, the 
strain corresponding to B remains. For stresses less than C, no residual strain is observe. 


(3) When the residual strain does appear for the (211) planes, it increases linearly 
with the previously applied stress within limits of measurement, but is distinctly 
less in magnitude than the strain remaining in the (310) planes after removal of 
corresponding stresses. The rate of increase with increasing stress is however of the 
same order. 
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There are therefore the following special characteristics of the curves to be 
considered: (a) primitive elastic range, (b) the transitional range when the strain 
appears to increase more rapidly with stress than in the pure elastic range, and (c) the 
final stage where the lattice spacing tends to a steady value. 

Elastic range 

The values of Poisson’s ratio and Young’s modulus were obtained from the (211) 
strain measurements in the transverse and 45° directions by the procedure followed 
for the (310) planes. The values based on results at stresses below 12 kg./mm.® were 

<r = 0-3, E = 20-8 x lOSkg./mm.®. 

It will be noted that the values of these constants are practically the same as for the 
(310), the accuracy of measurement of E being of the order of ± 1 %. 

Transitional range 

The increase in rate of lattice strain with stress between the external yield at 
12-5 kg./mm.® and a stress about 20 kg./mm.® (figures 5a and 56) is difficult to account 
for. The explanation suggested is that since planes such as the (310) axe not sustaining 
any of the applied stress in excess of 12*5kg./mm.®, then planes such as the (211), 
which appear capable of greater elastic deformation, have to take a greater stress. 
The true stress on the (211) planes is then greater than the average stress over the 
section of the test specimen. If this explanation is correct, it means that the range 
over which the lattice of a grain behaves elastically depends on its orientation to 
the applied stress. 

Plastic range 

The final tendency to a steady (211) lattice parameter is again interpreted as the 
result of an internal stress superposed on the applied stress. The internal stress, 
calculated below by the same method as that used for the (310) planes, gives the 
following values for the condition after removal of the ultimate stress 37* 1 kg./mm.® 

Longitudinal compression 8y =* lOkg./mm.*, 

Transverse compression 8x^ 2 kg./mm.®. 

It will be noted that these values are appreciably less than the corresponding 
values 8y ^ 17 and 8x = lOkg./mm.® obtained from measurements on the (310) 
planes. This difference was checked by examining the same specimen by chromium 
and by cobalt radiation after removal of the ultimate stress. The results, taken 
together with the previous results on the behaviour of the (310) planes, thus lead 
to the interesting conclusion that in any direction in the tensile specimen homo¬ 
geneous plastic deformation produces an internal stress which may vary in magnitude 
from one grain to the next if the crystallographic orientation of the grains are not 
the same. 
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Disoussiok 

The implication of the X-ray observations may be discussed most conveniently 
by reference to the diagram figure 6 , representing a longitudinal section of part of 
the test-piece. The rectangles A^, A ^,... are drawn to indicate grains in which the 
(310) normals are perpendicular to the long edge of the rectangle; thus the (310) 
normal is perpendicular to the stress direction in grain Ax, but inclined to the stress 
direction in grains A 2 and A^* The hatched rectangles Bx, B^y on the other 
hand, represent grains of corresponding inclinations, but in which the (211) normals 
are perpendicular to the long edge of the rectangle. 



direction 


FiotTBE 6. Ai, Af, A,, ... represent orystellites in which the (310) normalB are perpendiculw ^ 
to the long direction of the drawn rectangles, but differently inclined to the stress direction. 
Bi, B,, B .represent (211) pianos similarly. 

The diagram helps to illustrate the point, particularly relevant in the present 
connexion, that X-ray reflexion takes place from a different set of grains when the 
angle between the incident beam and the specimen is varied. Therefore the measured 
(310) strain in one direction refers to one set of grains, in which the (310) planes 
happen to be oriented favourably for reflexion, whilst the strain in a sepond direc¬ 
tion refers to quite a different set. Thus, in the diagram, the transverse (310) strain 
is given only by grains oriented similarly to A^. As the strain is measuired at in¬ 
creasing angles to the transverse direction, first grains such as and then grains 
containing (310) planes inclined similarly to A,, reflect. 

Similarly, the change in incident wave-length from cobalt to chromium brings 
into operation further sets of grains. Thus the transverse (211) strain is measured 
on grains such as in which the (211) normals are at right angles to the stress 
direction. The (211) strain at increasing angle to the transverse strain is<then 
measured on different grains such as B, and B, in which the (211) normals are pro¬ 
gressively inclined. It would not be possible without complication of the machines 
employed for research on the present lines to measure the changes in say the (310) 
and (211) planes in the same grain, although such a development must be envisag^. 

The diagram then illustrates the conclusion of main interest arising from the 
X-ray measurements. This is that if we have two neighbouring grains, such as A 
and S, in which the (310) and (211) normals respectively are parallel, then the 
internal stress acting on A appears to be different in magnitude from that acting on 
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B. Therefore a stress gradient must occur across the boundary. A specific case has 
been referred to, but it is reasonable to generalize, and conclude that a local internal 
stress gradient must occur across the boundary of any two neighbouring grains 
with different crystallographic orientation in a material such as the present which 
has undergone plastic deformation. 

The origin of the residual internal strains and stresses is still not clear. One 
possibility is that the elastic range of the grain B, again referring to the diagram, is 
greater than that of grain A. When the applied stress exceeds the yield of A, that 
grain flows plastically while the deformation of i? is still elastic. Then on removal 
of the applied stress, along the specimen axis B will act as a spring in recovery, 
producing compression stress in A and remaining itself in tension. Views on these 
lines were expressed many years ago by Heyn (1914) to explain the Bauschinger 
effect, and by Masing (i9Z4) to explain creep recovery. Undoubtedly effects of this 
type should occur in polycrystalline metals. Proof that they were responsible for 
the present observations would be provided if a set of grains could be detected which 
exhibited an internal stress of opposite sign to the compressive stresses shown by 
those grains in which the (310) normals, and those in which the (211) normals, are 
perpendicular to the surface of the tensile specimen. Unfortunately, the choice of 
practicable incident wave-lengths is limited; but some tests were made, however, 
with molybdenum Kfx radiation which is reflected at 6^ « 78^ by the (732) and (051) 
planes. The reflexions from the plastically deformed material were too weak for 
accurate measurement of the residual strains, which were also small, but they were 
sufficient to indicate that in the case of these planes also the corresponding internal 
stresses were still compressive. If, therefore, grains in which the (310), (211), (732) 
and (051) normals respectively are perpendicular to the surface of the tensile 
specimen, all exhibit compressive longitudinal and transverse stresses, it is difficult 
to see what other orientation could exhibit a tension. Again, the (211) is considered 
to be a slip plane for iron. Grains in which these planes are parallel to the stress 
direction might be expected to show a low elastic range and therefore a high residual 
stress on removal of the external stress. In fact, it is found that the stress is less than 
for the less favourably oriented (310) planes. Therefore, it is still not clear that the 
present observations could be accounted for entirely by the Heyn stresses. 

When the author's first account was published it was suggested to him that the 
effect might be due to macroscopic internal stresses; that, for instance, the outer 
layers of the tensile specimen yielded before the interior so that on removal of the 
applied stress the interior, due to its greater elastic range, would produce a macro¬ 
scopic compressive stress in the surface layers, which the X-rays examine. It was 
with this possibility in view that the flat tensile specimens used in the earlier work 
were replaced by specimens of circular section. The hypothesis of a single macro¬ 
scopic stress system in the surface, however, is inconsistent with the present obser¬ 
vation that the residual stress system derived from strain values of the (310) planes 
is ajgpreciably different from that derived from observations on the (211) planes, 
that is the residual stress system is different for different grains. Further evidence 
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against the maorosoopic stress was given by the observation that if the surface 
layers of the specimen were etched away progressively until the middle of the 
specimen was reached, no variation in magnitude or sign of the internal stresses 
could be observed. If macroscopic stresses were present it would be reasonable to 
expect some stress variation to be observed in the exposed surface as the volume of 
the specimen is penetrated. 

On the other hand, it is necessary for equilibrium that the observed internal 
compressive stresses should be balanced by equivalent tensile stresses on the same 
scale of size distribution. If it is found impossible to obtain X-ray reflexions from 
regions in tension, then it will be necessary to conclude that the atomic arrangement 
in those regions is too disordered for coherent reflexion. 

The work described above has been carried out as part of the research programme 
of the National Physical Laboratory, and this paper is published by permission of 
the Director of the Laboratory. 
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On the radiation emitted by a fast charged particle 
in the magnetic field 

By H. Y. Tzu, University of Manchester 
{Communicated by P* M, S. BlackeU, F*B,S,—Received 24 March 1947) 

Fomeranchuk has shown that electrons with energies >> 10^’ eV passing through the earth’s 
magnetic field lose most of their energies. It is shown in this paper that the energy lost is 
transformed into some 600 photons of very high energy. These photons are distributed along 
a very nwrow band of several decimetres or even only several centimetres length. The 
magnetic field of the earth can infiuence appreciably neither the energy spectrum nor the 
spread of extensive showers. Its main effect consists in shifting the shower maximum to a 
higher ^titude. Something like the cascade process might be developed by a very fast 
electron^fore it reaches the top of the atmosphere. 

Inteobxtotion 

When a charged particle moves in a magnetic field, it is accelerated in a direction 
perpendicular to its direction of motion and loses energy by radiation. Fomeranchuk 
( 1940 ) has shown that electrons of about 10 ^’eV or more will lose most of their 
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energy while penetrating into the earth's magnetic field. Electrons of energy 10^* eV 
give probably the most important contribution to the extensive air showers at the 
sea level. It may be assumed that electrons of energy lO^'^eV are important in 
producing the more dense showers. Therefore it is of particular interest to investigate 
how the phenomenon of extensive air showers is affected by the radiation of the 
primary electrons in the earth's magnetic field before reaching the atmosphere. 

Using Dirac’s ( 1938 ) classical equation of motion of an electron, Pomeranchuk 
has calculated the energy loss and the path of a charged particle in the earth’s 
magnetic field. He has also discussed the limit of validity of his theory. But he 
has not investigated the frequency and the angular distribution of the emitted 
photons, the knowledge of which is essential for determining the influence of the 
earth’s magnetic field upon extensive air showers. In this paper therefore spectra 
and the angular distribution of the radiation will first be found. When defining the 
limit of this theory, the limit of Pomeranchuk’s theory given by himself from a 
different standpoint will be examined. Then the effect of the earth’s magnetic field 
on the extensive air showers will be anal 3 ^ed. Investigation will be made of the 
problem in the region of energies where the classical treatment is possible, and the 
effect of the radiation damping can be neglected. Actually, the classical treatment 
will be seen to be valid over the whole region which is of practical importance. It 
will be shown that for electrons the classical treatment is expected to be valid for 
an initial energy 10*2eV. For heavy particles the limit is even higher. Cosmic- 
ray particles of initial energy WJ ^ 10 ®^eV, if they exist at aU, are far too scarce to 
be detected by existing methods. It will also be shown that the energy lost by a fast 
electron in the earth’s magnetic field is transformed into several hundred photons 
of extremely high energy, and that these photons are distributed laterally over 
a short band of several decimetres length. Thus nearly aU energy lost reappears in 
the form of photons of sufficient energy to develop extensive showers coming down 
to the sea level. The most important effect of the earth’s magnetic field is to accelerate 
the development of the extensive showers. At the equator the electron-initiated 
showers would always be fully developed before reaching the sea level, no matter 
how high the primary energy is. 


1. Thk spectra of the emitted radiatiok 

(a) The form of the electromagnetic pulse. The radiation emitted by a fast 
charged particle concentrates itself mainly within a small cone in the direction of 
the velocity of the particle. As the particle moves along the path, ^very point 
in the space swept across by the cone of radiation experiences an electromagnetic 
pulse. 

To calculate the pulse, the osculating plane of a certain point O on the path as 
the X- Y plane with the tangent at O as the X-axis is chosen (figure 1 ). In the first 
step the electric strength at a point P in the X-Z plane at a large distance from the 
path will be calculated. 
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The retarded field strength of the particle is* 



with the following rotations: 



E = the electric strength at the point P, 

H = the magnetic strength at the point P, 

T = the vector from P to the retarded point A, 

V = the velocity of the particle at A, 

V - the acceleration of the particle at A, 
e = the charge of the particle, 

c = the velocity of the light. 



r 



<s = r + 


v.r 

c 




• Bee, for example, Heitler’s book on The Quantum Theory oj Radiation, p. 22, 
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The radiation part of the field strength is 


(3) 




which falls ofif at large r as 1/r. Resolving three components JPg, E^, 

perpendicular to each other, with E^ parallel and opposite to r, E^ parallel to T-axis 
and E^ perpendicular to both E^ and E^, we have 


E, = 0 , 

^ *“3 3{vr®sin^{v^sin0 cos^ + V/Cos^ cos6^) —rdc(i;^co8^~r^sm^)}, 
s c 

c 

E^ s= —-1 — vr^ sin d cos <f>(v^ sin^ cos O-^Vf cos ^ cos 0) 

8 C** 

— rsc{Vj^ sin^ sin 6-^Vf cos{4 sin 0)}, ■ 


with the following notations: 


(4) 


v,^ = the normal acceleration of the particle at A, 

Vf := the tangential acceleration of the particle at A, 
(j> = the angle between X-axis and v, 

6 = the angle between ^-axis and X-Y plane. 


For a particle moving in a magnetic field, the Lorentz force 

K = ?[v.H] 


is always perpendicular to the path. The tangential acceleration v, is solely 
due to the radiation damping. Confining ourselves to jjrocesses for which the 
effect of the radiation damping is negligible, we can neglect those terms containing v, 
in (4). 

Denoting the angle between v and — r by jir, we have from (2) • 





For a fast particle, v is very nearly equal to < 7 . So that for small value of s is very 
small and therefore E very large. Thus the larger part of the radiation is contained 
in a small cone. To see roughly the magnitude of the cone, we make the approxi- 


mation 

cos ^ S1 -■ 


We find 

« S 1 - ^ (1 - j S + V^*). 


with 

a** 

(6) 
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The opening angle ^ of the cone has therefore the order of magnitude of a. For 
extensive showers, only primary particles with initial energy ^ 10 ^^eV are signi¬ 
ficant. For an electron of such high energy, 10 "® is very small. In the cone of 
radiation, s has the order of magnitude of a*, sin^i and 8ini9 have the order of 
magnitude of a. Among the terms containing in (4) the term 


o V 

is of smaller order and therefore can be neglected. With the approximations 
cos^^l, sin^^^, cos^^^l, sin^^^, ^ 

and introducing the notation aj = + we get 


- 0 , 

F .._ 

rc^al rc*(af -f * 

rc^(af-f 


( 0 ) 


The form of the pulse is roughly shown in figure 2. is an even function, while 
is an odd function of 0. 




Figurk 2 
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(6) The spectra. Let the Fourier components of the frequency asid be 

denoted by E^{y) and E^{v). Then we have 

where t is the time at the point P. Since E^ and E^ are functions of ji, it is essential 
first to establish the relation between t and We shall denote the retarded time of 
the particle at the point A by t. Then it is well known that 

T 

dr = -dt, 
s 

On the other hand, we have dr = ~d6. 

% 

From these we get at once 


dt = (af+9i*)#, t = + #»), 


( 8 ) 


if we choose the zero point of t and t such that t — 0, t — 0 correspond to ^ = 0. 
Using (8) and making the substitution x = we get 


((rS?-r+y +i**’] • 

4ed 




(9) 


The limits of the iritegrals are practically ± oo. In the region where the main part 
of the radiation concentrates, is extremely small, and therefore the limits of 
X = are very large. The integrals can eventually be reduced to Bessel functions 
by making the substitution X = 2 sinh ^cr. We obtain after simple calculation 




where = Bipjcal and K denotes the Bessel function of the imaginary argument. 

We shall denote the energy spectrum of the radiation emitted within the angle 
element by I{v)dvd(j). In particular, we shall denote those polarized in rj- and 
^-direction by I^{v)dvd(j> and J^{v)dvd^ respectively. It is then evident 

Iy(^)dud<^> = ^drd4>jj E,(u) |*rW, 


I^{v)dvd^ 


£ 

277 


\E^(v)\‘‘ 


r^de. 
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The integrals are difficult to evaluate exactly. For practical purposes the following 
approximations are accurate enough: 


l^[v)dvdip = ^ ~ 2-O2A»-'»»](ird0, 

e®A* 

I^(v)dvd<p = ~^-exp[-3-26A««*]d./#, 


where , A = —. (12) 

cor Vf, 

The forms of the spectra are shown in figure 3. From (11) we see at once that the 
intensity drops exponentially for and tends to zero as A* for Most of 

the energy radiated is therefore 8j)ent in a region where the frequency has the order 
of magnitude of Vq or where A has the order of magnitude 1. 



Fiuuee 3 


We have determined the values of (ca/€®)/^(^) and (ca/e®)/^(j^), which are dimen¬ 
sionless and depend on A only, both by graphical integration and by using the 
approximations (11). The results are given in tables 1 and 2. The errors are within 
5 % in the region which is important. 



> 

II 

o 

0*2 

Table 1 

0*4 

0*6 

0*8 

1 

(ca/e*) i,(v)appr. 

0 

0*206 

0*171 

0*133 

0*100 

0*074 

(ca/e») i,{i')gniph. 

0 

0*208 

0*179 

0*138 

0*104 

0-076 


A = 0 

0*2 

Table 2 

0*4 

0*6 

0*8 

1 

(ca/e*),/(;(i;)appr. 

0 

0*0397 

0*0269 

0*0167 

0*0109 

0*0072 

{ca/e») /{(vlgniph. 

0 

0*0407 

0*0269 

0*0174 

0*0112 

0*0072 
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The total energy dW radiated within a small angle of ij> corresponding to a time 
interval dr = cd^jv^ is 

= \E^{v)\^r^dedv+-^d<f>j^ \Ef{v)\^r»dddv. 

After some calculation we find that 


c C 


dW^ 


2eH^ 


(13) 


which is just the energy loss of the particle if we neglect the effect of the radiation 
damping. The exact expression for the energy loss is 


dW ^ 2e^/v^ t)A 
dr 3c^\(x^^ac^ f ‘ 


(14) 


The result is just what was to be expected. The radiation is mainly concentrated in 
a small cone in the direction of motion of the particle. The radiation emitted in other 
directions is negligible. 

(c) The number of photons. Proceeding to find the number of photons emitted, let 
dN, dN^ and dN^ represent respectively the total number of photons, the number of 
photons polarized in ^-direction and those polarized in ^-direction emitted within 
/h small angle d(l>. Then 


dA « + == --^——r^dddp. (15) 

After carrying out the integration, we find 


2 


1 






( 18 ) 


2. Thb limit of the theokv 

The theory developed is essentially limited to the region, where the following 
three effects can be neglected: 

(a) The quantum effect. 

(b) The effect of the radiation damping. 

(c) The variation of v^. It has been treated as a constant. It is therefore essential 
that Vj, sliould not change rapidly. 

In the following these conditions will be examined one after another and thereby 
set the limit of the theory. Some of the conditions have been given by Pomeranohuk. 
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The physical interpretation given by him for the most stringent condition is different 
from that given in this paper. 

(a) The f^ntum effect. The quantum theory demands that the position of the 
electron in a system at rest with re8X)ect to the electron is uncertain by an amount 


with hjinc as the Compton wave-length. Otherwise the velocity of the particle 
would be uncertain by an amount nearly equal to c. It is essential that in a system at 
rest with respect to the electron the field of the earth should not change appreciably 
along a region Ja:, So that we have 


as the first condition, where E and AE are respectively the electric field strength 
and the variation of the electric field strength of the earth in a system at rest with 
respect to the electron. In a system at rest with respect to the earth, the earth’s 
magnetic field can be approximated to the dipole field 


H = ~g{M.i2*-3R.(M.R)}, 


(17) 


with R as the distance from the earth’s centre and M the strength of the dipole. 
In equatorial plane 

On the other hand, we have 

«.S, 

a a a 

Zh 

so that the condition becomes -5'^ 

This condition has been given by Pomeranchuk apart from an unimportant 
numerical factor 3. 

It should be noted that this is not the only condition demanded by the quantum 
theory. In order that the classical treatment be valid, the number of photons taking 
up most of the energy lost by the charged particle should not be small. In particular, 
the energy of individual photons emitted should be small in comparison with the 
energy of the radiating particle. Since ip is proportional to a the dominant frequency 
Vq = Zipjctt^ increases as 1/a,, and so is proportional to the square of the energy of 
the particle. The second condition is therefore 

hvoa 9hVp ^ 
me* mc*a* 


I6 
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To a first approximation, we may assume 



where m is the mass of the particle. We have therefore 


w*c*a 


<^ 1 . 


(10) 


( 20 ) 


This condition has been given by Pomeranohuk as a criterion for the probability 
of the pair production by high-energy photons in a magnetic field. Actually this is 
the criterion for the probability of the pair production by electrons in a magnetic 
field. So that the condition (20) simply means that the classical treatment fails, 
when the radiating electron begins to produce pairs. 

(6) The effect of the radiation damping. The next limit is set by the effect of the 
radiation damping. The exact expression for the radiation emitted is given by (14). 
Our neglecting of terms containing is justified only when the second term in (14) 
is small in comparison with the first. It is therefore necessary that 


If this is true, we have 


a*w* 




dl = 3c»a«’ 


where W = mc*/a is the energy of the particle. On the other hand, 

dW _ d me* _ mvv/ 
dt ~ dt^(i—v*lc*)~ a* 

Using these and (19) the third condition can be transformed into the form 


3m*c*a 


< 1 . 


( 21 ) 


It should be noted that owing to iSc = 137e*, the condition (20) is always more 
stringent than (21). So that whenever the quantiun effect can be neglected, the effect 
of the radiation damping is small. 

(c) The variation of Vp. The last condition is that Up should not change rapidly. 
Let any segment of the path be marked out along which the direction of the velocity 
of the particle has been deflected by an angle a, the opening of the cone of radiation. 
Then Vp must not vary appreciably along such a segment of the path. The condition 
is essentially equivalent to the condition that the particle should not lose an appreci¬ 
able fraction of its energy while passing such a segment of the path. According to 
(19) the variation of <6p is a result of the variations of a and H. The variation of a 
means the variation of the energy of the particle. The variation of J? is the variation 
of the fleld strength in space. In the earth’s magnetic field, the effect of the variation 
oiH is small. For if the segment of the path is so long that H changes appreciably 



Radiation emitted by a fast chmged particle in the magnetic fieM 241 

along the path, the magnetio field must be very weak. So that the amount of energy 
radiated along this segment must be very small and therefore unimportant. The 
last condition may be written as 


AW 

W 




where AW ia the energy loss of the particle while passing such a segment of the path. 
Taking into account that 


3c® a* 3c*a*»„ 


we have 


2e>H 


< 1 . 


( 22 ) 


This condition is equivalent to the condition (21). The most stringent condition is 
therefore set by the quantum effect. It will be showm later that (20) gives the lowest 
upper limit for the validity of the classical treatment. 

(d) A remark about the finite number of photons. There is one i>oint of interest 
concerning the number of photons emitted. The problem of a radiating charged 
particle in the earth’s magnetic field is in principle the same as the Bremsstrahlung. 
The only difference is that the field of a magnetio dipole takes the place of the Coulomb 
field of a nucleus. It is known that, in the case of Bremsstrahlung, an infinite number 
of photons are emitted, while in the present case the number of photons emitted is 
finite according to (16). To explain this paradox, the integral (16) must be investi¬ 
gated more closely. 

In general, the infinite number of photons are caused by divergence of the integral 
(16) at the lower limit. If 

lim EJv) + 0 or lim Eriv) + 0, 
i-».o ’ »-^o 


then the integral diverges logarithmically and an infinite number of photons of low 
frequency are emitted. But it will converge if both 


limi?,(v) *= 0, limli?r(v) = 0, 


which is just the present case. Since 


lim E{v) - 

i »-+0 



lim E{y) is proportional to the area under the curve E(t) in figure 2. The areas are 

IP-4-0 

just equal to zero in the present case. Actually, there do exist an infinite number of 
photons of low frequency. Some approximations have been made while developing 
the theory. It is these approximations which cause the vanishing of the integral (16). 

First, the expression (6) is not exact. We have neglected terms in (4) containing 
if which represent the effect of the radiation damping. The terms neglected in the 

cos^ oos6 + 
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both are odd fanotions of <j> which is in turn an odd function of / according to (8). The 
integrals of both terms over di must vanish. They cannot therefore be the cause of 
an infinite number of photons. The terms neglected in the expression for are 


• A • a 


»A ■ a a 

—~coa*6 sin 6> cos ff~ 


Bind. 


The first term, being an odd function of cannot make the integral (15) diverge. 
But the second and the third terms are even functions of ^ and of the same sign. 
Their integrals over dt cannot vanish. So that an infinite number of photons are 
indeed produced due to these two terms representing the efiect of the radiation 
damping. 

Secondly, (8) is only approximately correct. The exact expression is 


dt 

d^ 



Since v decreases monotonely with increasing <f>, and the variation of Vj, with respect 
to <j> depends upon the form of the magnetic field, the expression at the right-hand 
side is not exactly an even function and therefore t is not exactly an odd function 
of Even terms of an odd function of <j> in (4) can give rise to an infinite number 
of photons. 

That the energy taken up by those infinite number of photons of low frequency is 
small is guaranteed by the conditions (21) and (22). They cannot have appreciable 
influence upon extensive showers. 


3. The application op the theoby 


In this section an example will be considered from which general conclusions can 
be drawn about the influence of the earth’s magnetic field upon the extensive showers. 

(a) B&oiew of Pomeranchuk’s reauUa. The path and the energy loss of a fast charged 
particle in the earth’s magnetic field has been given by Pomeranchuk. Since his 
paper is not easily available a rough review of his results is giveti. We take the 
simplest case of an electron approaching the earth vertically in the equatorial plane. 
The equation of motion of a charged particle is 

c 2e* /I \ 

mu^ - F; + . (23) 


With as the field strength and ... as four velocity, four acceleration, etc., 

the time component of (23) in ordinary three-dimensional form is 


dW 

di 




In the present case 


(24) 
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Therefore 


e 

m 




Substituting it in (24) we obtain after simple calculation 


dW ^ 2rSlf»rv -1* 
dt~ 3m«c»Lc’^J’ 


(25) 


with = e^jmc^ as the classical radius of the electron. The earth’s magnetic field is 
given by (17). In equatorial plane we have 


H 


M 

R^' 


Noticing that v X M and v is nearly equal to C, we obtain at once from (25) 

dW _ 

di ' 


The equation can be integrated at onoe, if we take the instant the partiele arriving 
at the earth’s centre as the zero point of t such that R = —ct. Let denote the 
initial energy and W the energy of the particle when it reaches a point at a distance 
R from the earth’s centre; we have 


i 

W 


1 1 


with 




\5mH*R^ 


(26) 


Pomeranohuk defined which is a function of R, as the critical energy of the electron 

in the earth's magnetic field. Equation (26) was first given by Pomeranchuk. 

For the first term on the right-hand side of (26) can be neglected. We 

have therefore 

W~W,. 


It means: When the intial energy WJ is large in comparison with the critical energy 
WJ, the particle loses most of its energy. On the other hand, if 11^ the second 
term can be neglected, so that we have 

W^Wo. 

It means: When the initial energy is small in comparison with the critical energy, 
the energy loss of the particle is negligible. Taking the radius of the earth as 
6'4 X 10® cm. and Jlf 8 x 10*®e.s.u., we have = 6-63 x 10” eV at the top of the 
atmosphere for vertical incident electrons at the equator. It is evident that the 
earth’s magnetic field cannot have appreciable influence on the lower end of the 
spectrum of extensive showers where the energy of the primary is small compared 
with 6-63 X 10” eV. 

(6) The numerical data of the limits of this theory. Before investigating the eflTect 
of the earth’s magnetic field on the upper end of the spectrum of the extensive 
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showers, the numerical values of the limits of our theory will first be given. The 
limits are given by (18) and ( 20 ). The condition (18) is equivalent to 

1 U 

W^mh^R' 

TT . .. 1^3^ 2rgif* 

Cmg (26) have 

On diflferentiating the expression on the right-hand side with respect to jB, we find 

r I 2 

that the maximum occurs at R* = . By substituting the numerical 

values of the physical constants into the expression, we get the upper limit 

WJ<^2-4xlO*«eV. 

The condition ( 20 ) is equivalent to 

1 ZneH 3 X 137rgM 


Using (26) we get 


1 3xl37r§Jlf 2r*Jlf* 
Wo mcW "■l6m*c*lJ6‘ 


On differentiating the expression on the right-hand side with respect to R, we find 
the maximum occurs at iZ® = 27 x 137 gives the upper limit 


lfo<^3xlO®*eV. 

Our theory is therefore valid for electrons of initial energy 3 x 10 “ eV. 

(c) Frequency and number of photons. The next step is to see the influence of the 
earth’s magnetic field on the upper end of the spectrum of the extensive showers. 
To do this we must see what is the total number and the dominant frequency of 
the photons emitted. The total number of photons of appreciable energy emitted 
up to the top of the atmosphere is given by integrating (16) 


N 



6 c* 

2V3ftc*J_„ a ■ 


with Rq as the earth’s radius. Taking into account that t)pScaJlf/iZ* and R^^ —ct, 
we get after simple calculation 




The initial energy of the particle does not appear in the expression. The initial energy 
does not influence the number but only the frequency of the photons. To see the order 
of magnitude of the frequency of the emitted radiation, we take the ease of an 
electron having an initial eneVgy equal to = 6-63 x 10 ®® eV. According to (27) 
the number of photons emitted is inversely proportional to the square of the distance 
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from the earth’s centre. Half of the photons have been emitted when the electron 
arrives a distance ^2 R 0 from the earth’s centre. We can get a good idea about the 
frequency from the expression r^/ca® at this distance. Using (19) and (26) we find 
after substituting in the numerical value of the constants 

V 0 ~ 10®®8ec.“^, hp 0 ~ 10“eV. 

Thus most of the energy lost by the particle is transformed into some 600 photons 
of extremely high energy. The showers developed by those photons will come down 
to the bottom of the atmosphere with that started by the primary electron which 
has lost much of its energy. So that the energy lost by the primary electron takes 
on the new form of showers started by enei^etic photons which cannot be essentially 
different from that started by the primary electron alone. 

(d) The angular spread of the photons. The next thing is to see whether the earth’s 
magnetic field can influence appreciably the spread of the extensive showers. To 
this end we must investigate how the photons are distributed in the space. Since 
most of the energy radiated is contained in the cone of radiation, it is evident that 
the energetic photons are distributed and move forward on a very narrow band cut 
out by the cone of radiation. The length of the band is approximately equal to the 
deflexion of the electron from the straight path. The deflexion of the particle is 



which gives after simple calculation 



For W 0 p 2 lWg the first term on the right-hand side can be neglected. In such oases 
the length of the band is approximately equal to 1'36 cm. at the top of the atmosphere. 
For WJ ^ 21WJ the second term could be neglected. In the particular case of 
the length of the band is about 30 cm. That the earth’s magnetic field cannot influence 
the spread of the extensive showers is thus evident. It has been pointed out by 
Blackett (1947) that when a fast electron passes the neighbourhood of the sun a 
band of photons will be emitted, which will, when they reach the earth, have an 
extension sufficient to give an observable spread. Such a long band of photons 
would give rise to extensive showers of the shape of a long narrow band. If we assume 
that the strength of the sun’s dipole is 1'7 x 10*® e.s.u., the length of the band at the 
sea level could be several dozens of kilometres. Such showers, though very infre¬ 
quent, may possibly be detectable. 

(c) The shift of ^ cascade maximum. One of the most important effects of the 
earth’s magnetic field is that it accelerates the development of extensive showers. 
It breaks the energy of the primary particle into smaller units before the particle 
arrives at the top of the atmosphere. So that, in general, we expect a shift of the 
shower maximum to a higher altitude. Owing to the production of pairs there is 
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also a similar upper limit for the energy of the photons entering the atmosphere. 
It will be shown that this upper limit has the same order of magnitude as that for 
electrons. We can roughly take as the common upper limit. The depth where the 
maximum of the shower started by an electron of energy occurs is 

= log ^'-2 = 21 

cascade units, where p ~ 1'03 x 10*eV is the critical energy of the electron in the 
air for cascade processes. The maximum for the shower started by a photon is about 
one unit deeper. The whole layer of the atmosphere corresponds to some 24 units. 
8o that for cascade showers at the equator the maxima always occur above the 
sea level. 


4. Bsmabks on thk pair production 

In the foregoing sections we have investigated the radiation emitted by a fast 
electron in a magnetic field. The process is closely analogous to the Bremsstrahlung. 
Since the pair production and the Bremsstrahlung are processes similar to each other 
not only physically but also mathematically, it can be safely assumed that the 
absorption coefficient of photons in the earth’s magnetic field has the .same order of 
magnitude as that for electrons. The probability of the pair production would be 
appreciable if the energy of the photon were comparable with W^. For primary 
electrons of very high energy something like the cascade process might be developed 
before the primary reaches the top of the atmosphere. 

Processes like the Bremsstrahlung and the pair production are possible only if 
there exists some agency capable of absorbing momentum. It would be interesting 
to investigate how the momentum is absorbed in the present case. It is evident that 
it is finally absorbed by the huge mass of the earth just as it is absorbed by the mass 
of the nucleus in atomic processes. A detailed investigation into the mechanism of 
the process is, however, outside the scope of this paper. 

I wish to express my thanks to Professor P. M. S. Blackett, who suggested the 
problem, and to Dr L. JAnossy and Mr J. Hamilton for their valuable advice and 
kind interest. 
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A simple theory of static and dynamic hardness 

By D, Tabor, Research Group on the Physics and Chemistry of Rubbing Solids^ 
Department of Physical Chemistry, University of Cambridge 

{Communicated by Sir Geoffrey Taylor, F.R.S.—Received 17 May 1947) 

When a hard Mphorieal indenter ia prewied into the surface of a softer metal, plastic flow of the 
metal specimen occurs and an indentation is formed- When the indenter is removed it is found 
tliat tlio permanent indentation U spherical in shape, but that its radius of curvature is greater 
than that of the indenter- It is generally held that this * shallowing' effect is due to the release 
of elastic stresses in the material aroiuid the indentation- It is clear that if the recovery is 
truly elastic it should be reversible and that a second application and removal of the indenter 
under the original load should not change the sijse or shape of the indentation. Experiments 
show that this is the case. This means that when the original load is reapplied, the deforma¬ 
tion of the indenter emd the recovered indentation is elastic and should conform with Hertz’s 
equations for the elastic deformation of spherical surfaces. Measurements show that there 
is, in fact, close agreement between the observed deformation and that calculated from 
Hertz’s equation. 

Those results have been applied to the case of indentations formed in a metal surface by 
an impacting indenter. The energy involved in tlie elastic recovery of the impacting surfaces 
is found to account for the energy of rebotmd of the indenter. This analysis explains a number 
of empirical relations observed in dynamic hardness measurements, and, in particular, 
reproduces the calibration characteristics of the rebound scleroaeope. The results also show 
that for very soft metals the dynamic hardness is very much higher than the static hardness, 
and it is suggested that in rapid deformation of soft metals, forces of a quasi-viscous nature 
are involved. 

In the third part of the paper a simple theory of hardness is given, based on the theoretical 
work of Hencky and Ishlinsky. It is shown exj)erimentally that for a material incapable of 
appreciable work-hardening, the mean pressure required to produce plastic yielding is 
related to the elastic limit V of the material by a relation = cT, where c is a constant 
having a value between 2*6 and 8. An empirical method is descrilwd which takes into account 
the work-hardening produced in metals by the indentation process itself. This results in a 
general relation between hardness measurements and the stress-strain ohameteristic of the 
metal, and there is close agreement between the theory and the observed results. In addition, 
the theory explains the empirical laws of Meyer. 


1. Static hardness measurements 

The hardness of a metal is often defined as its resistance to indentation (O’Neill 1934). 
In the Brinell hardness test (Brinell 1900; Meyer 1908), a hard steel ball is pressed 
under a fixed normal load on to the smooth surface of the metal to be tested. When 
equilibrium has been reached, the load and indenter are removed, and the diameter 
of the permanent impression measured. The hardness is then expressed as the ratio 
of the load to the curved area of the indentation (Brinell hardness) or as the ratio 
of the load to the projected area of the indentation (Meyer hardness). In both cases, 
the hardness has the dimensions of pressure. 

The relation between load and size of indentation may bo expressed by a number 
of empirical relations. The first of these, known as Meyer’s law, states that if .F is 
the load applied and d the diameter of the impression left when the indenter is 
removed ^ ^ 

[ 247 ] 
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where h and n are oonstants for the material when the diameter of the ball is fixed. 
The value of n is generally greater than 2 and usually lies between 2 and 2 * 5 . For 
completely unworked materials, n has a value near 2-6, whilst for fully worked 
materials it is close to 2. 

When balls of different diameters are used, the values of these constants change. 
For balls of diameters Dg.D,,... giving impressions of diameters ..., 

a series of relations is obtained of the type 




( 2 ) 


In a very extensive series of investigations Meyer (1908) found experimentally that 
the index n was almost independent of D but that k decreased with increasing X> 
in such a way that 


A = kiD^-^ = = .... 


( 3 ) 


where is a constant. 

When conical or pyramidal indenters are used as in the Ludwik and Vickers 
hardness tests respectively a simpler relationship is observed. Over a wide range of 
experimental conditions it is found that 

F = ktP-o ( 4 ) 

for an indenter of fixed angle. The power of d is fixed, but k depends upon the angle 
of the cone or pyramid used. 

It has long been known that the permanent indentation left in a metal surface 
deformed by a hard steel ball has a larger radius of curvature than that of the 
indenting sphere. Some very careful measurements by Foss & Brumfield (1922) 
have shown that the indentation is symmetrical and of spherical form, but that its 
radius of curvature may, for hard metals, be as much as three times as large as that 
of the indenting sphere. This effect has generally been ascribed to the release of 
elastic stresses in the metal specimen, but little work of an analytical nature has 
been carried out to relate this to the elastic properties of the metal and the ball. 

It is at once evident that if the recovery observed is an elastic one, it should be 
essentially reversible. That is to say, if the indenter is replaced in' the recovered 
indentation and the original load applied, the surfaces should deform elastically, 
and on removing the load, the diameter and curvature of the recovered indentation 
should be unchanged. 

Experiments were carried out to test this. A series of impressions were made with 
hard steel balls of various diameters on various metal surfaces, using loads ranging 
from 250 to 3000 kg. The diameters d of the impressions formed were measured after 
1 , 2,3 and 6 cyclic applications of the load. The radius of curvature r, of the recovered 
indentation was also measured, using (a) a delicate profilometer, (b) a metallographic 
section across the diameter of the indentation. The values of d were reproducible 
to less than 1 %. The radii of curvature as determined by the profilometer method 
were reproducible to about 4 %. A few of these values were compared with those 
obtained from direct photomicrographs of the sections across the diameter of the 
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indentation; the agreement was of the order of 1 to 2 %. For example, with a single 
application of load of 500 kg. on mild steel (10 mm . ball) the radius of curvature of 
the indentation by the profilometer method (mean of three determinations) was 
0*596 cm. and by the direct contour method 0*605 cm. These values are typical. 
The results are given in table L 


Table 1 



radius of 
baU fi 

load 


metal 

(cm.) 

(kg*) 


brass 

0*952 

500 

d 

aluminium alloy 

0*052 

500 

d 

mild steel 

0*5 

600 

d 

U 

hardened steel 

0*5 

1000 

d 

U 


0*952 

3000 

d 

U 


1*59 

3000 

d 

U 


dimensions of indentations (cm.) 
number of applications of load 


1 

2 

3 

6 

0-27 

0-270 

0*270 

0*270 

1*21 

1*21 

1*19 

1*20 

0*26 

0*260 

0*263 

—. 

1*16 

1*16 

1*16 

— 

0*183 

0*186 

0*186 

0*192 

0*696 

0*585 

0*66 


0*202 

0*200 

0*203 

0*206 

0*677 

0*677 

0*68 

0*662 

0*830 

0*330 

0*338 

0*338 

1*30 

1*37 

1*31 

1*37 

0*370 

0*366 

0*366 

0*366 

5*60 

6*54 

5*68 

5*41 




(a) 


Fioumc 1 


It is seen that the indentation remains essentially unaltered in diameter and 
curvature after the second and third applications of the original load. This shows 
that the deformation occurring at the final stage of the original deformation is 
reversible and is therefore essentially elastic. 

Since the 'recovery' of the indentation is truly elastic, it is possible to apply the 
n1 s.HH ifial laws of elasticity to this portion of the deformation process. The condition 
of the surface of the metal after the indentation has been formed is idealized, and 
it is assumed that it consists of a plane surface XABY containing a depression of 
spherical form of radius of curvature r, and of diameter 2 a (figure 1 a). 

When a hard steel sphere (radius of curvature fj) is plaOed in the indentation, and 
a normal force of F djmes is applied, both surfaces are elastically deformed to a 
common radius of curvature r where r,>r>ri and the deformed surfaces finally 



250 


D. Tabor 


,touch over the boundaries of the indentation (figure Id). It is assamed that there is 
very little change in the diameter d during this deformation, an assumption whiolds 
generally accepted as being valid to within a few per cent. Then, according to Hertz’s 
classical equations (Hertz 1896) describing the elastic deformation of spherical 
surfaces, the relationship between d, and rg is given by 




(«) 


where Ei, are Young’s moduli for the indenter and the metal, and where a value 
of 0-3 for Poisson’s ratio has been assumed. 

In a discussion of the derivation of this equation, Prescott (1927) has indicated 
that even if the surface XABY is not a plane, the same equation will result. If, for 
example, the surface rises at the regions A and H as in figure 2 a or falls as in figure 2 6, 
the above equation is still valid, provided the projections or depressions at A and B 
are not too marked. 



(») 



Figitbb 2 


This equation is applied to the previous measurements of rj, r,, F and d. The value 
of d obtained from equation (6) is compared with the observed value of the diameter 
of the recovered impression. The results are given in table 2. It is seen that the 
agreement between the last two columns is reasonably good, particularly as the 
accuracy in determining is not better than about 4 %. 


Table 2 



assumed 


observed values 

(cm.) 

cal¬ 


value of 

load 


.— ■ ‘ ■' 


culated d 

material 

(dynee/cm.*) 

(kgd 

n 

U 

d 

(cm.) 

braSB 

10 X 10 ^^ 

250 

0-5 

0-64 

0-160 

0-17 



500 

0-962 

1-21 

0-27 

0-26 

aluminium alloy 

7 X 

250 

0-6 

0-66 

0-178 

0-18 


500 

0-962 

M 5 

0-26 

0-30 

mild steel 

20 X 10^^ 

600 

0-6 

0-606 

0-183 

0*20 

hardened steel 

20 X 10^1 

1000 

0*6 

0-677 

0-202 

0-22 



3000 

0-962 

1-39 

0-330 

0-36 



3000 

1-59 

2-80 

0-370 

0-39 


As a matter of interest, hae is made of the observations of earlier workers. 

(1) Profiles given by Batson (1918) for a ball of diameter 10 mm. and a load of 
3000 kg. on three types of steel. It is assumed that 10 “ dynes/cm.* for 
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9,11 the Bteela. The results are given in table 3 . It is seen that the agreement between 
the observed and calculated values of d is reasonably good. 


mate/rial 

Ni*Cr steel 
manganese steel 
rail steel 


Table 3 

observed values 


rji (cm.) r, (cm.) 

0‘5 0*627 

0*6 0*569 

0*6 0*637 


_, calculated 

d (cm.) d (cm.) 

0*324 0*34 

0*407 0*41 

0*445 0*49 


( 2 ) Profiles given by Foss & Brumfield { 1922 ) for a ball of 10 mm. diameter on 
various brasses. The results are tabulated in table 4. It is seen that the agreement 
for the smaller loads (500 kg.) is good, whilst the agreement for the higher loads 
(3000 kg.) is poor. This is probably because for soft metals the values of rj are Very 
little different from for high loads, so that the errors introduced in calculating 
— may be very large. In table 5 results are taken where r is greater than 
0*55 cm. 


Table 4 



assumed 



value of 

load 


(dynes/sq.cm.) 

(kg.) 

soft brass 1 

9 X 10 “ 

3000 

soft brass 2 

9 X 10“ 

600 

hard bronze 3 

7*6 X 10“ 

3000 

soft bronze 4 

7*6 X 10“ 

600 

hard bronze 6 

7*6 X 10“ 

3000 

soft bronze 6 

7*6 X 10“ 

600 


observed values 


^. 

-^.. 


calculated 

r, (cm.) 

rj (cm.) 

d (cm.) 

d (cm.) 

0*5 

0*618 

0*665 

0*7 

0*5 

0*621 

0*330 

0*38 

0*5 

0*527 

0*497 

0*60 

0*6 

0*567 

0*276 

0*28 

0*5 

0*631 

0*499 

0*63 

0*6 

0*666 

0*302 

0*28 


(3) Profiles given by Foss & Brumfield (1922) for a ball of 10mm. diameter and 
a load of 3000 kg. on various steels. It is assumed that j&j = 20 x lO^^dyneB/cm.* for 
all the steels. The results are given in table 6, and it is seen that the agreement 
between d (calculated) and d (observed) is close. 


Table 5 


metal 

r, (cm.) 

observed values 

r, (cm.) 

d (cm.) 

calculated 
d (cm.) 

0-6C-A 

0*6 

0*56 

0*440 

0*43 

05C-O 

0*6 

0*593 

0*342 

0*37 

0-6C-T 

0*6 

0*701 

0*346 

0*31 

0 -6C-W 

0*6 

1*03 

0*26 

0*26 

0 -6C-T 

0*6 

0*662 

0*30 

0*32 

0-9C-T 

0*6 

0*814 

0*31 

0*28 

09C-0 

0*6 

0*644 

0*301 

0*33 

0-9C-W 

0*6 

1*872 

0*240 

0*23 

MKD456 

0*5 

0*668 

0*349 

0*86 



D. Tabor 


m 

These results show that in general the agreement between tiw obeerred and 
oaloolated valoes of d is reasonably good, partioularly when r, is not too dose to fj, 
i.e. when the elastio ‘recovery ’ is marked. It is, of course, true that as the oaloulation 
of d involves a cube root, the values of F, fj, r„ and lure not very oiitioal. 
Nevertheless, the agreement is consistent for a great diversily of materials and 
experimental conditions. 

Dieouaaim 

The experiments show that when an indentation is formed in a metal surface by 
a hard spherical indenter, the last stage of the indentation process is reversible and 
may be expressed in terms of the elastic constants of the materials and the sphere. 
This is shown by the fact that after several cyclic applications of the original load 
the recovered indentation remains essentially imaltered in diameter and in radius 
of curvature. Further, the extent of the elastic ‘ recovery ’ of the indentation may be 
calofilated on the basis of Hertz’s equations, and the results show that on the whole 
there is good agreement between the observed and calculated values for a wide range 
of materials and experimental conditions. 

The following mechanism for the processes involved in the Brinell hardness test 
may, therefore, be put forward. When the ball presses on to the surface, the metal is 
first deformed elastically. The stresses, however, soon exceed the elastic limit of the 
metal and plastic flow occurs. As the metal is displaced, work-hardening occurs and 
the elastio limit of the material increases (see, for example, the description in Car¬ 
penter & Robertson ( 1936 )). This process continues until the stresses are now dis¬ 
tributed over an impression of such- dimensions that the stresses are within the 
elastic limit of the deformed material. At the end of the process, therefore, plastic 
flow has ended and the whole of the load is borne by elastic stresses in the material. 
If, for example, the load is removed, there is elastic ‘recovery ’, and if the same load 
is reapplied, the surfaces deform elastically until they just fit over the diameter of 
the original impression. The elastio stresses now reach the limits that the deformed 
material around the impression can stand. If the load is removed or reduced, there 
is, as we have seen, a release of elastio stresses. If it is further increased, the stresses 
exceed the elastio limit and further flow of the material occurs. There is a further 
increase in work hardening and the process continues until the stresses are distributed 
over a larger impression, and so fall again within the increased elastio limit. 

2. Dykamio habdkbss msasubbmbnts 

If a hard steel or diamond indenter is dropped on to a metal surface, it rebounds 
^ a certain height and leaves an indentation in the surface. Martel ( 1895 ) showed 
that over a wide range of experimental conditions, the volume of the indentation so 
formed is directly proportional to the energy of the indenter. Vincent ( 1900 ) and 
other workers have confirmed this experimental observation. This result may be 
interpreted as implying that the metal offers a constant pressure of resistance to the 
indenter equal numerically to the ratio (energy of indenter)/(volume of indentation). 
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This ratio has the dimeiuuous of pressure, and is referred to as the dynamic hardness 
number* Later workers have discussed the validity of this relation in some detail, 
and in particular it has been suggested that the energy of rebound should be taken 
into account in calculating the d3mamio hardness. 

A different approach is that adopted in Shore’s sclerosoope, where the height of 
rebound is used as a measure of hardness. It is found that if the height of fall is 
constant, the height of rebound is roughly proportional to the static hardness of 
the material concerned (Shore 1918). 

In what follows the processes involved in impact ex|)eriraent8 will be analyzed, 
a simple theory which explains a number of empirical relations observed in dynamic 
hardness measurements will be developed. 

The process of impact may be divided into three main parts, (i) When the indenter 
first strikes the metal surface, elastic deformation takes place until the mean pressure 
developed is sufficient to cause plastic flow of the metal, (ii) Plastic deformation of 
the metal now occurs accompanied by a building up of further elastic stresses in 
both the indenter and the metal. This process continues until the indenter is brought 
to rest, (iii) There is now a release of elastic stresses in the indenter and the material 
surrounding the indentation, as a result of which rebound occurs. 

In a detailed investigation of th^ impact of spheres of similar metals, Andrews 
(1930), who was mainly concerned with the period of the collision, calculated the 
time involved in each of these portions of the impact. The analysis applied to the 
last two parts of the process was, however, of an admittedly approximate nature. 
In the following analysis, where one is concerned essentially with the forces involved 
and not the time of collision, a different procedure which considerably simplies the 
problem will be adopted. 

It is assumed that there is a dynamic yield pressure P which to a first approxima¬ 
tion is constant and which is not necessarily the same as the static pressure necessary 
to cause plastic flow. This assumption implies that whenever the pressure during 
impact reaches the value P, plastic flow occurs, and so long as plastic flow continues 
the pressure remains constant at this value. Now consider the indentation after 
impact has occurred. If the volume of the remaining permanent indentation is 
TJ, the work done as plastic energy in producing this indentation is by definition 

of P given by W.^PV^. (6) 

Clearly the energy is the difiFerenoe between the energy of impact and the energy 

of rebound All that remains therefore is to calculate and the volume V^. 

Suppose the indenter has a mass tn and a spherical tip of radius of curvature r, 
and that it falls from a height on to a fiat metal surface. After the collision the 
indenter rebounds to a height A, and leaves a permanent indentation in the metal 
surface of diameter d - 2 a. It is assumed that the mechanism involved in the 
dynamic indentation is essentially the same as that which occurs under static 
conditions. That is to say, when the plastic deformation has been completed, there 
is a residual elastic deformation which is reversible. It is assumed that the energy 
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involved in the release of these elastic stresses is equal to the energy of rebound of 
the indenter. Finally, it is assumed that Young's moduli for the indenter and the 
metal are essentially the same as for static conditions. 

Again, consider the indentation after the impact has occurred. Since there has 
been a release of elastic stresses in the indentation, its radius of curvature will not 
be Ti but will be somewhat greater, say fj. If a suitable load F were applied to the 
indenter for a very short interval, it would deform the indentation (and itself) 
elastically, and just touch over the diameter d, where again 

( 5 a) 

The elastic energy involved in this process is estimated by calculating the external 
work performed in pressing the indenter into the indentation. As the indenter sinks 
into the indentation the force increases from zero and reaches the final value F 
given by equation ( 5 a) as the full contact across the diameter d = 2 a is completed. 
At any intermediate instant when the region of contact has a diameter 2a (where 
a < a) the force/ on the indenter, given by equation ( 5 a), is 


d = 2a = 2*22 








( 66 ) 


At this stage, as a result of the elastic deformation of both contacting surfaces, the 
centre of the indenter has descended a distance z (Prescott 1927) given by 


3/ri-u-l l-<rri 

iaL El X J’ 


(7) 


where er, and tr, are Poisson’s ratio for the indenter and the anvil respectively. Then 
the integral of fdz over the range a = 0 to a a a is the total elastic energy stored in 
the surfaces. A simple integration shows that this energy, which we equate to the 
energy of rebound,!. 0-27i’ri IT 

where a value of 0<3 is again assumed for Poisson’s ratio. 

The volume of the permanent indentation left in the surface may be written 
to a first approximation as TJ « rra*/ 4 rj. 

Hence W; * - F, = Pi; = P~. (6a) 


We now express r, in terms of and F from equation (6a), 




(6c) 

Hence 

W; = P 4 ;r- 0 - 17 -[;^ + ^J. 

( 9 ) 
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since the force F at end of indentation is equal to Prra*. The first term of equation 
( 9 ) is simply PV^, where Vg is the apparent volume of the indentation which would 
be obtained if the indentation was considered to have the same radius of curvature 
as the indenter. The second term, by comparison with equation (8), is seen to be 


equal to Hence 


Ws - PF„. 


-W. 


( 10 ) 


Thn, 

Ui 

The validity of this analysis depends on the assumption that the internal forces 
occurring in the actual impact are essentially the same as those involved in the 
analytical model just described. In particular, it is assumed that the elastic waves 
set up in the indenter and the metal specimen absorb a negligible amount of energy. 
It is also assumed that the temperature rise of the material around the indentation 
during the impact is small and has a negligible effect on the strength properties 
of the metal. 

It is at once apparent that if the rebound is not very large (so that ^2 is small) 
the results will not be very different from the equation given by Martel, P - mghJVoj 
nor from the equation suggested by later workers, P = fng{hj^ — ^2)/Ki* 


Effect of variation in the value of P 

In the above derivation it has been assumed that P is a constant throughout the 
process of impact. There are, however, two reasons why P may be expected to vary 
during the collision. The first is a dynamic effect associated with the kinetic displace¬ 
ment of the metal during impact. This will tend to increase P at the initial stages 
of the deformation when the velocity of displacement is a maximum (see later). 
It is difficult, however, to express this effect quantitatively. The second reason is 
that work hardening of the deformed material will occur during the formation of 
the indentation. As a result, P will tend to increase during impact in a manner 
similar to that observed in static hardness measurements, as described in equa¬ 
tion ( 1 ). Some estimate of the order of this effect may be made by assuming that, 
on analogy with the static indentations, we can write 

P = U^~\ (la) 


where n lies between 2 and 2-5. Then the work expended in displacing plastically 
a volume TJ becomes . 

(6a) 


where P is now the mean pressure at the end of the deforming process. This is also 
the pressure involved in the calculation of the rebound. Substituting this value of 
W) in the appropriate equations, we obtain 


P 


n + 2 




y. 


(11a) 


Vol. 19a. A. 


i? 
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The last term in the bracket varies from to fAj as n varies from 2 to 2*6, so that 
this term tends to give lower values for P. On the other hand, the term in front of 
the main bracket increases from 1 to 1*12 as n increases from 2 to 2 * 5 . The total 
effect is to give values of P which are somewhat greater than those given in equation 
(11). The difference, however, will never be more than about 10 %. 


The validity of eqtcations (8) and (11) 


Remembering that at the end of the indentation process, F = na^P, we rewrite 
equation (8) as 


2-la^P^r 1 
~ mg ■ 


(80) 


Since the apparent volume of the indentation is proportional to this means 
that is proportional to Fj for any fixed material. Plotting Ag against on log¬ 
arithmic ordinates, straight lines should be obtained with a slope of f, if P is constant. 
Some results taken from Edwards & Austin’s paper (1923) are plotted in figure 3 , 
and it is seen that this is approximately true. If P is not constant but varies in the 
manner given by equation (la) it is found that the logarithmic graph of against 
Va is still a straight line, but the slope has a value of J (3 4- 2 w — 4 ), i.e. it varies from 
J to 1 as n varies from 2 to 2*6. It is seen from figure 3 that in fact the points for each 
material lie on a straight line, and that the slope lies between 0*7 and 0 - 85 . 



PlOlTBE 3 
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Again, for indentations of a fixed diameter, should be proportional to 
therefore, is plotted against P^{llEi+ l/E^) on logarithmic 
ordinates, a straight line of slope | should bo obtained. Results taken from the same 
paper are plotted in figure 4, the values of P being calculated according to equation 
(11). There is again good agreement, the slope of the straight line being 0>61. In 
this case, any dependence of P on the size of the indentation does not appreciably 
affect the relation. 



FlQUttE 4 

Finally, a may be eliminated between equations (8o) and (11). The resulting 
relation between and P is given by 

p5 — ^2 _ I _ /J2) 

(Ai-iAa)«109rf[l/^i+lW ^ ^ 

(A similar relation is obtained if equation (11a) is used instead of equation (11).) 

Since the bracket involving Young’s moduli does not vary greatly for most metals, 
this factor may be treated as a constant and P may be plotted as a function of Aj 
for a given height of fall h^. The theoretical curve is shown in figure 6. 

If allowance is made for the fact that softer metals usually have a smaller Young’s 
modulus, the curve is modified in a manner similar to that shown in the dotted curve. 
These curves reproduce in fact the main characteristics observed in the practical 
calibration of rebound solere^opes. It is also evident that over a wide range of 
experimental conditions the height of rebound, for a fixed height of fall, is almost 
directly proportional to the d3mamic yield pressure. 
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The condition for elastic collisions 

It is interesting to consider what happens when the rebound is equal to the height 
of fall. In this case, the processes of impact and rebound become entirely elastic, 
and there is no plastic deformation of the anvil (see Taylor 1946). If we go back to 
the original equations and calculate the final average pressure developed between 
the indenter and the anvil in a purely elastic collision, we obtain a relation 




- 


1 


26-6r}(l/JEi+l/i7i,) 


i4> 


(12a) 


again assuming a value of 0-3 for Poisson’s ratio. This is exactly the same as the 
value for P obtained from equation (12) when is put equal to Two conclusions 



Fiqusb 6 

follow from this result. First, equation (12) is valid right up to a rebound of 100 %. 
In the latter case, the pressure obtained from equation (12) is then the final mean 
pressure between indenter and specimen. Secondly, plastic deformation will not 
occur if the yield pressure of the specimen is higher than the value of P, given 
in equation (12a). As a matter of interest, it is possible to calculate the value of 
Pg from typical data. If the height of fall is 100 cm. and the indenter is a steel 
ball of mass 4g., diameter 1 cm., and if .Bj » jE, => 2 x 10**dynes/cm.*, we find that 
= 400 kg./mm.^. This means that if the anvil has a yield pressure* less than about 

* This is the yield pressure for infinitesimal deformation. It corresponds to the transition 
from elastic deformation to the onset of plastic deformation and is considerably smaller than 
the yield pressures observed in the fully plastic deformations occurring in practical hardness 
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400kg./nim.® plastic flow will occur, and the height of rebound will be less than the 
height of fall. In this case the yield pressure of the material is given by equation 
(12). If, however, the yield pressure of the specimen is above 400kg./mm.*, there 
will be no plastic deformation of the specimen, and the height of rebound will be 
equal to the height of fall. In this case the rebound method will give the same height 
of rebound for all metals with a yield pressure higher than 400kg./mm.®. In fact, 
the height of rebound will be very insensitive to yield pressure above about 
350kg./mra.2, 

If it is wished to extend the sensitivity of the rebound method for the measurement 
of higher yield pressures, the experimental conditions must be modified to give a 
higher value for in equation (12a). This may be readily achieved by increasing 
the mass of the indenter or the height of fall. For example, an increase of either of 
these by a factor of 32 wiU double the value of A more sensitive method, however, 
is to decrease the radius of the tip of the indenter. A decrease of r by a factor of 
only 3-2 will double the value of These observations may prove of value in the 
design of impact hardness equipment. 

Coefficient of restitution 

If the indenter falls with a velocity on to the surface of the anvil and rebounds 
with a velocity the coefficient of restitution e is defined as 

e - Va/t’i, 

We may find e from equation (12) by^ putting v\ = 2grAj, t)\ = Assuming that 
the yield pressure P remains essentially constant, equation (12) gives 

Vg = A;(v?-“ f (13) 

It is clear from this relation that depends on so that the ratio e vjv^ will not 
be a constant. The way in which e varies with the velocity of impact is shown in 
figure 6, where curves i, ii, iii, iv and v respectively have been drawn for values of 
e = 1, 0-8, O’O, 0-4 and 0-2 at an impact velocity of 450cm./8ec. (This corresponds 
approximately to a height of fall of 100 cm.) As will be seen later, P is not a constant, 
so that some deviation may be expected from these curves in practice. Nevertheless, 
the general form of these curves is fully confirmed in practical experiments. Typical 
results obtained for oast steel apd drawn brass are shown in the dotted lines. Similar 
cuiwes have been obtained by Raman (1918), Okubo (1922) and Andrews (1930) in 
experiments on the impact of spheres of similar metals. Although in this case both 
spheres are plastically deformed at the region of contact, the relation between 
and V2 is of the same type as in equation (13). 


measurements (see p, 204). In addition, work hardening will make this difference more marked. 
In a typical case Taylor ( 1946 ) finds that for a steel anvil the colUsions just remain elastic 
when /ija: 1 cm. This corresponds to a value of jP, of about 160kg./mm.». The steel, 

however, had a Hrinell Ixardness number of 861 wMoh means that under practical hardness 
measurements its yield pressure was over 300 kg./mm.*. 
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If instead of equation (11) equation (11a) is used to derive the relation between 
v, and we obtain t / « v 


where J 3 = (2n— l)/(27H-4). This equation gives curves which are similar to those 
given by equation (13), but they are appreciably flatter. 

It is apparent from these equations and from the experimental curves that in 
general the coefficient of restitution of impacting solids capable of undergoing plastic 
deformation will not be a constant. At very low velocities of impact, the pressures 
developed will be insufficient to cause plastic flow. The collision process will bo 
entirely elastic and the coefficient of restitution will be unity. This occurs even with 
the softest metals if the velocity of impact is small enough, as Andrews (1931) 
showed for lead and tin alloys. As the velocity of impact increases, the amount of 
plastic deformation will steadily increase, and there will be a corresponding decrease 
in the coefficient of I'estitution. 



Fiotjbjb 6 ^ 

A comparison of dynamic and static hardness numbers 

Some impact experiments were carried out with steel balls of diameter 0-5 and 
1-0 cm. They were dropped from various heights on to massive anvils of various 
metals, and the height of rebound Aj and the diameter d of the permanent indenta¬ 
tions left in the metal surface were measured. From these observations the d5mamic 
hardness P was calculated, using equation (11). 

Some static experiments were also carried out on the same surfaces, using the 
same steel balls. The load L required to give an impression the same diameter as 
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that observed in corresponding impact experiments was found. In this way, a static 
yield of pressure of the material given by lAjnd^ was calculated. We call this 
since it corresponds to the Meyer static hardness number. The results are given in 
table 6. 

Tablk 6 



diam. 




P = mg(hi-iht) 


of ball 




Va 


surface 

(cm.) 

h, 

/ij 

d 

(kg./mm.*) 

(kg./mm.*) 

hard steal 

0-5 

324 

176 

0*111 

366 

280 


10 

324 

176 

0133 

342 

290 

aluininiuin alloy 

0-5 

50*4 

18*5 

0*067 

103 

80 



302 

89 

0*086 

129 

96 


1-0 

50*4 

20 

0*113 

105 

81 



302 

94 

0172 

122 

100 

brass 

Of) 

50*5 

11 

0*063 

74 

63 



302 

56 

0*092 

9S 

74 


1*0 

50*5 

12 

0*126 

73 

59 



302 

52 

0*190 

86 

66 

lead 

0*5 

61 

0 

0*110 

8*7 

5*5 



313 

7*4 

0*163 

11*0 

6*0 


1*0 

61 

0 

0*217 

9*2 

5*8 



313 

6*6 

0*329 

10*6 

6*3 

indium 

0*6 

50*6 

0 

0*133 

4 

1 



312 

1*5 

0*200 

6 

— 


1-0 

60*6 

0 

0*266 

4 

— 



312 

1*0 

0*398 

5 

— 


It is seen that the mean pressure required to produce plastic flow d3niamically 
is higher than that required to produce the same amount of flow statically. This is 
particularly the case with the softer metals, lead and indium, and the effect becomes 
more marked if equation (11a) is used to calculate P instead of equation (11). It is 
also seen that the dynamic hardness is not constant but is, in general, higher the 
greater the height of fall hy This suggests that in calculating P from the volume of 
the indentation, part of the energy is used in the viscous displacement of the metal 
as the indenter sinks into the surface. This view is confirmed by a calculation of the 
yield pressure/rom the height of rebound. We rewrite equation ( 8 a) 



where the suffix r is added to P to show that it is calculated from the rebound height. 
Typical results are given in table 7. 

If the last three columns are compared, it will be seen that the yield pressure P^ 
calculated from the height of rebound is less than the yield pressure P calculated 
from the volume of indentation, and somewhat greater than the static yield pressure 
P„. This is what would be expected. During the formation of the indentation, when 
plastic flow is occurring, there is a bulk displacement of metal around the indenter. 
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This involves the expenditure of kinetic and viscous energy, so that the kinetic yield 
pressure P is appreciably higher than the static value On the other hand, at 
the end of the impact where the elastic compression and recovery take place, the 
plastic flow of the material has come to an end. There is no further bulk displacement 
of metal around the indenter, and no energy is expended in pushing the metal 
bodily away from the indentation. All the deformation around the indenter is now 
of an elastic nature, and any kinetic energy imparted to the material under these 

Table 7. Dynamic yield pressure calculated from height of rebound 


Diameter of ball 0*5 cm. Maas 0*507 g. 




cm. 



kg./mm.® 


surface 

K 

ht 

d 

Pr 

F 


hard steel 

324 

176 

0*111 

304 

366 

2H0 

brass. 

60-6 

11 

0*063 

66 

74 

63 

= 10 X 10^^ dynes/cm.* 

302 

56 

0*092 

82 

98 

74 

aluminium alloy, 

60-4 

18*6 

0*067 

87 

103 

80 

A?, ~ 7 X 10^' dynes/cm. “ 

302 

89 

0*086 

106 

129 

96 

lead, 

JS/j s= 1*6 X 10^^ dynes/cm.* 

313 

7*4 

0*163 

6*1 

8*7 

6*1 

indium, 

= 1 X 10^^ dynes/cm.* 

312 

1*6 

0*200 

1*6 

6 

1 


conditions should be reversible. As a result the pressure at this stage may be expected 
to be essentially the same as This is seen to be approximately the case. For the 
harder metals the values of P^ are less than 10 % higher than whilst the values 
of P are 20 to 30 % higher. With the soft metals the difference between P and 
becomes very marked indeed. The dynamic yield pressure P is now very much higher 
than the static pressure P„j, whereas P^ remains relatively close to the static values. 

Diactisaion 

These results show that when an indentation is formed in a metal surface by an 
impinging indenter, the pressure resisting indentation is greater than that occurring 
in the formation of a similar indentation under static conditions, and the higher the 
velocity of impact the greater the pressure of resistance. Further, the average 
pressure resisting indentation during the impact itself (P) is always higher than that 
involved at the last stages of the impact (P^), where the plastic deformation has 
completely come to an end. These results are consistent with the view that the forces 
required to deform metals plastically are greater, the faster we attempt to deform 
them. This dependence of the jdeld pressure on the speed of deformation suggests 
that in the dynamic deformation of metals, forces of a quasi-viscous nature are 
involved. 

This is borne out by the results for soft metals, lead and indium, where the pres- 
swes required to produce plastic deformation dynamically are very much greater 
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than the static values. This cannot be due to the work-hardening which may occur 
rapidly during the formation of the indentation, since at the end of the impact where 
the work-hardening would be a maximum, the effective yield pressure is very much 
smaller than the mean dynamic yield pressure P which is involved during the course 
of the impact itself. It would seem that in the deformation of soft metals, where 
relatively large volumes of metal are displaced, appreciable amounts of energy are 
dissipated as a result of the ‘ viscous * flow of the deformed material surroimding the 
indentation. 

Finally, at the end of the indentation process, where the plastic flow of the metal 
has come to an end and a regime of purely elastic stresses has been reached# the 
pressures involved (/J.) are only a few per cent higher than those involved in the 
formation of indentations of the same size under static conditions. 

3 . A SIMPLK THKORY OF HABDNKSS 

In this part of the paper, an attempt will be made to correlate the hardness of a 
metal with its elastic limit and with the way in which the elastic limit varies with the 
amount of deformation to which the metal has been subjected. 

If jpg, pg are the principal stresses in a solid body, the criterion for plastic flow 
as proposed by Mises is that 

where Y is the elastic limit of the material as found by pure tension (of frictionless 
compression) experiments. The solution of Mises^s equation for cases involving two- 
dimensional plasticity has been solved by Hencky (1923), Hill, Lee & Tupper (1947) 
and other workers. The solution when axial symmetry is involved presents serious 
theoretical diflSculties which have not yet been satisfactorily resolved. Hencky has 
derived an approximate solution for the case of a frictionloss cylindrical punch 
penetrating an ideally plastic solid, and finds that when plastic yielding just occurs 
the mean pressure on the punch P„^ is about 2*8 times the yield stress Y of the material. 
A more rigid analysis recently carried out by Ishlinsky {1944) yields essentially the 
same result. Ishlinsky has also applied his analysis to the case of a frictionless 
spherical punch penetrating an ideally plastic solid, and finds that the mean pressure 
on the punch depends somewhat on the size of the indentation formed, but that to 
a first approximation it is equal to 2 * 6 Y. This model corresponds to the Brinell 
indentation of a metal which does not work harden. Experiments may be carried 
out to test this result by using metal specimens which have been very highly worked 
so that they are incapable of appreciable further work-hardening. Some t3^ical 
results are given in table 8, the elastic limit Y being found from careful compression 
experiments. The values of increased slightly with the size of the impression 
made. It is cleat, however, that to a first approximation, plastic yielding occurs when 

(14) 

where c is a constant having a value of about 3 . 
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Now consider in somewhat greater detail the range over which equation (14) is 
valid. When a hard spherical indenter is pressed on to the plane surface of an ideally 
plastic body, the deformation of the surfaces is at first elastic and the stresses are 
given by Hertz's analysis. The Mises criterion indicates that the material first 
exceeds the elastic limit at a region below the surface of contact when the mean 
pressme reaches a value of about 1-1 ¥ (Timoshenko 1934, p. 344), At this stage, 
the region of plasticity is extremely small and the permanent deformation resulting 
is also very small. As the load is increased the region of plasticity grows; there is 
a very gradual increase in the size of the indentation produced, whilst the pressure 
resisting deformation rises rapidly. A stage is soon reached at which the plastic 
region extends over the whole of the domain around tlie indentation. At this stage, 
» 3 r, as given in equation (14). As we have seen, the numerical factor increases 
slightly with the size of the indentation, probably on account of the increased 
confinement of the displaced material (see Bishop, Hill & Mott 1945). This transition 
in the value of from 1* 1F to about 3 F is part of the intrinsic mechanism of plastic 
deformation and is distinct from the effects produced by work-hardening. 



Table 8 

F 

P« 

ratio 

metal 

(kg./mm.*) 

(kg./mm.») 

PJF 

tellurium lead 

2-1 

6*1 

2-9 

copper 

31 

88 

2-8 

mild steel 

66 

190 

2*8 


The onset of indentation which occurs when P^^ = 1*1 F is observed only when 
extremely refined measurements are carried out under very small loads. Hardness 
measurements are usually carried out at loads well above this point, in the range 
where the whole of the material around the indentation flows plastically. Con¬ 
sequently, equation (14) may be applied to most practical hardness measurements. 

Effect of work^hardening 

If the metal is incapable of work-hardening, the elastic limit F is a constant and 
equation (14) is valid. With most metals, however, the elastic limit depends on the 
amount of work-hardening which the metal has undergone, and this in turn depends 
on the amount of deformation to which it has been subjected. When an indentation 
is formed by a spherical indenter the material around the indentation will be dis¬ 
placed and in general the elastic limit will be raised. However, as will be seen below, 
the elastic limit will not be constant at every point around the indentation since the 
amount of deformation or strain will in general vary from point to point. We may, 
however, expect that there exists an average or ‘representative* value of the elastic 
limit which is related to the mean pressure by a relation of the same type as 
equation (14). Making this assumption a general relation between P^ and the size 
of the indentation may be derived. 
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Suppose the indentation has a diameter d and a radius of curvature Since it 
is a portion of a sphere its shape is completely defined by the dimensionless ratio 
d/fg. Then for all indentations for which djr^ is the same, the amount of deformation 
of strain at the ‘ representative ’ region will be the same if the grain size of the material 
is sufficiently small as to be irrelevant. It may, therefore, be said that the strain 
produced at the ‘representative’ region is simply a function of dfr^. Since r, is 
usually very near the radius of the indenting sphere (r^ = Z)/2) the deformation 
becomes approximately equal to 

This equation means simply that geometrically similar indentations produce similar 
strain distributions. 

If the metal is initially fully annealed, this is the total strain produced by the 
indenting jirocess. If, however, the metal has jireviously been cold worked, we may 
consider it as unworked material that has undergone an initial deformation or 
strain <?„. As we shall see later, we may, to a first approximation, add this strain to 
that produced by the indentation. Hence the total strain S produced at the ‘repre¬ 
sentative’ region of the indentation will be given by 

S = ^+f{dlD). 

We assume that the elastic limit F is a single-valued function of the deformation 

or strain so that v 

r = tp(d). 

Thus the ‘ representative ’ value of the elastic limit will be given by 

Y = </>{S,+f(dlD)). 

Equilibrium is therefore set up when 

= c4{Sa+f(dlD)), (16) 

where c is a constant having a value of about 3. 

Co-ordination of results 

The first result that follows from equation (15) is that we may at once co-ordinate 
hardness measurements made with various loads and ball diameters on a given metal 
specimen. For a fixed metal Sq is constant, so that if P„ is plotted against djD, 
a smooth single-functioned curve should be obtained for all the loads and ball 
diameters used. Some results by Krupkowski (1931) for annealed copper are plotted 
in figure 7. It is seen that all the results lie about a smooth curve for ball diameters 
ranging from 1 to 30 mm. Further, the curve is of the same type as the elastic- 
limit/deformation (i.e. the stress-strain curve) for annealed copper. 

Hardness as a function of stress-strain characteristic 

A more quantitative connexion between the mean pressure and the elastic limit 
of the material around the indentation may now be considered. A convenient method 
of measuring the elastic limit of a material is to determine its hardness using a 
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P3aramidal indenter possessing a large apex angle, as in the Vioker’s test. In this 
case, since the indentation is geometrically similar whatever its sisse, the mean 
pressure on the indenter is almost independent of the size of the indentation, i.e. the 
hardness is almost independent of the load. If, therefore, one measures the Vickers 
hardness of a metal that has been compressed or elongated by various amounts, one 
obtains a direct relation between the hardness number, the amount of deformation 
or strain and the elastic limit at any stage. This relation may then be used to deter¬ 
mine the elastic limit of any specimen of the metal. 



Fiotrais 7 

Relations of this type were determined for specimens of nuld steel and annealed 
copper. Blocks of these metals were carefully compressed by various amounts, and 
the elastic limit at each stage of compression determined. The Vickers hardness 
numbers were also determined at each stage. Typical results for the mild steel 
specimens are shown in figure 8; the deformation is expressed as the change in length 
divided by the ccmpreaaed length and corresponds to the fractional increase in the 
area of cross-section of the specimen. 

Brinell impressions of various sizes were then made in the surface of mild steel 
and annealed copper specimens, and Vickers hardness measurements made at small 
loads (to give very small impressions) in the free surface of the specimen. In this way 
the elastic limit of the deformed material in the free surface around the indentation 
and in the indentation were determined. Typical results for indentations of various 
sizes in mild steel are shown in figure 9. It is seen that the elastic limit of the metal 
gradually rises as the edge of the indentation is approached. At the edge itself the 
elastic limit rises rapidly and then falls somewhat as the centre of the indentation is 
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approached. There is also a variation in elastic limit at various depths in the bulk 
of the material (O’Neill 1934). It would, therefore, appear difficult to assign a 
‘representative’ value to the elastic limit of the whole material. Empirical tests 




Fzgubb 9. Values of djD in curve i = 0*84:, curve ii = 0*69, 
curve iii = 0*49 and curve iv = 0*23. 

suggest, however, that the elastic limit at the edge of the indentation may be used 
as a ‘representative’ value for the whole of the deformed material around the 
impression. For example, we may compare the elastic limit at the edge of the 
indentation with the mean pressure used in forming the indentation. Results 
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Table 9 


rnetal 

annealed copper 

mild steel 


size of 
impression 


Pm 

ratio 

percentage 

defomnation 

correspond¬ 

djD 

(kg./miri.*) 

(kg./mm.») 

Pmiy. 

ing to F, 

0-27 

10*6 

27 

2-6 

5 

0-37 

14 

39 

2-8 

8 

0-5 

16 

44 

2-8 

9 

0-23 

51 

132 

2*6 

6 

0-49 

67 

- 169 

2-7 

9 

0*69 

63 

161 

2*6 

16 

0*84 

70 

190 

2*7 

-.^20 


equivalent deformation ^ 


Fiotok 10* Curve mild steel. Curve B, annealed copper: O x hardness measurements 

-stress-strain curve. 
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for copper and steel are given in table 9 . It is seen that over a wide range of indenta¬ 
tion sizes, where c has a value lying between 2*6 and 2*8. The last column 

of this table also shows that the deformation corresponding to is approximately 
proportional to the ratio djl)y i.e. if the deformation is expressed as a percentage 

Similar measurements were carried out on copper and mild steel specimens that liad 
been compressed by various amounts. It was again found that = cl^, where c 
had essentially the same value as before. It was also found that the representative 
deformation was approximately additive to the initial deformation, i.e. at the edge 
of the indentation the deformation may be written approximately as 

20d/P. 

Now compare the stress-strain characteristics with the hardness curves. Figure 10 
shows the results obtained for annealed copper and mild steel. For the hardness 
curves, the values of P^ have been plotted against the values of d/D. For the stress- 
strain curves, the elastic limit has been multiplied by a constant factor and plotted 
against the deformation or strain. There is close agreement between the two curves. 

The analysis may bo extcmded to hardness measurements which have been carried 
out on specimens that have been deformed by various amounts. One then obtains 
a series of P^^ — djD curves that have been displaced along the deformation axis by 
amounts equal to the initial deformation of the specimen. Results for annealed 
copper, curve B (author), and ordinary bright mild steel, curve A (author), are 
given in figure 11. 

The hardness values for copper are for annealed specimens that have been deformed 
in compression experiments by 0, 9 * 6 , 17 * 1 , 29*6 and 41*5 %. The hardness values 
for mild steel are for specimens that have been deformed in compression experiments 
by 0, 11*4, 22*1 and 35*7 %. It is again seen that there is reasonably close agreement 
between the hardness curves and the stress-strain curves.* 

Derivation of Meyer's laws 

Meyer’s laws may readily be derived from equation ( 15 ). Over an appreciable 
range of deformation, the elastic limit is a simple power function of the deformation 
or strain, i.e. 7 = 6^^ ( 16 ) 

» 

where b and x are constants (Nadai 1931). 

As we have seen, to a first approximation, the deformation at the edge of the 
deformation is directly proportional to djD. We may, however, assume a more 
general relation and write , 

= ( 17 ) 

where q and y are constants. 

* Similar results are obtained for metals subjected to deformation under tension. The 
results given by Kurth (1908) for tensile experiments on drastically annealed copper may be 
plotted to give a series of curves very similar to those given in figure 11, 
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Equation (12) then becomes 

p„-S-K'.+»(5)T- 

For completely annealed materials Sq = 0, so that 

l - a(^X 

where A = Jtt, bcq — constant and z — xy — constant. 



deformation % 

FiGtmE 11, -hardness,-stress-strain. Curve mild steel, 

CXirve B, annealed copper. 

If for convenience we write w =» 2 -f 2, this yields 

„ Ad^ 


Thus for indentations made with balls of different diameters Dj, D,, i>,. ... 

F » kid^ = k^d” » kfd’^, 
where ki, k^, k^,.,. are given by 

A » iiZ)?-* = *,!>?-* =. ifcaDlf-*. 


( 21 ) 
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The two laws expreBsed by equations (19) and (20) (see equations (2) and (3)), were 
first deduced empirically by Meyer and are found to hold over a wide range of 
experimental conditions. Similar relations are also found to be valid for materials 
which have been cold-worked by various amounts. 

It is interesting to note that according to the experimental measurements 
described above, the power y in equation (17) is approximately unity, so that n in 
equations (19), (20) and (21) is roughly equal to (2 4* a:). On the basis of earlier work 
by Kokado (1925), O'Neill (1944) has suggested that n = 24-2a:. Most of the values 
given by O'Neill, however, are considerably nearer the relation w = 2 + x, as table 
10 shows. 


Table 10 . Comparison of Meyer index n and stress-strain. 
Index x. From data by O’Neill (1944) 


motal 

Norris data: 
mild steel A 
yellow brass 
yellow cold drawn 
copper L 

Stead data: 
steel lA 
steel 2 A 
steel 4 A 
steel 6 A 

Schwarz data: 
brass: annealed 

rolled 

copper: annealed 

rolled 

nickel: annealed 

rolled 

aliuninium: annealed 


typical values 
of Meyer 
index n 
(O’Neill) 

n — 2 

2-25 

0-25 

244 

0*44 

2*10 

0*10 

2-45 

0-46 

2*25 

0-26 

2‘25 

0*26 

2-25 

0-25 

2*28 

0*28 

(Schwarz n-values) 


2 61 

0*61 

2*17 

0*17 

2*40 

0*40 

2* 12 

0*12 

2-60 

0*60 

2*14 

0*14 

2*20 

0*20 


tensile 

Kokado.Neill 

index 

theory: 

X 

i(n-2) 

0*259 

0*12 

0*404 

0*22 

0*194 

0*05 

0*414 

0*23 

0*24 

012 

0*22 

0*12 

0*19 

0*12 

0*18 

0*14 

0*42 

0*31 

0*07 

0*08 

0*38 

0*20 

0*04 

0*06 

0*43 

0*25 

0*07 

0*07 

0*15 

0*10 


Vickers hardness 

One may expect that similar considerations will apply in the case of pyramidal 
and conical indenters. For these indenters the indentations are geometrically similar 
whatever the size of the indentation. As a result, the 'representative’ deformation 
produced by the indentation and the ‘representative* value of the elastic limit 
will be constant. Consequently, the mean pressure required to produce plastic 
flow should be independent of the size of the indentation if the friction between the 
indenter and the metal is negligible. Experiments show that this is generally true. 

In the Vickers hardness measurements a shallow p3n^midal indenter is used, and 
the hardness number H is expressed as the ratio of the applied load to the superficial 
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area of the indentation formed. From the geometry of the indentation, it is found 
that H = 0*93i^. Empirical measurements similar to those described above suggest 
that the ‘representative’ deformation produced by the deformation corresponds 
to a value of about 8 to 10 %, whilst the constant c connecting the mean pressure 
with the ‘representative’ value of the elastic limit Y lies between 3-2 and 3-4.* 
Consequently, the Vickers hardness number is 2*9 to 3 times the ‘representative’ 
value of the elastic limit of the material around the indentation. 

Typical values obtained for the steel and copper specimens used in the earlier 
experiments are given in table 11. Vickers hardness measurements were made on 
specimens of these metals after they had been deformed by various amounts 8 ^. 
The elastic limit corresponding to a deformation of (^o + then determined 

from curves similar to those given in figure 9. This value is assumed to correspond 
to the ‘representative’ value of the elastic limit around the indentation. It is 
compared, in table 11, with the observed Vickers hardness numbers. The agreement 
is reasonably good over a wide range of deformations. It is also evident from the 
values of 8 -^ and c that the Vickers hardness numbers will be close to the Brinoll 
Viardness numbers over an appreciable range of hardness values. 

Table 11 


metal 

initial 

deformation 

(%) 

{%) 

Y aid 
(kg./nun.») 

cY 

observed 

Vickers 

hardness 

number 

mild steel 

0 

8 

66 

2-9F 

150 

166 


6 

14 

62 

176 

177 


10 

18 

66 

190 

187 


13 

21 

67 

194 

193 


26 

33 

73 

211 

209 

annealed copper 

• 

0 

8 

15 

3‘Or 

45 

39 


6 

14 

20 

60 

68 


12-6 

20-6 

23*3 

7Q 

69 


17-6 

26*6 

25 

76 

76 


26 

33 

26-6 

80 

81 


Diaaassion 

The experimental results recorded in figures 10 and 11 show that there is a well- 
defined relation between the mean pressure P^ observed in Brinell hardness measure¬ 
ments and the stress-strain oharaoteristios of the metal under consideration. In 
particular, the mean pressure P^ is proportional to the elastic limit Y^ of the material 
at the edge of the indentation. Comparison betw^n the stress-strain curve and the 

♦ This ratio may be compaared with similar experiments described by Bishop et aZ. ( 1945 ) 
on the penetration of highly worked copper by hard steel cones. For a poorly lubricated cone 
possessing a semi-angle of 60*^ (this is approximately the same as that of the Vickers diamond), 
the pressure of penetration was 60 tons/sq.in,, whilst the elastic limit of the material was 
17*5 tons/sq.m. The ratio is 3-4. 
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hardness results show that where c has a value of about 3, These results 

agree with the theoretical results of Hencky and Ishlinsky, and suggest that the 
elastic limit at the edge of the indentation provides a mean or representative value 
for the whole of the deformed material around the indentation. 

The experiments also show that the elastic limit at the edge of the indentation 
depends on the amount of deformation produced at this region by the indentation 
process itself. This deformation, which is a dimensionless parameter, depends on 
the size of the indentation and is a function of the ratio d/D. Measurements show 
that the deformation is roughly proportional to djD and that, to a rough approxi¬ 
mation, it is additive to any work-hardening to which the metal may have been 
subjected in bulk. 

By combining these two main results which connect with Y and Y with djD, 
reasonably close agreement is obtained between the hardness measurements and 
stress-strain characteristics of various metals. In addition, it is possible to explain 
the well-established empirical laws of Meyer. 

The picture of the factors involved in Brinell hardness measurements, given in 
tliis part of the paper, is necessarily of a crude nature. It does not take into account 
the question of friction between the ball and the specimen. Nor does it tell us any¬ 
thing of the detailed way in which each portion of the indentation is plastically 
deformed and displaced. Nevertheless, it does describe the main characteristics of 
hardness measurements for a spherical indenter, and explains, in a semi-quantitative 
way, a number of well-established empirical relations. In a similar way the theory 
provides a semi-quantitative relation between the Vickers hardness number and 
the yield stress of the material. 

It is clear from this analysis that hardness measurements are essentially a measure 
of the elastic limit of the material being examined. With pyramidal or conical 
indenters, where the indentation is geometrically similar whatever its size, the mean 
pressure to produce plastic flow is almost independent of the size of the indentation. 
Consequently, the hardness number has a single value over a wide range of loads. 
With spherical indenters, however, the amount of work-hardening and hence the 
elastic limit increases with the size of the indentation. As a result the yield pressure 
in general increases with the load. Measurements with spherical indenters thus 
provide information, first, about the elastic limit of the material, and secondly, 
about the way in which the elastic limit increases with the amount of deformation. 
This was first described empirically by Meyer in 1908, and the analysis given here 
shows that, to a first approximation, the work-hardening index x is related to the 
Meyer index n by the relation x^n-2. In this way a series of hardness measure¬ 
ments with a spherical indenter may be used to determine the degree of work¬ 
hardening of a given metal. 

I wish to express my sincere thanks to Mr G. Brinson of the Section of Tribophysics, 
Council of Scientific and Industrial Research, Australia, for carrying out a large 
part of the experimental work described in this paper. I should also like to thank 
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Professor T. M. Cherry and Dr W. Boas (Melbourne), Mr R. Hill and Dr E. Orowan 
(Cambric^) for valuable discussions. Finally, I wish to thank Dr F. P. Bowden 
for his constant encouragement, and the Ministry of Supply (Air) for a Research 
Grant. 


Refebences 


Andrews 1930 Phil, Mag, 9, 693, 

Andrews 1931 Proc, Phy», Soc, 43, 8 . 

Batson 1918 «/. Instn Mech, Engrs 2 , 463. 

Bishop, Hill & Mott 1945 Proc, Phys. Soc, 57, 147. 

Brinell 1900 II, Congr, Int, Methodes d'Esmi, Paris, 

Carpenter & Robertson 1936 Metals, Oxford University Press. 

Edwards & Austin 1923 J, Iron Steel Inst, 107, 324, 

Foss & Brumfield 1922 Proc. Afner, Soc, Test, Mat, 22, 312. 

Honcky 1923 Z. angew. Math, Me^, 3, 241, 

Hertz 1896 Miscfdlaneo'os papers. London. 

Hill, Lee & Tupper 1947 Proc, Boy, Soc, A, 188, 273, 

Ishlinsky 1944 J. Appl, Math. Mech, (U.S.S.E.) 8 , 233. English translation: Ministry of 
Supply A.R.D. Theoretical Research Translation, No. 2/47. 

Kokado 1925 J. Soc. Mech, Engrs Japan, 28, 867. 

Krupkowski 1931 Rev. Mitall, 28, 641, 

K\irth 1908 Z. Ver, dtsch. Jng, 52, 1560. 

Martel 1895 Contm. des Methodes d*Esaai des Materiaux de Construction, 

Meyer igo 8 Z, Ver, dtsch, Ing, 52, 646, 740, 835, 

Kadai 1931 Plasticity New York. 

Okubo 1922 Sci. Rep. T6hoku Univ. 11 , 446, 

O'Neill 1934 The- hardness oj metals and its measurements, London. 

O'Neill 1944 Proc, Instn Mech, Engrs, Land,, 151, 116. 

Prescott 1927 Applied elasticity, London. 

Raman 1918 Phys, Rev, 12 , 442. 

Shore 1918 J. Iron Steel Inst, 2, 59. 

Taylor 1946 J. Instn Civil Engrs, 26, 486 (James Forrest Lecture). 

Timoshenko 1934 Theory of elasticity. New York: McGraw Hill, 

Vincent 1900 Proc. Camb. Phil, Soc. 10, 332. 



The second virial coefficient of a gas of non- 
spherical molecules 

By J. Coener, Armament Research Department, Ministry of Supply 
{Communicated by Sir John Lennard-Jones, F,R.8,—Received 25 June 1947) 


Tables are given for the second virial coefficient and .Toule-Thomsou coefficient (at low 
pressures) of a gas whose molecules are non-polar, approximately cylindrical, and stiff. The 
tables cover the range of length/breadth ratio consist/cnt with the last assumption. The tables 
can be used for the analysis of observetl virial coefficients of gases whose molecules satisfy 
tliese assumptions, and give an estimate of the intermolecular forces between these mole¬ 
cules at any relative orientation. For small ratio of length to breadth the virial coefficient is 
nearly the same as that of a spherical molecule with certain mean values of the parameters 
defining the intermolecular field. This makes it possible to relate these mean parameters to the 
critical constants and to the parachor. The virial coefficients of nine gases are analysed. The 
data on seven hydrocarbons enable one to estimate the law of force between molecules of 
the lower non-polar hydrocarbons. 


1 . Intboduotion 

Small deviations of a gas from the behaviour appropriate to a perfect gas are 
measured by the second virial coefficient. This function of temperature is expressible 
as an integral involving the forces between a pair of the molecules. Much attention 
has been paid to the case where the molecules have spherical 83 nmmetry. When the 
force between the molecules depends on their relative orientation it becomes more 
difficult to obtain an explicit formula for the virial coefficient in terms of the 
characteristics of the intermolecular forces. Only one such case has been solved; 
Stookmayer ( 1941 ) has discussed a molecule which has a dipole moment, while the 
8hort>range repulsive forces have spherical symmetry. This analysis has made it 
possible to derive intermolecular fields from experimental virial coefficients of polar, 
not too unsymmetrioal, molecules. 

In the present paper the author obtains the second virial coefficient for molecules 
which are effectively non-polar, and which have the general form of a cylinder 
instead of a sphere. It is assumed that the nuclear framework of the molecule is 
fairly rigid, and for this reason the range of length/diameter ratios considered is 
restricted. The extreme value is 2* 5; above this the molecule is usually flexible in 
shape, and the model used is no longer appropriate. Moreover, larger molecules 
have critical temperatures so high that temperatures suitable for a theoretical 
analysis are too high for the second virial coefficient to be measured. A considerable 
number of molecules f&U within the class covered by these assumptions, and for 
these it is now possible to derive information about intermolecular forces from 
observed virial data. In the present paper the results for nine such molecules are 
included. These may be useful when theories of condensed phases are applied to 
substances whose molecules are not symmetrical. 

1 276 ] 
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The results of this paper apply to a molecular model which should be a fairly 
accurate representation of all non-polar, roughly cylindrical moleotiles. The methods 
used can be applied to other molecular models, and, in particular, to models which 
sacrifice generality of application for the sake of a greater resemblance to some 
special molecule. 

The connexion between the second virial coefficient and the Joule-Thomson 
coefficient at low densities makes it possible to give tables of the latter function for 
cylindrical molecules. 

2. Derivation or the virial cobfeioient; outline of the mbthoo 

It is obvious that molecules which resemble cylinders form a very wide class, for 
not only the nuclear framework but also the nature of the nuclei in different parts 
of the molecule vary firom one case to another. The intermolecular field therefore 
has to satisfy conflicting requirements of generality and accuracy of representation, 
as well as the essential point that it must give an integrable expression for the second 
virial coefficient. The latter requirement is not important in the case of spherical 
symmetry, since the integral has in that case only one variable of integration; 
numerical integration is always possible, though it may be laborious. When the 
molecules have lower symmetry the second virial coefficient is given by an integral 
with at least four variables of integration, while the specification of the field itself 
requires at least one more parameter than in the case of spherical symmetry. 
Numerical integration is therefore impossible. 

Before proceeding to details, it will be explained in outline how the author has 
tried to find an intermolecular potential which satisfies the three conditions of 
accuracy, generality and integrability. As a first step it was assumed that at any 
fixed relative orientation the intermolecular potential depended on the distance 
between the centres of the molecules in a way which has been found to give a good 
representation of the behaviour of molecules with spherical symmetry. The second 
virial coefficient was thus reduced to a triple integral. This potential has two para¬ 
meters, fo and ^0, which are respectively the position and depth of the minimum 
potential. For cylindrical molecules and Tq are functions of the relative orientation. 
In the next step it was necessary to find the dependence of and on the three 
angles which specify the orientation, and on the length/breadth ratio of the mole¬ 
cule. The first model investigated was a pair of centres of force separated by a 
certain distance; the potential assumed for the interaction of such centres of force 
was the usual potential for saturated spherical groups. For various orientations of 
two such molecules the mutxial potential was evaluated numerically and the values 
of ^0 ^0 found by interpolation. This process was repeated with molecules 

represented by three or four centres of force distributed along the central axis. The 
three-centre model gave results differing considerably from the two-centre type, 
because the latter has a * waist ’ which cannot be expected as a feature of a real mole¬ 
cule, The four-centre type showed little difference in behaviour from the three-centre 
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type. It was oonoluded that the four-centra model gave an adequate representation 
of how the normal intermoleoular potential is altered by a change from spherical to 
cylindrical form. This four-centre model was then investigated for various ‘mole¬ 
cular lengths Formulae were found which fitted the variation of and rg with the 
three orientation variables and the length/diameter ratio of the model. Finally, 
these formulae were substituted in the integral for the second virial coefficient, and 
this was integrated by expansion in series. 

It is thought that the potential energy so derived is likely to be a good approxi¬ 
mation for most molecules of cylindrical type, while, of course, it may be considerably 
in error for special cases. The molecule is assumed to be of roughly the same nature 
at both ends, and there are certainly many molecules which do not satisfy this 
condition. Another limitation is the assumption that there are no polar forces 
between the molecules, which is more stringent than the assumption of a negligible 
resultant dipole moment. Special oases could be treated by the same methods as 
used here, and if all the available data were used at a sufficiently early stage in the 
calculations these would not be impracticable. It would be necessary, however, to 
treat each molecule as a separate case. It is believed that the present results are as 
general as it is possible to obtain from a reasonable amount of computation. 


3. Formctlae for the second virial coefficient 


At low densities the equation of state of a gas is 

= ( 1 ) 

where p and T are the pressure and temperature of the gas of » molecules in a 
volume V. The second virial coefficient JS is a function of temperature alone, and is 
defined by (1). B has the dimensions of a volume and is proportional to n. The 
usual choices of n are n == N, Avogadro’s number, in which case B is given in units 
of c.c./g.mol., orn - L, Losohmidt’s number, with B in c.c. (per c.c. of perfect gas 
at 8.T.P.). 

Consider two similar molecules, each with an axis of symmetry, whose centres 
are a distance r apart. Their relative orientation can be specified by the angles 
and which their axes make with the line of centres, and the angle ta between 
the planes which pass through the line of centres and contain the two axes. Let 
E{r, 01,02, w) be the potential energy of this configuration, relative to a zero of energy 
when the molecules are infinitely far apart. By classical statistical mechanics it 
can be shown that 

« j^oa l*n ran 

jB ■» - j {1-exp( —Ji/fcr)}r*8in0i 8inB,drd0id0,(iw. (2) 

4Jo JoJoJo 


Quantum corrections will be discussed in § 7. 

Lennard-Jones ( 1924 ) has integrated ( 2 ) when the molecules have spherical 
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where m and p are constants, with m >p > 3 ; r# and ^5 are parameters oharacteristio 
of the molecule, being the position and depth of the minimum of the potential. The 
behaviour of many simple molecules is well represented by the special case 

for which one can write 

J “{1 ~ exp (- JS?/AT)}r*dr = r«^i,(y )/3 y/2, ( 4 ) 

where y = 2 (^Q/i^T)K ( 5 ) 

The function ixa(y)i defined by ( 4 ), has been obtained by Lennard-Jones in the form 
of an infinite series. 

When the molecules have axial symmetry it is natural to use ( 3 ), with and 
which are now functions of the relative orientation of the molecules. Then 

^ ' 12 ^joJoJo sindjdeidOjdw. (6) 

This process completes the most troublesome of the four integrations. Moreover, 
it has the advantage that and have simple physical meanings which help one 
to visualize their variation with the orientation. 

4. Use or molbctjiae modem 

Several attempts have been made to calculate interaction energies of large mole¬ 
cules by using point-centres of force of various kinds: overlap repulsions. Van der 
Waals attractions, and dipole forces (cf. Eyring 1932; de Boer 1936; de Boer & 
Heller 1937; Muller 1937; Sponer & Bruch-Willstatter 1937). The use of point- 
centres of spherical symmetry to represent the Van der Waals forces has been 
criticized by London (1942). These models cannot give a quantitative result for the 
variation of and Tq with orientation, but they should show the main features. 

With this in mind, molecular models with two, three and four centres of force 
distributed along the axis were used. The distance between the end groups was 21; 
the potential energy of two such groups at distance r was assumed to be 

The interaction of two such molecules was obtained by summation of the potentials 
of the 4 , 9 or 16 interactions concerned. Interpolation gave and as functions of 
orientation. 

For the model with two centres, 102 orientations with IjR^ =■ J and 97 with 
I/Rq — if were solved, giving a general view of the variation of and 1% with all the 
variables. With IjR^ = 31 orientations were used with the three-centre model. 

Comparison showed that the results of the two-centre model were seriously affected 
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by the ‘waist ‘ which is present in this case and not in the three-centre modeL Going 
on to the four-centre model, it was found that this gave results of very much the 
same form as the three-centre model, with only small differences in the numerical 
details. It was assumed, therefore, that the four-centre model would show the effect 
of the spreading out of the electron density along a longitudinal axis, while remaining 
easy to handle and not introducing into the results any marked trend peculiar to 
this model. Calculations were made for 60 orientations with I/Rq = | and 23 with 
l/R^ = i and f, and empirical formulae were fitted to the results, of which a typical 
set are shown in figures 1 and 2. This fitting was assisted by the identities which arise 
from the model having a centre of symmetry; the number of simple terms which 
can be used in the empirical formulae is not large. The formxilae finally adopted were 


l}0/ / 0 7) 


9 1 I 

-h" ^ sin^i cos0^ sin^a cos^j cosw — sin®sin®^^^ cos®w, (8) 

HKq v/iq 


where <6 is the value of for 0 ^^ 6 ^ — di ^ and 

a 

COS*^l 008*^2 

1^ sin 6 ^ cos 0 ^ sin 0 ^ cos 0 ^ cosio +1 j (cos® 0 ^ -f cos® 0 ^) 




X sin* ( 9 , sin* ^2 co8*w 


-O' 


sin* di sin* cos* cos* < 9 , C08*(y. ( 9 ) 


These fit the four-centre results with root-mean-square deviations equal to 9 and 26 % 
of the average values. They cannot be used for l/R^ greater than Most of the big 
deviations occur for = f, which corresponds to a ‘length/diameter’ ratio of 
1 -f- 2 Z/i 2 o =» 2'6. These formulae reproduce the major features of the variation with 
IjB^ and orientation, but by no means all the trends visible in the results calculated 
for the four-centre model. There is a considerable degree of arbitrariness in choosing 
formulae to fit the results, and it is likely that there exist alternatives which are at 
the same time simpler and more accurate. The formulae (8) and ( 9 ) do, however, 
possess a sufficient measure of both properties. 

It is possible to test the effective accuracy of (8) and ( 9 ) in the use which will 
be made of them. In § 5 it will be necessary to evaluate 



sm6’i sin^j|d^,d^,da>. 


with » equal to zero or a positive integer. The formula (8) for is a much better fit 
than the equation ( 9 ) for r^; it is therefore sufficient to consider the case » » 0. The 
integral was evaluated from ( 9 ), and then l/ijj was set equal to on the other hand, 
it was possible to evaluate the integral from a formula which had been found for 
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Fxgqrb 1 . Results for four-centre model with Values of 

(cos 6 ^ 1 , cos 6^) are indicated on the curves. 



Figures 2, Results for four-centre modal with l/Mc ^ Values of 
(cos cos <?g) are indicated on the curves* 
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rg, applying only to the case IjR^ « and much more accurate than ( 9 ). These 
alternative calculations of the integral differed by 3-6 %, which is a satisfactory 
result for the overall accuracy of ( 9 ). It may be taken that the agreement between 
(8) and ( 9 ) and the results of the four-centre model is of the same order as the agree¬ 
ment between the latter and actual molecules. 

Up to now it has been assumed that the superposition of individual interactions 
such as ( 7 ) leads to a total potential energy of the form ( 3 ). This was verified in the 
numerical calculations by comparing the repulsive and attractive parts of the poten¬ 
tial at the position of minimum potential energy. The index of the repulsive potential 
indicated by this test always lay between 12 and 13 * 6 . 


6 . Results for the sbcond virial cokkfictej^t 
Substitute (8) and ( 9 ) in (6). Writing 

dtl = sin^j sin^addjd^g^^ rg = (^0) 


where A and (i are defined by (8) and ( 9 ) respectively, then 


( 11 ) 


( 12 ) 


Let bars denote averages with respect to AdQ, so that, for example, 

"p, = jfiAdilj 

Then jAi\,dQ = j^F^^{2p{<l>lkT)*} + {fi~p) 2(<I>/JfcT)‘-^*+ ...jAdli 


where y 2 jn(<blkT)*. ( 14 ) 

The integral Ja^Q and the quantities p, etc., are functions of l/R^ alone. They 

have been found by using (8) and ( 9 ). Only the first two terms of ( 13 ) need be kept; 
the error is greatest at low temperatures, and reaches 0*016 at (p)*<bjkT = 1, which 
is approximately the lower limit of temperature in our tables. At this temperature 
is about - 2*6, so the terms omitted are of no importance. The temperature 
T a> (p)*<bjk is about three-quarters of the critical temperature, and the tables in 
the present paper go down to this region. 
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From (11) and (13), write 

B (16) 

tJ 

where F(y) = , (16) 

, 29 1 63/n» 

aillRo) - 1 + , 522 ^ + 16 (/ 1 „) ’ 

!!(»■-')• "*> 

It is convenient to write e = (^)*<I». (19) 

Tables 1 and 2 give Ji and fi respectively, for values of IjR^ up to 0-76. Comparison 
with experimental virial data yields e, and Ji is needed only to obtain <I>. The three 
decimal places in table 1 are sufficient for this purpose, is used more directly in 
the comparison, and has to be derived from 1 /JSq. The definition of 1 is half the length 
of the ‘rigid nuclear structure’, measured along the axis, and one cannot expect 
I/Rq to be known to much better than 0*01. This is equivalent to an uncertainty in /? 
reaching as much as 6 x lO”^ for certain values of 1 /jBo- The four decimal places in 
the table of /? are therefore sufficient for present use. The tables in this paper are all 
to be interpolated in the same way. Two differences, M" and A®, may be printed. 
M" is the sum of adjacent second differences, modified by a ‘throw-back’ to take 
account of the effect of fourth differences; A" is the third difference. These are the 
differences needed for Bessel’s formula » 

/(ffl + «A) = w/(o-f A)-f (1-n)/{a)-t-i?''(n)if*-(-J?'"(n)A"' (0 <a<l), (20) 

where B“(n) and J8"'(a) are the Bessel coefficients of the second and third differences, 
and M" and A'" refer to the interval (o, a+h). The error in using (20) with the tables 
in this paper is in all cases less than half a unit in the last place. M" and A" are 
omitted where possible. 


Table 1. The function/( 


HRf, 

/* 


0 

1-000 

21 

58 

76 

87 

96 

016 

0-889 

0-3 

0-802 

0*46 

0-749 

0*6 

0-738 

0*76 

0-772 


Table 2 . 

The function /S 

l/Rt 

Wfi 

ilf" 

0 

0 

92 

41 

-50 

-104 

-65 

015 

24 

0-3 

0-46 

0-6 

84 

143 

159 

0-76 

129 


The functions and y' 




la 




are tabulated in tables 3 and 4, with to three 


decimal places. The uncertainty in F due to the use of these tables is effectively that 
in Fij, namely, half a unit in the third decimal place. This accuracy is sufficient to 
enable a curve of F(y) to be drawn on a large scale, and is smaller than the un¬ 
certainty which may be introduced by doubts about the exact value of IjR^. 
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Table 3. The eunctioh 


Table 4. The efnction -y* 


dy^ 


logw y 



A'" 

logio y 

dy^ 


0*326 

A 


-1*1 

0*10 

-1-0 

0*368 

% 


- 1*0 

0*12 

--0-9 

0*393 



-0*9 

0*14 

-0*8 

0*429 

A 


-0*8 

0*17 

-0*7 

0*464 

— ^ 


-0*7 

0*21 

-0*6 

0*496 

_ 10 
- 20 
- 36 

— 

-0*6 

0*26 

-0*5 

0*519 


-0*5 

0*33 

-0*4 

0*529 


-0*4 

0*44 

-0*3 

0*616 

- 60 
- 100 

- 36 

- 47 

- 61 
- 80 


-0*3 

0*60 

-0-2 

-0*15 

0*462 

0*413 


-0*26 

-0*2 

0*71 

0*86 

-0*1 

0*343 


-0*15 

1*05 

- 0-05 

0*247 


-0*1 

1*30 

0 

0*116 

-106 
- 142 
-196 
-273 
-396 
-697 


-0*06 

1*65 

005 

-0*062 

— 

0 

213 

0*1 

-0*301 


0*05 

2*82 

0*16 

-0*624 


0*1 

3*84 

0*2 

- 1*062 

- 80 
-136 

0*125 

4*53 

0*26 

-1*667 

0*15 

6*40 

0*3 

-2*617 

0*175 

6*49 





0*2 

7*89 





0*226 

9*69 





0*26 

12*04 





0*276 

15*17 





0*3 

19*39 




5 
8 

14 

6 
8 

11 

16 

22 

33 

51 

82 

30 

39 

62 

69 

94 

130 

181 

258 


It is easy to derive 0 and from experimental data if these go up to sufficiently 
high temperatures. One process is a simple adaptation of the method first used by 
Lennard’Jones ( 1924 ), in which the observed values of logjo-B are plotted against 
— |log|o T on tracing paper. The value of Z is known, and R^ can be guessed. From 
l/R^ and tables 2, 3 and 4 a curve of logjoF against logx^y is drawn on another 
sheet. By adjusting the two curves, experimental and theoretical, for best fit, the 
value of n^2 nJl^afZ is deduced from|[(15). The units of B determine the value of n. 
Thus a better value of JR© is obtained, and the cycle is repeated until self-consistent. 
At this stage the value of e » O is derived from the superposition of the theoretical 

and observed virial coefficients, and finally <b is obtained by using table 1 . A more 
accurate but more laborious process can be based on the method given by 
Buckingham ( 1938 ) for spherical molecules. 

It will be noticed that the tables in the present paper extend to logio^ == 
is, down to temperatures of about three-quarters of the critical temperature. Experi¬ 
mental data often go to lower temperatures, especially for the molecules to which 
this paper could be applied. It might seem that by extending the tables to lower 
temperatures one should be able to use more of the experimental data and thereby 
obtain more accurate results from the theoretical analysis. This is not the case. For 
at such temperatures the curve of log F against logy is almost a straight line, and 



284 


X Corner 


from this part of the range it is impossible to obtain a unique pair (i? 0 , e). Onoe e has 
been picked, the comparison of theoretical and experimental curves fixes i?o accur¬ 
ately; it is, however, possible to get equally good agreement with any value of e 
within a wide range. In general, nothing significant can be deduced from observa¬ 
tions which go no higher than the critical temperature, and there is no need to extend 
the theoretical tables beyond the point reached here. 

For the same reason, the higher the temperature at which virial coefficients have 
been measured, the more valuable they are for theoretical analysis. Moreover, this 
fixes an upper limit to the size of molecules for which an analysis of the virial data 
is worth while; the upper limit of temperature at which such experiments can be 
carried out is the same for all gases (if complications such as decomposition are 
neglected), while the equivalent ‘reduced temperature^ decreases with the mole¬ 
cular weight; for sufficiently large molecules the whole of the accessible range of 
temperature lies in the zone which is useless for comparison with theory. 

In certain cases it may be possible to use virial data which refer to temperatures 
no higher than the critical temperature. This could be done by estimation of e or 
Rq from some other property ; the most generally useful are critical data. An example 
of this type is discussed in § 10 of the present paper. 

e has been chosen to make as much as possible of the second virial coefficient come 
from the normal formula for spherical molecules. It is fortunate that the first non¬ 
zero term in the series expansion, whose magnitude is given by turns out to be 
small, much smaller, indeed, than might have been expected. Starting with a 
spherical molecule and gradually increasing the axial length the and rj of the 
spherical type are altered to e and and at the same time the shape of the 
theoretical function F{y) is altered throiigh the introduction of the term involving 
As IjR^ increases, e and differ significantly from (j>^ and rg long before the ^ term 
has any appreciable effect on the function F{y). In other words, the virial coefficient 
is very closely that of a spherical molecule with the intermoleoular potential (3) 
and ^0 taken to be e and rg replaced by aJB|. 

6 . Joule-Thomson coefficients 

Let 6 ^ be the specific heat per gram-molecule, and the Joule-Thomson coeffi¬ 
cient, both extrapolated to zero density. It has been shown by Whitelaw ( 1934 ) that 

= ( 21 ) 

and Hlrsohfelder, Ewell & Boebuok ( 1938 ) have uaed this equation to derive theo¬ 
retical Joule-Thomson coefficients for molecules with spherical symmetry. For the 
present model it is found that, analogously to (15), 

( 22 ) 

m = <?i,(!?) + /?(W)(y*^)^- 


with 


(23) 
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The function 0^^ occurs in the theory of the Joule-Thomson coeffiqjient for molecules 


with the intermoleoular potential (3). 0^^ and y* 




are given in tables 6 and 0, 


which are to be interpolated in the way explained earlier. 

The derivation of O and from experimental data proceeds exactly as for the 
second virial coefficient. The specific heats 6^ caxi be obtained from spectroscopic 
data. When both second virial and Joule-Thomson results are available it is possible 
to carry out the comparison with both sets of experimental data at the same time; 
the curves of logjo B and log^o C^/Iq against — | logj^ T are plotted on the same sheet, 
with a suitable displacement of the ordinate scales to bring the two curves into the 


same region. 

Table 6. The eitnotion 


h>gio y 

Ou 

-M 

-0*396 

-1*0 

-0*433 

-0-9 

-0*471 


- 0*606 

-0*7 

-0*536 

-0-6 

-0*566 

-0‘6 

-0*668 

-0*4 

-0*629 

-0*3 

-0*449 

-0*26 

-0*381 

-0-2 

-0*287 

-0-16 

-0*159 

-0*1 

0*012 

-0*06 

0*241 

0 

0*646 

0*06 

0*954 

0*075 

1*207 

0*1 

1*602 

0*126 

1*846 

0*16 

2*248 

0*176 

2*722 

0*2 

3*283 

0*226 

3*961 

0*26 

4*763 

0*275 • 

6*724 

0*3 

6*912 


M- A"' 


7 

15 

27 

47 

77 

127 ^ 

46 
59 
76 

100 -- 

131 -- 

176 — 

238 — 

76 — 

90 — 

107 — 

129 
167 

192 -- 

238 

299 

381 

492 66 


d^O 

Table 6. The fukction 

dy^ 


i«gio y 

^ rfy* 


-M 

0*14 


-1*0 

0*16 


-0*9 

0*20 


-0*8 

0*24 

A 

-0*7 

0*30 

4 

6 

10 

17 

7 

-0*6 

0*39 

-0*6 

0*62 

-0*4 

0*72 

-0*36 

0*85 

1 

9 

13 

18 

26 

39 

60 

94 

34 

43 

66 

74 

98 

132 

180 

249 

349 

114 

1.36 

164 

198 

241 

294 

-0*3 

1*03 

-0*26 

1*26 

-0*2 

1*67 

-0*16 

2*00 

-0*1 

2*68 

-0*06 

0 

0*026 

3*40 

4*61 

5*42 

0*06 

6*42 

0*076 

7*67 

0*1 

9*25 

0*125 

11*25 

0*16 

13*82 

0*175 

0*2 

0*226 

17*17 

21*68 

27*48 

0*2376 

31*17 

0*26 

35*48 

0*2626 

40*64 

0*276 

46*50 

0*2876 

0*3 

53*66 

61*96 


7. Quaxtum cobbbotioks 

The olassical formula (2) is subject to three quantum corrections, of which only 
one need be taken into account, except for such light molecules as helium or hydrogen 
at very low temperatures. This correction arises from the fact that the probability 
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of a configta^ation of potential energy E is not simply proportional to exp (— EjJcT) 
as in classical statistical mechanics (Slater 1931 ). 

Molecules of the class treated in this paper have only a small correction to the 
second virial coefficient; hydrogen is an exception, and is excluded from further 
consideration. The correction being small, it is sufficient to use a formula which is 
accurate for some molecules with spherical symmetry, and approximately true for 
all non-polar molecules. The quantum correction can then be calculated very easily 
from a knowledge of the critical temperature K, the critical volume TJ o.o./g.mol., 
and the molecular weight M. 

For the intennolecular potential (3), suitable for spherical molecules, it is known 
that 1.32 X (24) 

and Ar-1-29^0- (25) 

The numerical constants are mean values for the rare gases. The quantum correction 
has been tabulated recently by Buckingham & Corner for some potentials with the 
short-range repulsion represented by exponential terms. The correction is much the 
same in all cases. Taking a typical set, and using the results (24) and (26), which are 
not sensitive to the exact shape of the potential energy, it is found that 

[45 p + c.c. per n g.mol. (26) 

is a good approximation to the quantum correction.* Subtracting this from the 
observed virial coefficient gives the classical coefficient to be compared with the 
theory of earlier sections. 

Similarly, the quantum correction to Cpfif^ is 

(p) per g-mol- (27) 

Note that although ( 20 ) and (27) fail to satisfy the relation 

this does, however, hold for the exact functions to which (26) and (27) are simple 
approximations. • 


8 . Applications to somb typical molecules 

The results given in table 7 have been obtained for molecules which come into the 
class covered by this paper; their interactions are effectively unaltered by being 
turned end for end, and their dipole moments are at most of order 0*2 D. The list is 

• This is true only if Fj is tho critical volume in o.c. per g.mol., because certain universal 
constants in ( 26 ) have been given corresponding values and absorbed into the numerical 
constants. 
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not a long one, due mainly to the lack of virial data at temperatures well above the 
critical temperature. 

The molecules of nitrogen and carbon monoxide would be expected to have very 
similar values of and e. The surprising difference of 7 % in Bq arises from a 
syTstematic difference of order 4 c.c./g.moL in their virial coefficients. It would have 
been interesting to compare carbon dioxide and nitrous oxide; unfortunately, the 
second virial of the latter is known only at temperatures below the critical tem- 
j)erature. 

Hydrogen is omitted because of the great importance of the quantum correction. 

Tabu!: 7. Force constants fob some ‘cylindrical’ MOLECxn.,Ks 


value of 10 *^ second J.-T. 


substance 

assumed 


ejk 

virial data 

data 

N, 

0-65 

3*78 

96° 

a 

a 

CO 

0*67 

4-04 

98° 

6 , c 


COj 

M 6 

4*01 

198° 

d 

e 

C.H. 

0-95 

4-6 

192° 

f, g. h,j, k 

— 

C.H. 

0*95 

50 

206° 

f.l 

— 


Key to table 7 

а, all low-pressure data correlated by Keyes in Temperature (New York, 1941), p. 45. 

б , data up to 1931 correlated by Doming & 8 hupe ( 1931 ), Phys. Uev, 38, 2245. 

c, Townend <fe Bhatt ( 1932 ), Pfoc. Roy, 80 c, A. 134, 502. 

d, Michels & Michels ( 1935 ), Proc, Roy, Soc, A, 153, 201. 

Roebuck, Murrell <fe Miller ( 1942 ),«/, Amer, Ohem, Soc, 64, 400. 

/, Eueken & Parts {i 933 )» Z* phy$, Chem, B, 20 , 184. 

9 , Roper ( 1940 ), »/. Phys* Chem, 44, 835. 

A, Gillespie ( 1929 ),./. Phye, Chem, 33, 364. 

y, Croinmelin Watts ( 1927 ), Proc, K, Acad, Wet, Amet, 30, 1069. 

Michels, de Gruyter & Niesen ( 1936 ), Physica^ 3, 346. 

h calculated by Hirschfelder, McClure & Weeks ( 1942 ), J, Clmn, Phys, 10, 201 from 
data of Beattie, Hadlock & Poffenberger { 1935 ), J* Chem, Phya, 3, 93. 

9. Connexion with the critical constants and parachor 

For spherical molecules whose field may be represented by the potential (3), the 
two parameters and must determine the critical constants. Quantum effects 
introduce the mass of the molecule as well, but appear to be small except for the 
lightest molecules, Neglecting such corrections, it follows from dimensions that 

- constant and VJr^ 10 ** = constant 

for all molecules with a field of this type. Lennard-Jones & Devonshire ( 1937 ) have 
derived = 1’33 from a * cell ’ theory of the dense gas. This is close to the values 
observed for the rare gases and simpler molecules, for which the mean value of 
kTJ^Q is 1-29 (cf. equation (26)). The value of TJ/rJlO** from the theory of Lennard- 
Jones & Devonshire is too small; values observed lie around 1*3. 

It has been mentioned in § 6 that the second virial coefficient is very close to that 
of an equivalent spherical molecule with = e and =« ai?§. This leads one to 
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expect that the critical conatants of two such gases will also be dosely related, that 
is, that hTJe and 1^/ will be constants for all gases of not too great a deviation 

from spherical form. 

Table 8. Critical constants compared with foross between 

NON-SPHERICAL MOLECULES 


Bubstanoe 

IIE, 

kTJe 

VJlO^aEi 

N, 

0-15 

1-33 

1*29 

CO 

0-14 

1-37 

1-07 

CO, 

0-26 

1-54 

0*90 

C,H, 

0-21 

1-47 

0*92 

C,H, 

0-19 

1*48 

0*82 


Table 8 shows that the constancy of these quantities is less marked than with 
spherical molecules. Part of the deviations may be attributed to the difficulty of 
picking unique values of e and Rq by comparison with experiment; this seems to be 
confirmed by the observation that large values of kTJe are correlated with small 
values of 1^/I0**ai2g. Nevertheless, there is a clear indication that these quantities 
differ from those for spherical molecules, the deviation taking the direction of an 
increase in kTJe and a decrease of VJlO**aR!^. In other words, the critical volume is 
less than that of the gas of ‘ equivalent ’ spherical molecules; the possibility of packing 
long molecules together certainly makes this a plausible change. Packing also lowers 
the potential energy of the system, making the effective greater than e. This is 
in accordance with the observed increase of kTJe as I/JBq increases. One can deduce 
that even at the density of the critical state the macroscopic behaviour of the gas 
of ‘cylindrical’ molecules is not very different from that of the gas of ‘equivalent’ 
spherical molecules. 

The paraohor may be used to test whether this equivalence of cylindrical and 
spherical molecules holds at liquid densities. It h^ been shown by Lennard-Jones 
& Comer ( 1940 ) that the paraohor [P] is proportional to for the rare gases and 
simple molecules. It may be expected therefore that for cylindrical molecules [P] 
may be related to ei(aPg)*. Table 9 shows that the ratio [P]/ 10 “e*(aii^)* is indeed 
fairly constant and not greatly different from the mean value, 6 * 2 , of [P]/ 10 “^JrJ 
for the rare gases. This suggests that properties of the liquid state of these cylindrical 
molecules can be represented approximately by the behaviour of the ‘equivalent’ 
spherical molecules, even though the connexion has only an empirical significance 
at liquid densities. 

Table 9. Comparison of paraohor with force constants 

OF CYLINDRICAL MOLECULES 


Bubstance 

elk 

w 

IVRo 


N. 

96“ 

0*16 

3*78 

6-18 

CO 

98“ 

0-14 

4-04 

4*46 

CO, 

198“ 

0*29 

4-01 

3*97 

C,H. 

192“ 

0*21 

4*8 

4-06 

C.H, 

206“ 

0*19 

6*0 

3*66 
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The correlation with critical data and parachor can be used to check estimates 
of € and Rq. As an example take the case of chlorine, where the second virial data 
(Euoken & Hoffmann 1929 ; Pier 1908 ; Jaquerod & Tourpaian 1913 ; Boss & Maass 
1940 ) does not extend beyond 1-1 x the critical temperature. It is therefore difficult 
to decide e and from this data alone. Taking R^ = 4*5 and 5 A, the corresponding 
mean values of ejk can be found, with the following results: 

10«i?o ejk kTJe [P]/10“e»(««!)» 

4-6 271° 1-64 0-93 4-29 

5 241° 1-73 0-70 3-60 

Comparison with tables 8 and 9 shows that the results for = 4*6 A are the more 
plausible and can be accepted in the absence of more extensive data on the gas. 

10. Forces between hydrocarbon moleohlbs 

Second virial and Joule-Thomson coefficients are known for a number of hydro¬ 
carbons. In most of these cases the temperatures are not sufficiently high to permit 
a unique fit to theoretical formulae; the effective accuracy of the observations can, 
however, be increased by considering related molecules as a single class. 

The simplest hydrocarbon molecule, methane, can be treated as spherically sym¬ 
metrical. Its force constants have been calculated from Beattie-Bridgeman con¬ 
stants by Hirschfelder & Roseveare ( 1939 ) and Beattie & Stockmayer ( 1942 ), and 
by the author from lattice-spacing at O^K (Comer 1939 ) and later from isotherms 
of Kvalnes & Gaddy ( 1931 ), Joule-Thomson data by Budenholzer, Sage & Lacey 
( 1939 ), and various properties of liquid and gaseous states. All these values lie close 
together, and mean values are = 148°, = 4-26 A, where these are the constants 

to be used in the potential 

E = 

Results for ethylene and ethane have been given in table 7. Virial coefficients are 
known also for the following hydrocarbons which fall into the class covered by this 
paper: propane, n-butane, propylene and frons- 2 -butene. These are treated together 
with a common value of i^. This is made plausible by the rough similarity of their 
structures, and is adequate to reproduce the observed second virial coefficient of 
these gases if e is given a suitable value for each substance. To get a satisfactory fit 
it is necessary to have R^ about 6-5 A, which is significantly greater than the values 
of = 5 A for ethane and 4-6 A for ethylene. Taking the data for one molecule only, 
it would be possible to use other values of iZ, without causing a discrepancy larger 
than might be attributed to experimental errors in the observed virial coefficients. 
Fitting simultaneously to all four sets of results enables one to divide the discre¬ 
pancies into puts of form common to all sets (these deviations are presumably due 
to an inappropriate iZg) and remainders showing a different trend from one example 
to another, caused by experimental errors. In this way it has been found that the 
constants of table 10 reproduce the available data on these four gases, as shown in 
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figure 3. The agreement is satisfactory except for ^mrw-2-butene which also shows 
a value of kTJe. lower than for the other three molecules of this class, A larger value 
of is indicated for this substance. 



FiaXTKB 3. Experimontal and theoretical second virial coefficients of some hydrocMbons. 
Theoretical results are shown as dotted curves. 


Table 10. Force constants for some hydrocarbons 


substance 

10*1 

10 *jRo 

methane 

0 

4*25 

ethylene 

0*95 

4-6 

ethane 

0-96 

6-0 

propane 

14 

6*6 

propylene 

1'45 

5 6 

<ran«- 2 -buteno 

2-1 

6-6 

n-butone 

2-16 

6-6 


€/k 

kTJe 

IjR, 

VJIO^olK 

148" 

1-29 

0 

1*28 

192" 

1*47 

0 * 21 . 

0-92 

206" 

1-48 

0*19 

0*82 

228" 

1*62 

0*26 

0*78 

220 " 

1*66 

0*26 , 

0*70 

281" 

1*63 

0*38 

0*76 

264" 

1-68 

0-39 

0*77 


(Second tnnal data not already listed 

Propane: Values of B calculated by Hirschfelder, McClure & Weeks ( 1942 ), */• Chem. Fhys. 
10 , 201 from observations of Beattie, Kay & Kaminsky ( 1937 ), Amer. Chem. Soc* 59, 1689 
and Doschner & Brown ( 1940 ), Indiistr, Enyng Ohem, 32, 836. 

Propylene and tran8‘2-buiene: Roper ( 1940 ), J, Phys. Ohem. 44, 836. 

n-butane: Calculated by Hirschfelder, McClure & Weeks ( 1942 ) from observations of 
Beattie, Simard & Su ( 1939 ), J. Amer, Ohem. Soc. 61, 26. 

Joule-Thcmson data 

Propane: Bage, Kennedy & Lacey { 1936 ), Induatr. Engng Ohem. 28, 601, 
n- 6 tttonc; Kennedy, Sage & Ijocey ( 1936 ), Induatr. Engng Ohem. 28, 718. 
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The theoretical curves for n-butane and propane could be brought into better 
agreement with the second viriai observations, but this would lead to increased 
deviations in the Joule-Thomson ooeffloients. 

The values of e and can be checked by examination of kTJe and VJlO^^aRl, 
These are in reasonable agreement with the trends revealed in § 9. 

To estimate the forces between other non-polar hydrocarbon molecules of not 
too complicated a form one proceeds by estimating I from the structure, and R^ 
from the molecules listed in table 10 , From these IjR^ and ai?§ can be calculated, 
audit can be verified that is reasonable for this value of^/iZg. Oneestimates 

kTJe and thus e. The only experimental data necessary are critical temperature and 
density. 

An attempt has been made to use the fields summarized in table 10 to calculate 
interactions between pairs of methyl groups in different molecules, pairs of 
groups, and so on. These were represented as ( 12 , 6 ) functions of the distance between 
the carbon atoms. Such an assignation cannot be theoretically rigorous, as was 
pointed out by London ( 1942 ), but it has a certain value in approximate calculations 
of the physical properties of the hydrocarbons. Both the interactions mentioned are 
found to have minima of order 70k at separations of about 5-0 and 4-6 A respectively. 
The depth of this minimum is considerably less than the 148fc shown in t/able 10 for 
methane, and the separations at the minimum are also larger than would be expected 
from the Rq of methane. In both respects some improvement would be obtained by 
a smaller R^ and a correspondingly larger e, but even a 10 % decrease of Rq for ethane 
only increases the depth of the methyl-methyl interaction to 80i\ While a change 
from 148 to HOk in going from methane to methyl interactions appears at first sight 
to be rather large, it is consistent with the pair of assumptions: (i) the use of the 
Slater-Kirkwood formula, as modified by Hellmann ( 1935 ), to obtain the attractive 
force; (ii) the assumption that the repulsive forces are the same in both cases. The 
latter is made plausible by the way in which the repulsive forces are produced, 

I am indebted to Professor Sir John Lennard-tJones, F.R.S. for his encourage¬ 
ment of this work, and to the Chief Scientific Officer, Ministry of Supply, for 
permission to publish. I would like to acknowledge also the help of Mr E. C. Lloyd, 
who checked some of the integrations. 
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The adsorption of direct dyes on cellulose 

By R. H. Peters and T. Vickbbstafe 
Imperial Chemical Industries, Ltd., Dyestuffs Division 

(Communicated by E. K. Bideal, F.B.S.—Received 22 July 1947) 

Introduction 

The dyeing of cellulose with direct dyes has been studied in detail by Neale and his 
collaborators, and a quantitative theory to account for the effect of dye and electro¬ 
lyte concentration on the adsorption equilibrium has been developed by Hanson, 
Neale & Stringfellow ( 1935 ). More recently, a slightly different theory has been 
described by Willis, Warwicker, Standing & Urquhart ( 1945 ), supported by a very 
full examination of the adsorption of Chrysophenine G on cellophane shpet. The two 
theories are baaed on common postulates and differ mainly in the mathematical 
development and the simplifying assumptions which are adopted. Both assume that 
the direct dyes exist in solution as fully dissociated salts of the type Na^D, and 
that of ail the ions present only the dye anions are specifically adsorbed at the cellu¬ 
lose/water interface. The distribution of all other ions is determined by the need 
for electrical neutrality in any finite volume of the system. Hanson et al. divide 
the dyeing system into two parts, namely, the aqueous solution contained within 
the fibre and the external solution, and proceed to apply the laws of membrane 
equilibrium to the distribution of ions between these two parts of the solution. Willis 
et al. postulate a force attracting dye ions to the cellulose surface which varies as 
some function of the distance and which is opposed by thermal agitation so that the 
final concentration of dye near the celluiose/water interface is higher than it is in 
the external solution and decreases gradually with increasing distance from the 
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surface. Such a picture is probably nearer the truth than any arbitrary division of 
the system into two parts, but the mathematical treatment is extremely complex 
and the resulting equations cannot be evaluated. Consequently, Willis a ol. are 
forced to introduce the simplifying assumption that the attractive force is constant 
over a finite volume near the interface and is elsewhere xero, which is equivalent to 
division of the solution into two parts. Using this simplification, these authors 
develop a number of linear relations between the amount of dye adsorbed by cellu¬ 
lose and the concentrations of dye and other electrolyte in the external solution, 
which are found to agree in many respects with the experimental data. Some 
discrepancies still remain, however, as will be indicated later. 

Of the two theories, that of Hanson et al. appears to yield the more precise agree¬ 
ment between calculated and observed dye adsorptions, but in one important aspect 
neither theory is completely satisfactory. A problem which has always been out¬ 
standing in this field is that of finding a satisfactory measure of the affinity of a 
direct dye for cellulose, so that the effect of dye structure may be assessed in 
a quantitative manner. These theories in their present form do not provide such a 
measure. It is the object of the present paper to show that a conventional thermo¬ 
dynamic treatment of the subject will provide a quantitative measure of affinity 
and will furthermore yield in a much simpler manner all the relations derived by 
Willis et al., and finally that it will explain some of the discrepancies between the 
experimental data and the theory of those authors. 

Theoretical 

In dyeing, the affinity of a dye for a fibre may be moat satisfactorily defined as 
the standard change in chemical potential accompanying the adsorption process. 
In a system at equilibrium, where a component is distributed between two phases, 
fibre and solution, the chemical potential of the component must be the same in 
both phases so that 

- A/i® = RTlnojr—RTlnOa, (1) 

where is the standard change in chemical potential of the component and Ojr 
and ag its activity in the fibre and solution respectively. The problem of determining 
the affinity A/i® of a dye for a fibre may be resolved therefore into that of finding 
a suitable definition of the activity in the two phases. 

In solution, the direct dyes, which are usually sodium salts of the type Na^D, 
where Z is the basicity of the dye anion, may be assumed to be completely dissociated, 
as the aromatic sulphonio acids are strong acids. Since the solutions used are very 
dilute, it is permissible to use concentrations in place of activities so that in the 
external solution 

where [Na]g and [D]g are the ionic concentrations. 

In the fibre a satisfactory definition of activity is more difficult to obtain. Where 
ions are adsorbed upon specific sites at the fibre/water interface, the activity may 


a8=a«[Na]§.[DJs, 


( 2 ) 
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be represented by dj{\ — 0 ), where 6 is the fraction of the total available sites which 
are occupied by the ions. In the case of wool, where specific sites exist for both anions 
and cations, this representation is justified and leads to the equations developed by 
Rideal & Gilbert ( 1944 ) for the adsorption of acids by wool. These equations appear to 
describe very adequately the adsorption of acid dyes by wool. In the case of cellulose, 
however, there are no ionic sites for adsorption, although there is much evidence to 
suggest that some oorrespondenoe between the structure of the direct dye molecule 
and the cellulose molecule is essential for substantivity. Furthermore, Neale has 
shown that the maximum amount of Chlorazol Sky Blue FF which is adsorbed by 
cellulose corresponds roughly with the available surface area if the dye is assumed 
to form a monomolecular layer. Thus it appears at first sight that it might be 
feasible to regard the dye as being adsorbed upon a limited numl?er of sites of a 
non-ionic type, and to represent its activity by the fraction 9j{\ — d). 

However, examination of the behaviour of a number of direct dyes suggests that 
this approach is not satisfactory. Thus the saturation value of a oellulosio fibre 
towards different direct dyes varies by a factor of at least five from dye to dye, with 
no connexion apparent with the molecular size or constitution of the dye. This 
behavioiir is in distinct contrast to that of acid dyes on wool, where the great majority 
of dyes give almost exactly equivalent saturation values. 

Furthermore, in the case of Chrysophenine G on cellophane, for example, the 
estimated saturation values appear to vary with the concentration of sodium 
chloride present in the system. Consequently it is not possible to represent the 
activity of the dye anions in the cellulose fibre as a function of the fraction of sites 
occupied unless it is assumed that the type and number of available sites differs 
from dye to dye. The cations which must accompany the dye into the fibre to main¬ 
tain electrical neutrality, similarly cannot be represented by any function of this 
type, as no sites for the adsorption of such ions exist. Consequently, as a first 
approximation, the activities of the various ions in the fibre must be represented by 
their contentrations. For this purpose the measured weight concentration (e.g. 
moles of dye per kg. of fibre) is divided by a volume term F (litres per kg. of fibre) 
which represents the volume of a thin layer of solution near the flbre/water interface 
which contains all the variations in ionic concentration. Assuming the dye to be 
completely dissociated, its activity in the fibre may be represented as 

„ ^[D]^[Na]# 

Or- y - yz-- 

Hence from ( 1 ) 

= RTln[D],. + ZRrin[Na]p.-R5Pln[D]g 

- ZRT In [Na]s - (Z + 1 ) RT InK 

or In [D]jp + Z In [Na],^ — In [D]^ — Z In [Na]^ = constant. ( 6 ) 

This equation gives directly all the relatione derived in a more complex manner 
by Willis et al, provided that one further assumption is made, namely, that the 


(3) 

( 4 ) 
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quantity of any other electrolyte in the fibre is negligible as compared with the 
amount of dye present. It will be shown later that this assumption is not justified 
and that its introduction largely accounts for the discrepancies between the theo¬ 
retical predictions and the observed results. However, making this assumption for 
the moment, it follows that [Na]^. = for electrical neutrality in the fibre. 

Hence equation (5) becomes 


(Z -h 1) In [D]jr — In [J)]s Z In [Na]^ = constant, (6) 

from which the following conclusions may be drawn for adsorption from a solution 
containing the dye as its sodium salt together with a second inorganic sodium salt 
such as sodium chloride. 

(а) If the sodium-ion concentration in the dye-bath is constant, equation (6) 

becomes {Z + 1) In — In [D]^. = constant. (7) 

A plot of the logarithm of the dye adsorbed by the fibre against the logarithm of 
the dye in solution at equilibrium should give a straight line of slope l/(Z-f 1). 

(б) At a constant dye concentration in the dye-bath, the effect of salt concen¬ 
tration will be given by 

(Z 4-1) In [l)]y - Z In [Na]^ = constant. (8) 

Again a logarithmic plot of the dye on the fibre against the sodium-ion concen¬ 
tration in the dye-bath should yield a straight line of slope Z/(Z +1). 

(c) If the conditions are so arranged that the concentration of sodium ions in the 
dye-bath is always proportional to the dye ion concentration in the dye-bath, i.e. 
[Na]^ = then 


or 


(Z-f l)ln[D]/>^-(Z-l- l)lnfJ)]^s’ = constant (9) 


mF 

ms 


= constant. 


( 10 ) 


Under these special conditions, as Willis et al, first pointed out, the concentration 
of dye in the fibre should be directly proportional to its concentration in the dye-bath, 
(d) Willis et al. define two quantities which they term the 'substantivity ratio' 
[D]jf./[D]^, and the ‘salt-dye ratio’ [Na]^/[D1^, Equation (6) may be modified to 
show the relation between these two quantities by adding and subtracting Z In 
to give 

(Z -f 1) In [D]jr - (Z + 1) In [D]^ 4* Z In [D]^. - Z In [Na]^ •=:= constant, 


or 


(Z + l)ln 


m^ 

[i>k 


Zln 


[bV 


= constant. 


( 11 ) 


Thus a logarithmic plot of the salt dye ratio against the substantivity ratio should 
again give a straight line of slope ZI(Z + 1). 

As already stated, Willis et al. made a very detailed examination of the adsorption 
of Chrysophenine G on cellophane sheet, and found that the data, when plotted in 
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the four wa/ys suggested^ did 3 deld straight lines in accordance with theory. The 
slope of the lines, however, did not agree with that predicted, a fact which is rather 
lightly dismissed by these authors. The results obtained by Hanson et aL with Chlor- 
azol Sky Blue FF on cotton lie on slightly curved and not straight lines when 
plotted in this way, but again the mean slope is not that predicted. These discre¬ 
pancies are duo to the simplifying assumption that the concentration of electrolytes 
other than dye inside the fibre is negligible. This may be shown by using the complete 
form of equation (6) and inserting the actual concentration of sodium ions in the 
fibre. Assuming that sodium chloride is the foreign electrolyte present in the system 
then the chemical potential of sodium chloride in the volume of solution near the 
fibre/water interface must be equal to its chemical potential in the external solution. 
If neither sodium nor chloride ions are adsorbed by the fibre, the standard chemical 
potential in both parts of the system must be the same, so that ignoring activity 


coefficients 


(Na]s[Cl]s 


(Na]^[Cl]„ 
V V ' 


( 12 ) 


where [Na]s and [Cl]^ are the concentrationa of sodium and chloride ions in the 
external solution (expressed in g. ions per litre) and [Na],r and [01]^ are the con¬ 
centrations in the fibre (in g. ions per kg. of fibre). For electrical neutrality in the 
fibre the anions and cations must be equivalent so that 

[Na]^ = [Cl]^+Z[D],.. (13) 


Combining (12) and (13) to eliminate [Cl]|r 

IZ rZ» [NaktClLFH*) 

Jr 

In the following table 1 the data of Hanson et al. have been used to evaluate — A/t° 
for Chlorazol Sky Blue FF at 90® C on cotton according to equation (4), the sodium 
concentration in the fibre being calculated by equation (14). For the pxirpose of 
this calculation the volume term V has been given the value of 0*22 litre per kg. 
as suggested by Neale. 

The affinity values given in the last column of the table are remarkably constant 
and provide complete justification for the use of ionic concentrations as a measure 
of activity in the fibre. The figures for sodium-ion concentration in the fibre are of 
especial interest. 

In the first series of experiments, for example, in which the dye-bath salt con¬ 
centration is substantially constant, the sodium-ion concentration in the fibre at 
the lowest dye concentration is about 9*6 times the dye ion concentration in the 
fibre, but at the highest dye concentration the factor is only 4*9 times. This is 
because, in absence of dye, the fibre still contains sodium ions at a concentration 
similar to that in the external solution, but with increasing dye adsorption each dye 
ion oarricjs with it four sodium ions, so that at a very high dye adsorption the sodium 
ions thus brought into the fibre outweigh those due to the imbibition of solution 
and the ratio of sodium to dye ions approximates to four in the limit. Under these 
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oonditiona therefore, it is obvious that the simplification of putting [Na]^^ = Z[D]f. 
is not justified. In figure 1, these results are plotted on a logarithmic basis and it 
will be seen that the points lie on a slightly curved line. The slope of this line in its 
straightest part is about 0*36, whereas according to the theory of Willis ah it 
ought to be l/(Z-f 1) = 0*20. The diflFerence is clearly shown in the figure by com¬ 
parison with the line of theoretical slope. 


Table 1. Caixjulation of affinity of Chlobazol 
Sky Blue PF on cotton at 90^ C 


mr 

ms 

[Na]j, 

[Na]^ 

affinity 

calcries 

2-58 X 10-^ 

9*58 X 10 ® 

2*44 X 10- * 

8*56 X 10“« 

-6870 

3*79 

2*52 

2*80 

8*66 

-6810 

4-95 

6*04 

3*14 

8*57 

-6810 

6-19 

1*01 X 10-* 

3*50 

8*69 

-6790 

7*60 

2*02 

3*94 

8*63 

-6760 

8*84 

404 

4*36 

8*71 

-6660 

5*95 X 10~* 

6*04 X 10-® 

2*74 X 10-^* 

4*47 X 10~* 

-6760 

1*01 X i0-> 

5*04 

4*81 

8*76 

- 5860 

1*74 

6*04 

8*65 

1*73 X 10 * 

- 6980 

2*80 

5*04 

1*50 X 10~* 

3*44 

- 5920 

4*95 

5*04 

3*14 

8*67 

-6800 

7*33 

504 

6*60 

1*71 X 10 1 

-5740 

M4x 10-* 

6*04 

1*01 X 

3*42 

-6810 

1-68 

6*04 

1*67 

6*98 

-6890 


Mean affinity — 6820 + 70 cal. 




Figure 1. Chlorazol Sky Blue FF. Salt con- Fioubb 2. Chlorazol Sky Blue FF. Salt con¬ 
centration constant. Cotton OC" C. centration constant. Cotton 90*" C (cf. figure 1). 

Line is of theoretical slope. 


From equation (4) a straight line would not be expected if [Na]j?» is not a linear 
funotion of [DJj-, but if the logarithm of the ionic product [Na]f [DJjr in the fibre ia 
plotted against the corresponding function in solution the points should lie on a 
straight line of unit slope, and this is in fact the case as shown in figure 2. 
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In the experiment where the salt concentration is varied, the Willis et al. theory 
indicates that the slope of the line obtained by plotting log against log [Na],g 
should heZ/(Z+ 1) = 0-8. Again this is not the case, but if log [Na]f [D]p. is plotted 



Fiotxke 3. Chiorazol Sky Blue FF. Conetant 
dye concentration. Cotton 90'’ C. 



log[D]s[Na]J 


Figure 4. Chiorazol Sky Blue FF, Constant 
dye concentration. Cotton 90“ C (cf. figure 3). 
Line is of theoretical slope. 



Figure 6. Chrysophenine, Cellophane 40° C. 


against log [Na]g (log [D]g being constant) the points should lie on a line of unit 
slope which is actually so (figures 3 and 4). These results thus provide excellent 
confirmation of the theory already outlined and indicate that it is the activity of 
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the dye aa a whole and not the activity of the dye anion alone which is important 
in the adsorption equilibrium. 

The data on the dyeing behaviour of Chrysophenine G due to Willis et aL is far 
more comprehensive, for these authors have determined complete adsorption 
isotherms for this dye on cellophane sheet at constant salt concentrations using 
a wide range of salt concentrations at temperatures of 97*5, 80, 60, 40 and 20^ C. 

The results obtained with different salt concentrations at 40° C are plotted on 
a logarithmic basis in figure 5, from which it will be seen that the points lie mainly 
on straight lines. However, it will be observed again that the slope of the lines is 
predicted by the theory of these authors to be l/(Z-h 1) == 0*33, whereas the actual 
slopes as given in table 2* 


Tabi^k 2. Slopks op log log plot at 40° C. Chrysophenine G 


salt content 
(g. per 1.) 
0-2 
0-5 
10 
2-0 
4*0 


slope of lino 

0*40 

0*38 

0-44 

0*44 

0-50 


The difference is clearly shown in the figure by the line of slope 0*33. It will be 
observed that there is a general tendency for the slope to increase with increasing 
salt concentration, and this is in agreement with the views already outlined, for 
at infinite salt concentrations the slope of the line should be 1*0, while in complete 
absence of salt INa];^. must be equal to Z[D]^ or neutrality, and the slope should 
be 0*33, The complete results at this temperature have been worked out according 
to equation (4) and are presented in table 3, where the calculated values of [Na]^. 



Figurs 6 Figubb 7 


FxGtxBBS 6 and 7, Chrysophenine G. Cellophane 97*6® C. 2 g, NaCl per 1. 
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are also given. In these calculations a value of 0*33 litre per kg. has been ascribed 
to V (see later). 

As before, if the logarithms of the ionic products in the fibre and in the solution 
are plotted, the points lie close to lines of unit slope (as for example figures 6 and 7). 


Table 3. Affinity op ohrysopheninb G for obllombcanb at 40“ C 


[D]f 

[D}s 


[Na]^ 

affinity 

oal. 

2-43 X 10-« 

4*83x 10“« 

0*2 g. per 1. salt 

6* 13x10-** 

3*66 X 10-* 

-4930 

3*21 

1*14 X 10*^ 

6*62 

3*08 

-4860 

4*65 

2*46 

9*48 

3*95 

-4960 

6*24 

6*24 

1*27 X lO-* 

4*50 

-4880 

7*666 

8*03 

1*64 

6*06 

-4820 

8*48 

l*09x 10-3 

1*71 

5*63 

-4710 

3*98x 10"» 

3*19 X lO*-® 

0*6 g. per 1. salt 
8*89 X 10"« 

8*63x 10~» 

(-6510) 

6*44 

7*97 X 10“6 

l*36x lO-"* 

8*78 

-6310 

9*30 

1*97 X 10“^ 

1*91 

9*01 

-6370 

l*28x lO”* 

4*58 

2*60 

9*54 

-6280 

1*46 

7*30 

2*93 

1*01 X 10-* 

-6230 

1*66 

lOOx 

3*36 

1*06 

-5210 

4*94 X 10-** 

218x lO-s 

1 *0 g. per K salt 
1*26 X 10"» 

1*72x10-* 

-6010 

8*45 

6*88 

1*86 

1*73 

-6210 

1 22x 10“* 

1*66 X 10-^ 

1*66 

1*76 

-6180 

1*79 

4*00 

3*67 

1*80 

-6280 

2*16 

6*67 

4*39 

1*86 

-6300 

2*40 

9*26 

4*87 

1*91 

-6230 

6*96 X lO-* 

M2x 10-» 

2*0 g. per 1. salt 
1*88 X 10-* 

3*45 X 10“» 

-5180 

I*07x 10-*> 

3*47 

2*63 

3*46 

-5260 

1*82 

1*03 X 10-*^ 

3*97 

3*47 

-6420 

2*87 

2*90 

6*97 

3*51 

• - 6660 

3*36 

6*31 

6*92 

3*66 

-6440 

6*31 

7*90 

107 X 10-1 

3*61 

(-6010) 

6*24 X 10-^ 

8*31 X 10-» 

4*0 g. per I. salt 
2*99 X 10' * 

6*9x 10-* 

-5110 

M6x 10“* 

2*69 X I0-* 

3*43 

6*9 

-4960 

212 

7*21 

6*24 

6*9 

-6230 

3*55 

2*18 X 10“* 

7*78 

6*9 

-6360 

4*46 

4* 16 

9*41 

6*9 

-6330 

5*31 

6*21 

MOx 10-1 

7*0 

-6240 


The results for the affinity of Chrysophenine G in the above table are fairly con¬ 
sistent under any single set of experim^tal conditions and show no clear tendency 
to drift with increase in dye concentration. There is also no indication of consistent 
change in affinity with salt concentrations at this temperature, except that the 
values at the lowest salt concentration are significantly less than the other values. 
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Some affinities oaloolated at other temperatures cmd salt oonoentrations are shown 
in table 4. 

The complete results at 60 and 97*5° C do show a tendency for the affinity to rise 
with increasing salt concentration in the dye-bath. One possible explanation of 
this is the neglect of activity coefficients in the calculation. 


Table 4. Afpinitv of Chrysophhktine G for cellophane 


salt 

concentration 



temperature (° C) 



(g. per 1.) 

975 

80 

60 

40 

20 

0-2 

3100 

— 

4310 

4870 

— 

0*5 

3320 

4090 

4590 

5280 

5330 

1*0 

3410 

4070 

4640 

5210 

5250 

20 

35(K) 

— 

4460 

6380 


4-0 

3540 

— 

4750 

6220 


100 

3710 


4890 

— 


20-0 

— 


4900 



40-0 

— 

— 

— 




The effect of temperature is also shown in the table. From the results, the heat of 
adsorption may be determined by plotting A/t'/T against IfT, where T is the absolute 
temperature. For this purpose the mean value of A/t° for salt concentrations of 
0-2 to 4-0 g. per 1. inclusive have been taken at 97-6, 60 and 40° C. The points lie on 
a straight line and the value of AJ? is —16,200 cal. It is obvious that something is 
amiss with the affinities obtained at 20 ° C, as these should be greater than those at 
40° C. The reason may be that the true equilibrium has not been attained, or alter¬ 
natively that aggregation is occurring at the lower temperature, although the latter 
seems unlikely in view of the diffusion measurements of Holmes & Standing ( 1945 ). 

It will be apparent from these results that the standard thermodynamic treatment 
outlined here does fit the experimental data on both Chlorazol Sky Blue FF and 
Chrysophenine G very well indeed over a wide range of dye and salt concentrations 
and temperatures. The method has the advantage of simplicity as compared with 
previous treatments and, furthermore, leads directly to numerical values for the 
affinity and heat of reaction of direct dyes on cellulose. The main defect of the method 
arises from the introduction of the arbitrary volume term V. 


The significance of V 

The introduction of a volume term representing the volume of a layer of solution 
next to the actual oellulose/water interface which shall contain all the variations in 
ionic concentrations near the interface, is common to all the quantitative theories 
of cellulose dyeing which have been advanced. In the present case, however, the 
term which appears in the equation for the standard change in chemical 

potential, proves to be of a similar order of magnitude to the sum of the remaining 
terms. 
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If attention could be confined to dyes of the same charge on one fibre, this volume 
term would have little significance, but since direct dyes vary in charge from one 
to four and since the behaviour of dyes on different oellulosic fibres is of interest, 
then obviously the value ascribed to V becomes of very great importance. It is 
therefore much to be regretted that the choice of a suitable value is largely arbitrary. 
Hanson el aL used 0-22 litre per kg. for cotton, a figure selected by trial and error 
to yield the best agreement between observed and calculatied dye adsorptions in 
the experiments already described. They observed that this figure is in close 
agreement with the maximum amount of water bound by cotton at 90"^ C from 
saturated water vapour according to the data of Urquhart & Williams ( 1924 ). 
Usher & Wahbi ( 1942 ) have suggested that a larger volume should be used, but 
their evidence is not very convincing, and accordingly Neale’s value has been 
adopted in the preceding calculations. 

Where other cellulosic fibres are involved the problem is more complex. The data 
of Urquhart & Williams is confined to lower temperatures and at 26° C leads to the 
volumes indicated in table 6. These volumes are not very satisfactory, however, 
for they indicat/e a difference between viscose rayon and cellophane which is not 
found in dyeing. Furthermore, if dyeing is due to a molecular attraction between 
dye and cellulose, it seems probable that the standard affinity should be the same 
for all cellulosic fibres, but the use of the volumes derived from moisture adsorption 
does not lead to this result. Thus Hanson el aL data on the adsorption of Chlorazol 
Sky Blue FF at 90° C give affinities of — 6820 cal. on cotton (V = 0*22) and — 7030 cal. 
on cellophane (V = 0*33), while Willis el aL data with Chrysophenine G at 60° C 
on cellophane ( V = 0*33) give — 4550 cal, as compared with the value of — 3700 cal. 
on viscose rayon (V == 0-45) obtained in the present work. 


Table 5 


fibre 


volume of surfehce layer 

. ■ " ■■■ ^ . . 

Chlorazol 

moisture Sky Blue FF 
adsorption adsorption 


cotton 

viscose rayon 
cellophane 

cuprammonium rayon 


0-22 

0*22 

0-46 

0‘46 

0*33 

0*45 

0-37 

0*60 


By choosing another set of volumes as indicated in table 5 the results with 
Chlorazol Sky Blue FF may be brought much closer together at —5820, —6920 
and — 6720 cal. on cotton, cellophane and cuprammonium rayon respectively, while 
with the same value of 0*46 for both cellophane and viscose rayon, the Willis et aL 
data gives — 3930 cal. for Chrysophenine 6 on cellophane in good agreement with the 
value of — 3700 cal. on viscose rayon. However, the use of volume terms based upon 
the relative adsorption of a single dye can scarcely be justified in view of the fact that 
other experiments by Griffiths & Neale ( 1934 ) have indicated that the ratio of dye 
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adsorption on different oellulosio fibres varies from dye to dye and in particular is 
greatly dependent upon the charge on the dye anion. On the other hand, while it 
cannot be supposed that the volume of the surface layer involved in dye adsorption 
is equal to the volume of water adsorbed by cellulose fibres, it is reasonable to 
suppose, since both are directly related to the total intermioellar surface of the fibres, 
that they should be proportional. Further work is in hand to investigate this 
matter and pending more definite evidence, the moisture adsorption volumes 
in table 5 will be employed in evaluating standard affinities. Accordingly, 
care should be taken in comparing dyes of different charge and the behaviour 
of different fibres. 

Thb at'finity of direct dyes for viscose BAYOlSr 

In order to gain some idea of the variation in affinity between direct dyes the 
adsorption of a number of dyes on viscose rayon has been examined. (k)nditions 
wore standardized by dyeing at fiO® C in a 60 volume dye-bath in presence of 0*01 it 
sodium chloride. The dyeing time was 1 week wliich was found to be adequate for 
the attainment of equilibrium. The viscose yam was of 100 denier and was scoured 
before use by treatment for 20 min. at 60® C in a solution containing 3g. soap and 
1 ml. of ammonia (0*880) per litre, followed by rinsing, drying and conditioning. The 
dyes were purified before use by the sodium acetate method. Complete adsorption 
isotherms were determined for each dye, the amount of dye both on the fibre and 
in the solution being estimated oolorimetrically in 25 % pyridine. The results, with 
the affinity for each point, calculated using V — 0*45, are given in table 7, 

These results, which represent the first quantitative measure of the affinity of 
direct dyes for cellulose, show a considerable range of affinities which is reflected 
in the dyeing behaviour of the dyes. The values determined for the individual points 
on the isotherm generally show a drift with concentration, although in some oases 
the affinity increases with increasing dye concentration and in others decreases. 
In some oases, as for example Chlorazol Blue 3B, the variation can be attributed to 
the fact that the line obtained by plotting the individual points on a logarithmic 
basis, as already described, does not have the slope wliich would be expected on 
theoretical grounds even when corrections for the sodium ion concentration in the 
fibre have been applied. It is possible that these disorejiancies may be due to some 
association of the dye in solution, or to the neglect of activity coefficients. The 
variations are however much less than the differences between dyes so that the mean 
affinities should provide a satisfactory measure of the tendency of the dyes to be 
adsorbed on cellulose. 

One way in which the relative affinities of dyes may be expected to become 
manifest is in the adsorption of dye in the initial stages of dyeing especially from 
a bath containing a mixture of dyes. Clearly that dye having the greatest difference 
in chemical potential between the fibre and the aqueous solution will be most 
quickly adsorbed. This difference in chemical potential is not the standard difference 
in chemical potential which refers to the difference between a solution and a fibre 
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TaBLB 6. AdSOEPTION ISOTIIBRMS and APFINmBS or DIBBCT DYltS 


Ghlorazol Faat Scarlet 4BA 

.. .A 

Chlorazol Dark Green PL 

Benzopurpurine 4B 

_-^ 

f --- 

■■ 

\ 

f 


A 

r 



IDlrxKF 

fD]sxl0* 


[D]j.xl0> 

[Dj^xiO® 

-A/*'’ 

[D]j.xl0» 

[D]2,x10* 

- A/t* 

1-81 

2*32 

4*66 

217 

0*66 

4*94 

10*8 

0*69 

7*34 

2-61 

6*41 

4*65 

4*26 

1*89 

6*24 

16*6 

2*39 

7*66 

3-38 

16*4 

4*54 

9*00 

4*61 

5*91 

20*3 

6*13 

7*27 

4-12 

26*6 

4*62 

12*9 

7*61 

6*27 

22*4 

9*68 

7*11 

4-48 

38*2 

4*56 

19*3 

17*9 

6*50 

29*4 

29*4 

6*91 

4*62 

47*6 

4*34 

26*2 

34*2 

6*56 

30*6 

41*2 

6*65 

6*07 

76*3 

4*17 

28*7 

48*0 

6*60 




Durazol Bed 2B 

_ .. _ -..A ... 


j Chlorazol Violet N 

1 Chlorazol Fast Scarlet 8B 

1 A 

[b]yx 10* 

[DJbxIO* 

— A/t" 

X 

o 

[DJaxlO* 


[D]p X 108 

[D^x UP 


2*00 

3*97 

3*61 

2*77 

1*02 

6*05 

2*86 

1*01 

6*08 

3*28 

8*96 

3*71 

4*73 

4*36 

4*88 

4*42 

4*30 

6*10 

4*16 

21*8 

3*66 

6*48 

14*7 

4*53 

6*78 

12*7 

6*90 

6*20 

36*4 

3*66 

8*26 

24*6 

4*64 

6*12 

22*6 

6*71 

6*47 

47-8 

3*66 

9*36 

38*7 

4*6(> 

6*61 

16*9 

6*92 

7*11 

94-1 

3*34 

11*20 

103 

4*05 

7-02 

64*2 

6*47 

7-86 

120 

3*26 




7-69 

37*3 

6*81 







8-36 

78*9 

5*40 

ChloroKol Sky Blue FF 1 

__ 1 

I Chrysophenine G 

1 .. ^ __ 


j Clilorazol Blue 3B 

[b]j,xio* 


-A/i° 

[D>xl0« 

rD]gxi(p 


ii>hxw 

[DJbxIO® 


4*02 

2*76 

7*46 

1*47 

3*27 

3*38 

1-78 

1*70 

6*58 

6-06 

9*43 

7*29 

3*10 

8*44 

3*74 

3*47 

4*10 

6*93 

7*28 

17*0 

7*69 

4*43 

22*1 

3*68 

4-80 

11*5 

7*10 

8*19 

26*2 

7*96 

6*02 

31*8 

3*76 

6*00 

18*8 

7*46 

8*90 

36*1 

7-96 

7*34 

46*0 

3*73 

7*56 

26*8 

7*83 

10*3 

67*1 

7*89 

9*66 

87*6 

3*92 

7*99 

36*4 

7*83 

10-7 

76*0 

7*65 




9*01 

60*0 

7*70 







9*62 

73*1 

7-66 

The^ 

dyes are arranged in order of their mean affinities in table 7. 




Table 7. 

The affinity of direct dyes foe viscose rayon 



C.I. 









number 


dy© 


kcaL 

Z 



477 

Chlorozol Blue 3B 


7*70 

4 



618 

Chlorazol Sky Blue FF 


7*38 

4 



448 

Benzopurpurine 4B 


7*14 

2 



683 

Chlorazol Dark Green PL 


6*99 

2 



— 

Chlorazol Fast Scarlet 8B 


6*80 

3 



394 

Chlorazol Violet N 


4*61 

2 



— 

Chlorazol Fast Scarlet 4BA 


4*49 

8 



365 

Chrysophenine 0 


3*70 

2 



278 

Durazol Red 2B 


3*60 

2 
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both of which contain the dye at unit activity. The chaise in chemical potential 
which in involved when the system is not in equilibrium is 

- A /6 + RT In [Na]f [D]^^ RT In [Na]| 

and since the fibre initially contains no dye the fibre term may be dropped from the 
equation as it will be the same for all dyes. Hence the relative driving force for 
different dyes will be given by 

- A/^ - -^ZRTln | Na];, - RT In [D],^. 

It will be evident from this equation that the actual affinity will be very largely 
dependent on the salt concentration in the dye-bath find the effect will be greatest 
with dyes having a high charge. This is shown in the following table where affinities 
have been calculated for the undyed fibre from dye-baths containing 0*10 mol. of 
dye and 0*01 and 0*1 mol. of sodium chloride per litre. 

Table 8. AinriNmES oe direct dyes for ukdyed viscose rayon 

order of 


anion anion 


charge 

dye 

kcal. 

charge 

dye 

A/f 

4 

Chlorazol Blue 3B 

-7-70 

2 

Chlorazol Violet N 

-4*61 

4 

Chltirazol Sky Blue FF 

-7-38 

3 

Chlorazol Fast Scarlet 4BA 

-4*49 

2 

Benzopurj)uriiie 4B 

-7*U 

2 

Chrysophenine G 

-3*70 

2 

Clilorazol Dork Green PL 

-5*99 

2 

Durazol Red 2B 

-3*60 

3 

Ciilorazol Fast Scarlet 8B 

-6-80 






order of A/* in O'lN-NaCl 


anion 



anion 



oliarge 

dye 

A/c 

charge 

dye 

A/i 

2 

Benzopurpurine 4B 

-1*06 

3 

Chlorazol Fast Scarlet 8B 

41*80 

2 

Chlorazol Dark Green PL 

4-0*09 

3 

Chlorazol Fast Scarlet 4BA 

42*11 

2 

Chlorazol Violet N 

4 0*47 

2 

Chrysophenine G 

42*38 

4 

Chlorazol Blue 3B 

41-42 

2 

Durazol Red 2B 

4 2*58 

4 

Chlorazol Sky Blue FF 

41*74 






order of A/t in 0*0lN-NaCl * 


anion 



anion 



oharge 

dye 

A/( 

charge 

dye 

Afi 

2 

Benzopurpiirine 4B 

41-98 

3 

Chlorazol Fast Scarlet SB 

4 6*36 

2 

Chlorazol Dark Green PL 

4 3*13 

3 

Chlorazol Fast Scarlet 4BA 

4 0*67 

2 

Chlorazol Violet N 

4 3*61 

4 

Chlorazol Blue SB 

4 7*60 

2 

Chrysophenine G 

4 6*42 

4 

Chlorazol Sky Blue FF 

4 7*82 

2 

Durazol Hed 2B 

4 6*62 





It will be seen that the order ih dyeing differs considerably fW>m the order of 
standard affinities although the order of dyes having the same ionic charge remains 
unchanged. Futhermore, the relative order oem be changed by altering the con¬ 
centration of electrolyte in the dye-bath. To confirm this behaviour in practice, 
dyeings of binary mixtures of Chlorazol Sky Blue FF and Chrysophenine G were 



306 


R. H. Peters and T. Vickerstaff 


carried out at 60° C by placing pieces of viscose rayon fabric successively for short 
times in a bath containing the two dyes in ©quimoleoular proportions. By exam¬ 
ining the shade of successive dyeings it was easy to determine which component 
was being preferentially adsorbed in the initial stages of dyeing. Experiments in 
0*1 and 0 * 0 lN-NaCl fully confirmed the results shown in table 8 , the blue being 
adsorbed first from the 0*1 N-NaCl and the yellow first from the 0*01 N-NaCl. 

The physical picture of these changes is that the dye ions are adsorbed on the 
cellulose by virtue of their affinity but in this process work must be done against 
osmotic pressure to bring the requisite niunber of gegen-ions into the fibre. This 
work will decrease as the salt concentration increases owing to the electrolyte 
concentrations inside and outside the fibre being brought closer together. 

The adsoeptiok of direct dyes nr absence of foreign eleotroi.yte 

The effect of electrolyte in promoting the adsorption of direct dyes by cellulose 
is so marked that it has been suggested, from time to time, that in the complete 
absence of additional electTolyte no dyeing of cellulose can take place. This scarcely 
seems probable in the light of the configurational theories which have been suggested 
to account for the substantivity of direct dyes, and in any case the dye itself must 



Fiuurk 8. Oxamiiie Violet. No salt 90^ C. Cotton. 

act as an electrolyte of corresponding concentration. On the other hand, it has been 
observed experimentally by Boulton, Delph, Fothergill & Morton ( 1933 ) that electro¬ 
lyte free Chlorazol Sky Blue FF will not colour cuprammonium rayon in absence of 
salt, while a similar observation was made by Hanson & Neale ( 1934 ). Morton ( 1935 ) 
found that the same dye in absence of salt could not diffuse through a cellophane 
membrane, while Schramek & Ootto ( 1932 ) also found that a number of electrolyte- 
free dyes did not colour cotton. Neale ( 1935 ) has already suggested that these effects 
may be due to the high electrical potential of the cellulose smfaoe in absence of salt, 
which will tend to prevent the approach of anions. If this is the case then the effect 
should be most marked with anions having a high charge and low affinity but with 
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dyes of low charge and high affinity in absence of salt some dyeing might be expected 
still to occur. This view seems to be in accord with the facts for the dye most studied 
in this connexion is the tetrabasic Cblorazol Sky Blue FF while the dyes used by 
Schramek & Gotte were also tetrabasic. With the dibasic Benzopurpurine 4B, 
Neale and Boulton et al. observed that adsorption in absence of salt, although small, 
still persisted while Schramek & Gotte were able to determine an adsorption isotherm 
of salt free Oxamine Violet R which is also dibasic (figure 8). Recently, Willis et al. 
have determined the adsorption of Chrysophenine G in absence of salt at both 
60 and 90° C. 

The preceding table indicates that the dye which is the most likely to be adsorbed 
from a salt-free dye-bath, of all those tested, is Benzopurpurine 4B and accordingly 
we have examined the behaviour of this dye in this connexion, and have found that 
considerable dyeing does take place as shown in the foUowing table: 

Table 9. Adsoeption of Bbnzopukpubine 4B on cotton 
AT 60° C IN AB.SENCB OF OTHEB KLKCTBOLYTB 

mol./kg. X 10> 1-31 1-84 2-72 2-96 3-06 3-77 6-16 6-8B 

[D]s mol./l. X 10* 3-22 10 02 20-3 31-2 40-9 61-7 77-8 103-4 

The form of the isotherm in absence of salt is especially simple, for then 
LNa]y-Z[D]y and [NaJ^ = ^[D]« 
so that (Z-l- l)ln[D]j).-{2f-f l)ln[D]g = constant, 

or [I^]f/[D]s = constant. 

The points should thus lie on a straight line through the origin. The results 
obtained by Willis et al. actually lie on a line of sigmoid shape but it is interesting 
to note that the straight line calculated for an affinity of — 4600 cal. does pass well 
through the points (figure 9). The adsorption of Chlorazol Sky Blue FF on cellophane 
in presence of increasing amounts of salt was found by Hanson et al. to follow a 
similar sigmoid curve. These authors attributed the efiect to the presence of the 
carboxyl groups in the cellophane which by dissociation increase the negative charge 
of the surface and thus increase the difficulty of dyeing. As more electrolyte is added 
(in the present case the dye itself) the electrical effect is reduced. K this is the true 
explanation then the effect should be absent with cotton which contains but few 
carboxyl groups as compared with cellophane. It was for this reason that the 
dyeings of Benzopurpurine 4B were made on cotton instead of viscose rayon. 

The results, and also those of Schramek & €rdtte with Oxamine Red, are of a 
different type from those obtained on cellophane, the experimental points lying on 
straight lines which do not pass through the origin, but intercept the dye in fibre axis. 
This behaviour suggests that there are in cotton a small number of sites for which 
the dye has high affinity. These adsorb dye strongly from dilute solution even in the 
absence of electrolyte, but when all are saturated, dyeing on the more plentiful but 
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Im sites ooeors* If the dye adsorbed or these active sites lit dedtieted 
the total dye adsorbed, an affinity of about -5000cal. may be calculated for the 
ad»c»pption of Benzopurpurine 4B on the less active ^te». The behaviour is in accord 
with the observations of Gnehm & Kauffler ( 1902 ) that the last^aoe of direct dye 
adsorbed by cotton cannot be removed by repeated water washing* As regards the 
nature of the active sites it can only be conjectured that they are of an ionic t 3 rpe 
and probably consist of positively charged basic groups. 




Fxgtjrk 9. Chrysopheiune G. No salt. 60*"C. Figtjkk 10 . Beoizopurpurme 4 B. Cotton 

Cellophane. 60*" C. No salt. 
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Studies in polymerization 

I. A method for determining the velocity constants in 
polymerization reactions and its application to styrene 

By C. H. Bamford ard M. J. S. Dewar 
Courtatdds Ltd., Research Laboratory, Maidenhead, Berks 

(Communicated by A. U. Wilson, F.R.8.—Received 21 October 1946— 
Revised 17 April 1947) 


A geiioral method for cietormining the velocity conistante of initiation, propagation, transfer 
and termination in polymerization reactions is described. The method depends essentially 
on the measurement of the rate of increase of viscosity for various rates of chain initiation. 
In the case of radical polymerizations photochemiecd initiation is most convenient. Measure¬ 
ment of the photochemical after-effect then gives four independent relations between the 
four velocity constants. 

The method has been testcKi by a detailed study of the thermal and photochemical poly¬ 
merization of styrene. Velocity constants have been determined at 0 and 26*^ C, and the 
activation energies an<i frecjuency factors calculated. Besults are given in tables 5 and 6. 

It is shown for the first time that chain transfer is important in the thermal polymerization 
of purt) styrene, occurring 11 times per kinetic chain at 26** C. This result invalidates con¬ 
clusions which previous workers have reached. Other rather unexpected results are that the 
initiation reaction has a much higlier activation energy than has been generally supposed, 
and a nonnai frequency factor, while termination is activated. 

A detailed kinetic scheme is proposed which removes certain unjustifiable assumptions 
present in earlier ones. This is shown to bo consistent with all the available ovidenco. 


It is generally accepted that vinyl polymerizations are chain processes in which four 
types of reaction are involved—initiation, propagation, transfer and termination. 
For a complete understanding of such processes it is therefore necessary to know 
four velocity constants. Only two quantities, however, can be measured by standard 
methods—the overall rate of polymerization, and the molecular weight of the pro¬ 
duct—^and these provide only two relations between the velocity constants. The 
absolute determination of these constants has been one of the outstanding problems 
in reaction kinetics, and has an important bearing on the theory of reactions in the 
liquid phase. It is possible to obtain a third relation between the velocity constants 
by measuring the lifetime of the growing polymer chains in photochemical reactions, 
e.g. by the rotating sector method of Briers, Chapman & Walters ( 1926 ). This was 
first done for methyl methacrylate vapour by Melville ( 1937 ) and for methyl 
acrylate vapour by Jones & Melville ( 1940 ) and later extended to liquid vinyl 
acetate by Burnett & Melville ( 1945 ), Bartlett & Swain ( 1945 ) and Swain & Bartlett 
( 1946 ), If the rate of chain starting can be determined independently, in principle 
all four velocity constants can then be evaluated. However, Melville et al. and 
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Bartlett et al. only determined propagation and termination constants, since they 
worked under conditions where transfer was imimportant. Further, their values for 
the termination constant differed by a factor of nearly 40. The discrepancy may 
be partly due to errors in measuring the rate of chain starting. 

We have devised a new method for determining aU the four velocity constants 
in these reactions. Its essential feature is the use of viscosity measurements to follow 
the course of polymerization. Similar measurements have been made before, but 
their theoretical implications have not been realized. Our method appears to have 
the following advantages: ( 1 ) it is very simple in practice, and the measurements 
can be carried out in a very short time; ( 2 ) all four velocity constants can be evalu¬ 
ated; ( 3 ) the measurements are made at very low percentage conversions of the 
monomer, thus avoiding the Trommsdorff ( 1944 ) effect, and simplifying the calcula¬ 
tion; (4) only relative rates of chain starting need be known; (5) the viscosity method 
is so sensitive that the rate of spontaneous polymerization can be determined, even 
when it is too small to be measured by other means. The disadvantage of the method 
is that it is necessary to know the relation between specific viscosity and mean 
degree of polymerization; however, we have devised a simple method of establishing 
this which will be described in a later paper. 

In the present paper the application of the method to the thermal and photo¬ 
chemical polymerization of styrene will be described. This reaction was chosen as 
a test of the method, since the general features of the reaction have been well 
established. 


Theorktical considerations 


An uncatalyzed radical polymerization may be formally represented by the 
foUowing equations: 2 if ( 1 ) 


X + M-*X, 

X + M->-P+X, 
2X -^2P, 


(2) 

( 3 ) 

( 4 ) 


in which M, P and X represent monomer, dead polymer and a radical intermediate 
respectively. The initial step is written as a bimolecular process in agreement with 
the results of Schulz, Dinglinger & Husemann ( 1938 ), Suess, Pilch & Rudorfer ( 1937 ), 
and the recent work of Walling, Briggs & Mayo ( 1946 ) which will be mentioned later. 
The termination reaction is represented as producing two molecules of polsmaer. This 
is in agreement with the results of Bamford &, Norrish ( 1938 a), who showed that 
large hydrocarbon radicals produced by the photolysis of ketones in paraffin solution 
disproportionate rather than combine. Further, Price & Tate ( 1943 ) have shown 
that in the catalyzed polymerization of styrene each molecule of polymer contains 
on&fragment of catalyst only. The transfer reaction ( 3 ) has not hitherto been directly 
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establiBhed in the polymerization of pure monomers, but has been shown by Mayo 
{ 1945 ) to occur in hydrocarbon solutions of st 5 a^ne. 

In the following treatment we shall make the customary assumption that all 
the free radicals react equally rapidly with the monomer and with each other. 
Application of the stationary state method to equations ( 1 ) to (4) then leads to the 
following results if the molecular weight is large:* 

p ^ -.. ( 6 ) 

P„ being the mean (number average) degree of polymerization. Melville ( 1939 ) 
discussed the polymerization of styrene in terms of equations ( 1 ), ( 2 ) and (4). He 
concluded that termination is activated. However, his argument is vitiated by 
numerical errors and the neglect of chain transfer, which, as Flory ( 1937 ) had 
previously shown, seems to be of predominant importance in the determination of 
the degree of polymerization (i.e. the condition > (kik^)^ holds). 

The kinetic scheme of equations ( 1 ) to (4) has been generally accepted, but in¬ 
volves unjustifiable simplifications. In the thermal or photopolymerization, the 
first step must lead to the formation of a diradical which wiU then propagate from 
both ends. On the other hand, the transfer reaction produces a single radical growing 
at one end only. Therefore the initial polymer has twice the average molecular weight 
of the transfer polymer, and the kinetics need appropriate modification. The com¬ 
plete scheme for the thermal polymerization is given below: 


2M-^2X or 

(ky) 

Initiation. 

X + M-*X 

(h) 

Propagation, 

1^2 ^ ^ 

('2k,y 


Dj^ + M-*p2 + B 

(h) 

Transfer, 

R+M^Pi + R 

(*.) 


+ X -*■ Di + Q 

(2*4) 


Di + X^P^ + Q 

(^ 4 ) 

. Termination. 

Ra-X-^Pi + Q 

ikt) 


2X-^2Q 

{kd. 



X represents any active centre and Q any dead centre. is the initial polymer 
growing at both ends, that growing at one end only, and R the growing transfer 

♦ Equation (6) has been simplified by making use of the relations 


ai-a 
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polymer. Pj and Pj are dead transfer and initial polymers respectively. The stationary 
state method then gives 

fPi] = 2[P,], [B] = 4rPJ 


fi)i] = 2[P,], [E] 




i’ _ 2 P^, 


■1)*^ 




In these equations and are the mean (number average) degrees of polymeriza¬ 
tion of the initial and transfer polymers respectively. 

In order to calculate the rate of change of viscosity it is necessary to know the 
relation between the viscosity, concentration and mean degree of polymerization 
in polymer solutions. It is now agreed that the general relation for homogeneous 
polymer is that proposed by Houwink ( 1940 ), namely, 

[V]^K(M,Pr, (9) 

in which [tj] is the intrinsic viscosity, K and cc are constants, Mq is the molecular 
weight of the monomer, and P is the degree of pol 5 merization. In Part II it will be 
shown that for heterogeneous polymer formed by the growth of a single radical centre 
(e.g. polymer produced by transfer or catalytic initiation) the relation (9) implies 
th, .station M = (10) 

where P„ is the number average degree of pcjlymerization and A" = A’’P( 2 +a). 
Likewise for polymer formed by growth of a double radical (e.g. for the polymer 
formed from thermal 6 r photochemical centres) 

[j/] * ( 11 ) 

where A* = AP(3 + a)/ 2 '+“. In the following paper it will be shown that polystyrene, 
prepared catalytically, obeys ( 10 ) with K' = 4-67 x 10 -* and a = 0-65 (the concen¬ 
tration being expressed in base g.mol./l. 

Now* 1 } = c[ri] — KcM^P“ for each kind of pol 3 uner. Also c = .P[P], and in the 
steady state P is constant. Hence the rate of change of viscosity in a thermal or 
photochemical pol 3 Tnerization is given by 

§ = A'ifgPl+« ® ^ 

(It ctt dt 

for a solution containing two kinds of polymers, i.e. 

— = K'Mt[ -f —pj+a ^15^1 n 21 

dt “1 ' dt ^ 2 i+«r( 2 -|-a) * dt /' 


* Tliroughout this paper ^ represents the ideal specific viscosity, i.e. cfi;], where c is the Knap 
molar concentration. The determination of 7 from the observed specific viscosity is considered 
later. 
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where 
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(13) 


p-K^[^K^Kt) , "-2i+«/’(2 + a)“ 21+*' 

In a photochemical polymerization the photochemical rate of chain-starting is 
proportional to the light intensity. Since the concentration of monomer is sensibly 
constant, one may without loss of generality write 

d[Z] 


dt 




(14) 


where I is the light intensity in arbitrary units and A is constant. Equation (13) 
then become.s ^ £(y?+2“wf) 

= (16) 


dyj 


where ^ - (1 + ^/)*. Thus measurement of dijjdt over a range of light intensities 
provides two relations between the velocity constants, giving the values of p and 

From (8) the number average degree of polymerization of the thermal polymer is 


found to be 




( 16 ) 


Measurement of thus provides a third relation between the velocity constants. 

In order to obtain a fourth relation and so to evaluate the constants absolutely, 
use is made of the fact that on cutting off the light the rate of polymerization does 
not fall Immediately to its dark value, but remains abnormally high for some time. 
The photochemical after-effect Arfi may be defined as the difference between the 
observed specific viscosity at time t, and that calculated on the assumption that the 
rate falls instantaneously to the thermal value on interrupting the light. The calcula¬ 
tion of Arfi is given in the appendix; the results obtained for a - f are 

^[i±Hnoa ... 

L A» r *^ (£+!)» (a:*-)-/\;c-f-A*)«(f-A)» 


Av*i=‘-\K'Ml[M]ki:*klki 




^ ^2x + v . 2^ + v 


£-11-1 


(x«-»^)(5^- 

i)]- 


. |/)S 


(17) 




■ iK-Miim K'm* (i log 


-t- yjZ tan" 




V3A r 




1,0 

Z_L 

AV A* 


2 (^ —ia)* 


• y^/3 tan 


2A-H a 




(18) 





314 C. H. Bamford and M. J. S. Dewar 

where Arfi is the after-effect at time t for light intensity 1)*, »> = (/?— 1)*, 

= (A + i)* and ^ ^ g +1 + _ 1 ) g-*iJifl(fc,fc4)*')* 

* = (^+|:pi3(|rT)7^Kwnj • 

Measurement of for the thermal reaction of dr^/dt over a range of light intensities 
and of the photochemical after-eflFeot allows the absolute values of all four velocity 
constants to be determined. Although the kinetic expressions may appear com¬ 
plicated, the calculations are in fact quite simple. 


Experimental 


(i) Mejamremmi ofK 

The value of is determined by the viscosity method using equation (9). The 
situation is somewhat complicated by the fact that the thermal pol 5 Tner contains 
both initial and transfer polymer and the number average degree of polymerization 
of these differs from the viscosity average. It is therefore necessary to apply to the 
value PJj found from equation (10) a small correction given by 


^ n 


(2^->rlY{p+%‘wy 


(19) 


In the present oaae this correction is almost negligible. 

Our measurements were made on polymer prepared in vacm at 26 and 45° from 
monomer purified as described below. The total extent of polymerization was small, 
less than 6 %. Solutions of the polymer were made up in styrene containing a trace 
of quinone as stabilizer. Their specific viscosities were determined with an Ostwald 
No. 1 viscometer. Both the standard methods of extrapolation to zero concentration 
were used, and gave identical results, but the extrapolation of 7 ,p./c was found rather 
more satisfactory than that of (log Similar measurements were also carried out 
in toluene and benzene with identical results. This shows that the constant K' has the 
same value in all three solutions. The curve for the 46° C polymer in styrene is given 
in figure 1 to illustrate the accuracy of the extrapolation. The values obtained are 
shown in table 1. 

Table 1 


temperature of 
polymerization 

rc) 

t^] 

Pn 

M 

26 

70-0 

26,700 

2-78 X 10* 

45 

40-0 

11,300 

118x10* 


(ii) Correction of observed specific viscosities to infinite dilution 

The kinetic equations (16), (17) and (18) were calculated by assuming the Houwink 
limiting relation. It is therefore necessary to correct observed speoifio viscosities 
to the values they would have if the Houwink equation were valid over all concen¬ 
trations. This is readily done by using the ij^pjc versus c curves described in the 
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previous section, since = [ 17 ] {Vap.)el{V»j)J<^)e- A correction curve relating (s/jp.),. 
and % may thus be drawn. The important point is that for values of (^gp.)* < 1 - 6 , 
the correction curves are identical for polymers of different molecular weights. 
Indeed, Schulz & Sing ( 1943 ) claim that the correction curves are identical for all 
dilute solutions of aU polymers over a large range of molecular weights, and can be 
expressed analytically in the form 


Vc 


_ (Vsp.)c _ 

r+o- 28 (^,p;j/ 


( 20 ) 


This curve is plotted in figure 2 together with our values for the 26 and 46° C poly¬ 
mers, and it will be seen that the agreement is extremely good. In the subsequent 
discussion it will be assumed that specific viscosities have been corrected to infinite 
dilution. 



Fioube 1 . [i;]-o curve for 46®C thermal polymer. 


(iii) Purification of styrene 

Styrene containing a smaU quantity of hydroquinone was purified entirely in a 
vacuum apparatus (p< 10 “*mm.), all distillations being carried out from room 
temperatures. It was first distilled on to solid KOH and allowed to stand for 36 hr. 
It was then distilled on to sodium wire, allowed to stand for |hr. at room tem¬ 
perature, and then distilled on to a second portion of sodium. After a further period 
of ^hr. the st 3 n:ene was distilled through a constriction into a soda-glass tube fitted 
with a vacuum breaker. The constriction was then sealed off. The liquid was irradi¬ 
ated at 0 ° C for 2 hr. with the full light of the hot mercury arc, and finally heated to 
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100® C for I hr. The purpose of this treatment was as follows. The potash removed 
traces of phenolic impurities, and the partial polymerization over sodium destroyed 
retarders. The irradiation and heating removed the last traces of inhibitors and 
peroxides. The styrene was finally distilled from the tube into vacuum viscometers 
(described in § (iv)) in an all-glass apparatus containing no greased joints. 

The rates of poljmierixation observed with styrene thus purified were extremely 
reproducible. 



(obs.) 


Figttke 2. Correction of specific viscosities to infinite dilution. The curve represents the 
equation of Schulz & Sing (20): experimental results, © 25® polymer, □ 45® polymer. 



10 cm 

Fioxtbb 3. Vacuiim viscometer. 


(iv) The vimmeters 

A typical viscometer constructed of soda glass is shown in figui^ 3. The visco¬ 
meters are essentially a combination of the Ostwald and pipette types, adapted for 
vacuum use. The capillaries have an internal diameter of 0*6 mm. The approximate 
time of flow for pure styrene at 26® C was 100 sec. The readings were reproducible 
to 0*1 sec. Kinetic energy corrections were not applied since they were always small, 
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and fot measurements of specific viscosity would be negligible. The side tube 
attached to the viscometer doubled the number of measurements which could be 
made with one filling. When the viscosity became too great the styrene was poured 
into the appendage and distilled back into the viscometer through a constriction, 
which was then sealed. 

(v) Measurements of rate 

The thermal rates were measured at 0 and 26® C. The experiments were carried 
out-in a laboratory lighted exclusively with Osira I40W sodium lamps, since the 
reaction is sensitive to daylight and ordinary artificial light. In the photochemical 
experiments the viscometers were enclosed in a quartz tube, through which water 
from a thermostat was circulated, and were illuminated with the full light of a hot 
mercury arc. Under these conditions, with the glass viscometer, no light of wave¬ 
length less than 3100 A is transmitted to the styrene. It is important in these 
experiments to use light which is only weakly absorbed by the monomer, otherwise 
the rate of reaction would not be uniform throughout the liquid, and the kinetic 
equations would be invalidated.* The absorption of styrene for wave-lengths 
greater than 3000 A is very small (Taylor & Vernon 1931 ; Rodebush & Feldman 
1946 ). It is also imj>ortant to follow the reaction only for very small conversions 
both because it has been assumed that the activity and concentration of the monomer 
are constant in deriving the kinetic equations and in order to avoid transfer to the 
polymer. Further, it is probable that the velocity constants, particularly that of 
termination, are dependent on the viscosity of the inedium (Josefowitz & Mark 
1945 ; Trommsdorff 1944 ). This condition was always fulfilled in our work, since it 
was not possible to use specific viscosities higher than 1-6 (§ (ii)) when the conversion 
was less than 0''5 %. 

In the photochemical experiments the incident intensities were measured in 
arbitrary units with a thermopile-galvanometer system. Subsidiary ex})eriment 8 
showed that no appreciable focusing effects were produced by the quartz jacket. 

In order to determine the rate during illumination allowance must be made for 
the photochemical after-effect. The actual procedure is described in the next section. 

The results were then fitted, by trial and error, to equation (16), and values of fi, 
and A were thus determined. Since the after-effect can only be expressed 
in simple terms if a is rational, the calculations were carried out for a The 
range of molecular weights of the polymers formed in our experiments was small, 
and therefore the error so introduced is negligible as will be shown later. For our 
purpose the constants in equation (10) were taken to be K' == 3*64 x 10"®, a = f. 
The agreement between theoretical and experimental values at 0 and 26° C is shown 
in tables 3 and 4. The values of the constants used are given in table 2 . Although 
the rate of chain starting is varied by a factor of the order 10 * in these experiments, 
the discrepancy between calculated and observed values is nowhere appreciably 
greater than the expeiimental error. From equation (15) it follows that, in the absence 

* The extinction coefficient should not exceed 0-06, 
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of chain transfer, di^jdt varies as if transfer occurs, dijldi varies more rapidly than 
this. Thus a simple qualitative test for chain transfer is available.. In spite of the 
somewhat complicated appearance of (16) this equation is, in fact, rather sensitive 

to changes in the parameters; thus at 26^ C, yS = 

11 gives a much better fit than 

= 10 , or/?= 12 . 


Table 2 


temperature 

rc) 

A 

A 


0 

26 

21 

1*949 X 10“’ 

26 

11 

2*6 

1*861 X 10“*® 



Table 3 




temperature 0® C 

_ 


f 

1 


- ^ 

drfidt X 10* 

_A 

(arbitrary units) 

calculated 

A 

observed 

0 


0136 

0*136 

60 


3*04 

3*13 

120 


4*12 

4*36 

375 


6*72 

6*80 

1660 


8*19 

8-21 



Table 4 




temperature 26® C 

___ 


f 

1 


dr/ldt X 10^ 

__ 

(arbitrary units) 

r 

calculated 

observed 

0 


0-213 

0*213 

8 


0*89 

0*88 

30 


1-61 

1*64 

77 


2*13 

2*12 

260 


3*13 

3-12 

856 


4*32 

4*14 

1100 


4*60 

4*60 


If the values for /? and so determined are substituted into equations 

(16) and (19) the absolute values of fcj, kljk^ and k^lkt may be found. 

(vi) Measurement of the after-effect 

The equations for the after-effect ((17), (18)) can be expressed in terms of k^, and 
the known quantities kljk^, fi, k^ and A. Thus measurement of the after-effect 
enables k^ to be calculated absolutely, and hence the other velocity constants. 

If styrene is irradiated for sec. and the viscosity is measured after a further time 
fjsec., the total increase in viscosity from the beginning of the irradiation Sij may 
be exposed« J,. + (21) 
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where a, b are the photochemical and thermal rates respectively, Aij^f is the photo- 
ohemioal after-effect and is the ‘pre-effect*. The pre-effect is the converse of 
the after-effect and results from the fact that the stationary photochemical rate is 
not established until some time after the light is turned on. (It is assumed that the 
period of irradiation is always long enough to allow the photostationary state to 
be approached very closely.) If values of drj — bt^ are plotted against the corre¬ 
sponding values of a straight line is obtained from which a and — d V/ be 
found. A kinetic analysis (see appendix) shows that the pre-effect (counted as 
positive) is given, for a = §, by 






27v^«(|+1)*(v'^-A)» 


- 1/3 tan-i ^3 + ^3 tan-’ 


, /i-U 





— ,,/3tan 








( 22 ) 


where x = and the other symbola have the meanings assigned in equations 

(17) and (18). 

The pre-efi'ect and the after-effect cannot easily be measured separately, but at 
high light intensities the pre-effect is only a small fraction of the after-effect, and 
can be allowed for by using equation ( 22 ). 



FiotrKE 4. Determination of (di;* — and photochemical rate at 28° 0,1= 1100. 


In practice, measurements were made when wsis so large that the rate had 
virtually fallen to its limiting value. The periods required were approximately 40 min. 
at 26® C and 20 hr. at 0 ° C. Thus the quantity measured by the above method was 
dijf * — J ' 17 *. A typical series of results at 26® C is shown in figure 4. At 0 ® C the after¬ 
effect last^ sufficiently long for accurate measurements of difj to be possible. Thus 
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an additional check on the kinetics of the after-effect could be obtained, since it is 
possible to calculate all the velocity constants from Arjf, and substitute these in 
(17) to give The calculated values of Arf^ are shown by the curve of figure 5, 
in which the experimental points are also plotted. The agreement is very satisfactory. 
At 25'' C the after-effect is almost complete in about 20 min. This also is in agreement 
with the time scale calculated from (17). 




FiGtmjRJ 5, After-effect at 0"^ C. The curve ia drawn froni 
equation (17): experimental points are shown. 
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Figure 6 . Dependence of after- and pre-effects on intensity, © experimental veJues 
of Ciirve A, Curve B, Curve C, Arif-A'yff (calc.). 


The curves in figure 6 show the values of Arif, A'ljf and A7if--A*7if at 26® C as 
functions of the light intensity, calculated from equations (18) and (22). The experi¬ 
mental values of Arif-A 'rff are seen to agree very closely with the ones calculated. 
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Rksxtlts 


In table 6 values of the velocity constants (in 1. mol.~^ sec."^), P„ and /? are given 
for 0 and 26° C. Table 6 gives the energies of activation and frequency factors 
calculated from them. 

Table 6 

T^C 


k» 

*4 P, X 10 -* 

fi 

0 

25 

4*61 X lO’i® 6-91 

l*32x 18-7 

7*47 X 10-» 
«*68 X 10-* 

1*83 X 10* 9 08 

2*79 X 10* 2*67 

26 

11 


El = 37*0 ±2 kcal. 

= 6*5 ± 1 kcal. 

= 14*2 ± 1 kcal. 

E 4 ~ 2*8 ± 1 kcal. 

Table 6 

A^ = 1*23 X 10“ 

= 102xl0* 

A, = 1*60 X 10’ 

At = 8 07 X 10* 



Simple treatment tisin^g the Standinger relation 

According to the original Staudinger relation, a = 1 in equations (9) to (11). In 
this case the equations assume the particularly simple form 


- K' Jlf 


(23) 




kl ^ 






>(/? + g)(£+l) ' 2(/^+l) 


where 


« - ..})Si. _L) „ _ „-*lMl(fc,ilr.)W 

(g+l)(^+l)’ y 


(26) 


Although these equations are not strictly accurate, it is interesting to calculate the 
values of the velocity constants from them. It is, of course, necessary to use a 
different value for the Staudinger constant at each temperature; the values 
adopted were 1*077 x lO'® at 0° C and 2*62 x 10-® at 26° C, and were chosen to give 
correct molecular weights for the thermal polymers. The calculated velocity con¬ 
stants and energies of activation are given in tables 7 and 8 respectively. 


Table 7 


0 2*32 X 10->* 

26 7*40xl0-»» 


A. j k^ 

139 1*52x10-* 

34*4 1*26 X 10-* 


h fi 

3*83 X 10* 61 

6*32 X 10* 20 


Table 8 

Ej = 37*4 kcal. 

= 6-9 kcal. 
£a - 18*8 kcal. 
Et s 2*2 kcal. 
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The experimental results can be fitted quite satisfactorily by equations (23) to 
(26), using these constants. Thus the observed and calculated values of dijldt for 
various light intensities at 26'^ C are given in table 9. The after-effect and pre-effect 
intensity curves, and the curve for the kinetics of the after-effect at C, are so nearly 
identical with those given previously that they cannot be reproduced clearly in the 
same diagrams. 


I 

0 

8 

30 


77 

2*17 

2*12 

260 

3*17 

3*12 

856 

4*16 

4*14 

1100 

4*84 

4*60 


It will be seen that the velocity constants obtained by this method differ by a 
factor of about 2 from those given previously, while the activation energies are the 
same within the limits of experimental error. It may therefore be concluded that 
the results are comparatively insensitive to the value of a, and that no significant 
error can have been caused by our adoption of « = f instead of the observed value, 
0 - 66 , Further, it will always be possible to choose rational values for a in the cal¬ 
culation of the after-effect, without introducing appreciable errors. 


Tabi^k 9 

dif/dtxlO^ 

-* — 

calculated observed 

0*213 0-218 

0*90 0*88 

1*64 1*64 


Discussion 


(i) The present work shows for the first time that chain transfer is important in 
the polymerization of pure styrene. The number of times /? that transfer occurs in 
one kinetic chain is given in table 6 for 0 and 26® C. The activation energy of yff is 
— 6-7kcal., and at 100 ® C, y? has the value 1 - 6 . Since all previous worliers have 
neglected transfer in this reaction, conclusions deduced from their kinetics are not 
in general valid. Thus it has usually been assumed that 




i d\M] 
Pn dt 


(e.g. Schulz & Husemann 1936 ; Melville 1939 ). In this case ik^may be found from 

measurements of and d[M]ldt, The correct relation when transfer occurs is, 

however, , _ 

’ 1 d[M] 




dt 


(26) 


If 2 /?^ 1 , the quantity calculated by the earlier treatment is not fci, but approxi¬ 
mately 2k|i{kl|k^)K This has an activation energy E'l * 31*3 kcal, according to our 
measurements. The rate of disappearance of monomer is not appreciably a^ffected 
by transfer, being given by 


dt 




(27) 
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which only differs negligibly from equation ( 6 ). The total activation energy E„ is 
thus - E^), and from our values is calculated to be 23-6koal. 

It would appear from Flory ( 1937 ) and Melville ( 1939 ) that the values of E'^ and 
given by Schulz & Husemann ( 1936 ) are in close accord with these figures, but 
tills seems to be based on a misreading of their paper. Schulz & Husemann found 
a value of 23*2 kcal. for E'^ and not for as quoted by the above authors. These 
values are not reliable, however, since the polymerizations were carried out in air. 
The same criticism applies to the work of Mark & Raff ( 1936 ). The most trustworthy 
results at high temperatures are those of Schulz & Husemann ( 1937 ), Suess et al. 
( 1937 ) and Walling et al. ( 1946 ). Their values for the initial rates of disappearance 
of monomer are given in table 10 together with the values calculated from our 
measurements at 0 and 26“ C. Values calculated from our observed rate at 26° C, 
assuming Ejyi = 22-3kcal., are also given. 

Table 10 


ternperaturt^ 

of 

polymerization 


- -j-mol. litre 

dt 

A 

80C.'“^ X 10* 


calc. 

Ej^f = 23*6 kcal. 

fjalc. 

22-3 kcal. 

obsen’^ed 

observer 

0 

8-40 X 10-» 


8-40 X 10“* 

this paper 

25 

3*04 X 10-« 


3-04 X 10”® 

this paper 

100 

7-2 

4*9 

6-3 

S., P. & R. 

127-3 

57 

33 

4-6 

30 

S. <feH. 

W., B. & M. 

132 

80 

47 

37 

S. & H. 


From table 10 it would appear that our value for Ejif is about 1-3 kcal. too high. 
This discrepancy is within our limits of experimental error, since three activation 
energies are involved in Ej^. On the other hand, Schulz & Husemann’s figures for 
100 and 182° C lead to == 20 - 6 koal. and may imply a genuine change in Ej,/, or 
the associated frequency factor, with temperature. This would not be surprising 
for a process involving a pure liquid, for which the theoretical treatment of reaction 
velocity is very moomplete. Further, there is no proof that in this system the velocity 
constants are independent of chain length. On balance, however, the agreement 
between the low and high temperature results is as good as could be expected, 
considering the range of the extrapolation. 

From the foregoing it is clear that the frequency factor of the initiation reaction 
found by Schulz & Husemann's treatment is 2Ai{AJA^)*, which is 1-9 x 10 * according 
to our measurements. Actually they obtained a still lower value than this, probably 
because air was present in the early experiments, while in the later ones the values 
of P used are open to criticism. These low values of the frequency factor led Harman 
&> Eyring ( 1942 ) to postulate triplet excitation of the styrene in the initial reaction. 
According to the present work this reaction has a normal frequency factor, and there 
is no reason to suppose that special electronic processes are involved. 
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(ii) One of the most striking features of table 6 is the normal frequency factor 
and high activation energy of the initiation reaction* Flory (1937) considered that 
the available evidence pointed to a high value for and suggested the figure 31 kcal. 
Foord (1940) by the use of inhibitors obtained a value of 28 kcal. This work has been 
criticized by Breitenbach & Horeischy (1941) on the grounds that the use of quinone 
does not lead to total inhibition, but even so it is evident that Foord’s value is nearer 
the truth than the lower values which have been generally accepted in recent years. 
There are a number of reasons why Foord’s value should be rather low; for instance, 
it is very likely that quinone is incorporated into the kinetic chains (cf. Price & 
Read 1946). This would also explain the low values for the molecular weight obtained 
by this method. 

The initiation reaction at 0° C is an excessively slow process, corresponding to 
a half-life of about 10® years in pure monomer. It would be quite outside the range 
of measurement were it not for the fact that it is multiplied about 3x10* times by 
chain growth and transfer. We have assumed throughout that the initiation reaction 
in the thermal pol3anerization is bimolecular. Kinetic measurements establish that 
this reaction is definitely of second order, both in solution (Suess et aL 1937) and in 
pure monomer (Walling et al. 1946). Further evidence for the initial formation of 
a dimeric radical has been reported by Kern & Feuerstoin (1941) who isolated its 
adduct with quinone, 

(iii) The lifetime of a growing polymer molecule in the thermal reaction is sur¬ 
prisingly long. This is given for three temperatures in table 11, together with the 
life of a kinetic chain, and of an individual radical. These values are very reasonable 
for a mesomeric radical in solution. The resonance energy of the benzyl radical is 
known from theoretical calculations (e.g. Wheland 1941) and practical measurements 
(Butler & Polanyi 1940) to be about 10 kcal. Some of this would be lost in the transi¬ 
tion state. In the polymerization of vinyl acetate the intermediate a-acetoxyalkyl 
radicals have very little resonance energy and their lifetime is much shorter. Our 
values of and ^4 for styrene are appreciably higher than the corresponding values 
reported by Burnett & Melville (1945) for vinyl acetate ( 4*4 and Okcal. respectively). 
Moreover, our value of E^ is greater than the activation energy found by Bamford 
& Norrish (1938ft) for the analogous reaction between alkyl radicals and wo-octane 


( 12 * 3 kcal.). 


Table 11 


temperature O'* C 26^^ C 

lift? of one radical 1*6 x 10“ * sec. 6»2 x 10“®8ec, 

life of growing polymer molecule 25 min. 2-8 min. 

life of kinetic chain 11 hr. 33 min. 


100" C 

7-5 X 10*^ sec. 
1-24 sec. 

3 sec. 


The frequency factor for propagation is very close to that found by Burnett & 
Melville for vinyl acetate ( 1*4 x 10*), but our frequency factor for termination is 
much smaller than theirs (3-0x10®). Swain & Bartlett (1946) give reasons for 
believing that this latter value is too high. They find ^4 = 8 x 10’ if =? 0, within 
a factor of four. 
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(iv) The absolute values of and deduced from the present experiments 
depend on the value ascribed to K\ If all measurements are carried out at the same 
temperature k^ varies directly, and k^ and ^4 inversely as while k^ is independent 
of K\ If K' is itidependent of temperature, the activation energies calculated from 
the velocity constants will be independent of K\ In the present work, the molecular 
weights were effectively determined at 25 ° C- Under these conditions it is easily 
shown that variations of K' with temperature will affect only k^ and at 0° C, and 
hence and E^. From the work of Danes (1934), it appears that K* varies very 
little with temperature, and the corresponding corrections amount to about 6 % 
in and k^ and about 0*3 kcal. in E^ and E^ (to be added to Ei and subtracted from 
£'4). Since the uncertainty in our measured value of K' is of the order 5 %, and the 
corrections to E^ and E^ are well within the limits of error we claim, we have omitted 
the correction. 

(v) The Trommsdorff effect in styrene. Schulz & Blaschke (1941) observed that 
in the polymerization of methyl methacrylate, a large increase in the rate of reaction 
occurs at about 20 % conversion. Trommsdorff (1944) showed that this is accom¬ 
panied by a corresponding increase in the degree of polymerization, and pointed out 
that the most likely explanation of this is a decrease in the termination coefficient 
when the medium becomes viscous. Indeed, he found that addition of cellulose 
tripropionate produces a similar effect. Trommsdorff found that a wide range of 
monomers give similar results, the only exception being styrene, and his explanation 
has been confirmed for vinyl acetate by Burnett & Melville (1946). 

The thermal polymerization of pure styrene follows first-order kinetics, although 
in solution the reaction is definitely of second order, and Trommsdorff ascribed this 
difference to the viscosity effect. However, Walling ei al, (1946) obtained satisfactory 
second-order constants by using activities, calculated from vapour-pressure data, 
instead of concentrations, even when the reaction was followed almost to completion. 
There is therefore no reason to believe that the Trommsdorff effect is operative in 
styrene. 

Bowen (1946) has shown that the rates of quencliing of fluorescence in solution— 
effectively very rapid reactions—are determined by the viscosity of the medium. 
In general, the lower the velocity constant, the higher the critical viscosity above 
which viscosity becomes rate determining. It is interesting to note that the termina¬ 
tion constants for vinyl acetate (Bartlett & Swain 1945; Swain & Bartlett 1946; 
Burnett & Melville 1945) and methyl methacrylate (Dewar & Bamford 1946) are 
about 100 times smaller than Bowen^s velocity constants, and the reactions show 
the viscosity effect only above a much higher critical viscosity in spite of the fact 
that the reactant molecules are much bigger. In the case of styrene, with a termina¬ 
tion constant smaller by another factor of 100, the critical viscosity is apparently 
not achieved under ordinary conditions. 

(vi) A further check on the accuracy of our velocity constants could be obtained 
by comparing the calculated molecular weights with those observed for polymers 
prepared at different temperatures. Unfortunately there appear to be no reliable 
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published figures for comparison. In most oases polymers have been prepared by 
polymerizing the monomer almost completely. Under these conditions transfer to 
polymer will take place, as Houtz & Adkins (1933) and Flory (1937) have demon¬ 
strated, and the molecular weights observed will be too high. Moreover, the polymers 
will be branched, and the viscosity method will be invalidated. These conclusions 
are confirmed by observation of Alfrey, Bartovics & Mark (1943) and Abere, Gold- 
finger, Naidus & Mark (1945) who found that the Houwink constant depends upon 
the temperature at which the polymer is prepared, for large percentage conversions. 

We have in another connexion prepared thermal polymers at 60 ° C for conversions 
of about 6 %. The molecular weight determined viseometrically was 660 , 000 . The 
calculated value is 671 , 000 . 

As an additional check the molecular weight of a photopolymer (prepared at 
26 ° C with I — 2000) was determined. The value of calculated from the relation 




( 28 ) 


(derived from ( 16 )) was 6640 , while the observed value was 6260 . 


Appendix. Cadotjlation of after- ajstd pre-effects 


From the Houwink equations ( 10 ) and (11), it follows that the rate of increase of 
viscosity is given by 

f = (29) 

Using the steady state approximation and substituting for Pi, Pt> and 

d[P|]/dt from equations (8), then 


dt! [X] ( 2 «w- 1 )[A :]»1 

dt^ kt l(9i + [Z])« + (?i -h [Z])>+« j ’ 


(30) 


where ^ =* k^lMykt- In order to integrate this expression, it is convenient to express 
di^ldt in terms of dijld[X]. From ( 7 ) 


^-^^k,[M]*-k,[Xf. (31) 

Hence 

[X] (2»fe>-l)[X]« 1 

J +1^])* - [-J]*) i<f> + - m*)/ ^ 

(32) 

where 0 = 

This expression can be integrated explicitly only if a is rational. Therefore put 
a = tnjn, where m, n, are integers. Furthermore, small integral values can always 
be chosen for m, n without introducing serious error, aa we have already shown. 
Now make the substitution 


[Z] 


(83) 
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Equation ( 32 ) then becomes 

~ 2/fcl+‘*6>* LJxjl A" A*—a;“^ a:" —v"| * 
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f_L 


where A" = /?+1, = /?— 1 . 

The thermal rate ( 13 ) is given in terms of x by 


»iA*v» ((x'j)’” (a:^)' 


*)«)]* 


( 34 ) 


/d^\ _ »iir'Jfg[Af]^+“i{:J+®2“a>+/9/ x”-^ a;”~i ) 

(^/thermal 2lc\^^ A"*+" (A»-ar’‘ '^X’^-l^j ‘ ' 


Subtracting the integrated form of ( 36 ) from ( 34 ), we obtain 

nK'MS[Mf+‘‘ 14+“ r f^tf (2“cj +/?) (A™ - a;”*) *»-»•-» 


Ar}‘i 


2k\+“d“ 


TO 




+ 


2«6> * + y? a:« 


__ yn y^m+n 


dx 


2 /i^{ 2 “b}-l) l 1_1 


a 


1 ( 4 )"* (4 

It may be noted from ( 31 ) and ( 33 ) that x is given in terms of t by 


( 4 )” 


+/?. 


( 36 ) 


( 37 ) 


g+l-(§-l)y 

where i, y have their former significance. When a = |, equation ( 36 ) reduces to ( 17 ), 
and when a =* 1 , to ( 24 ). 

The equations for the pre-effect are derived in a precisely analogous manner. The 
general equation is found to be 


A'rf - •>^K' Mt[Mf+“k\+“ r 

Vi 2k\+“0“i“ LJij 


((2«wg -I- /?) {f”* - X”*) x"-”*-! 
(^jr»-x^)^'“+» 


2“a>£-/?a:»-”'-i 2«wg-(-/? a;"-i 

2 ^{ 2 “b)- 


mtfr' 


\ Jfm+n X ' 

2 “w-i)( 1 1 n 




dx 


( 38 ) 


where = >^4 -When a = f, i — oo, this reduces to (22), and when 
a =« 1, i «= 00, to ( 26 ). 
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Studies in polymerization 

II. A method for investigating the relation between the 
molecular weights and intrinsic viscosities of polymers, 
and its application to polystyrene 

By C. H. Bameokd and M. J. S. Dewak 
Courtaulda Ltd.^ Research Laboratoryy Maidenheady Berks. 

(Communicated by A. H. Wilsony F.R.S.—Received 17 April 1947) 

A eimplo method for mvestigating tho relation between intrinsic viscosity and molecular 
weights of vinjd polymers is described. Unbranched polystyrene is found to obey Houwink’s 
law with an exponent of 0*66. Equations ai'e given for calculating the number average 
degree of polymerization and molecular weight distribution in unfractionated polymers. 

It is pointed out that a method is now' available for the preparation of polymers with known 
molecular weights and distribution. The absolute value of the velocity constant for the 
transfer reaction between styrene and carbon tetrachloride at 60"^ C is calctdated. 

Introditotion 

It has been realized for many years that viscosity measurements would provide the 
simplest method for determining the molecular weights of polymers, if the relation 
between molecular weight and viscosity could be unequivocally established. Many 
workers have accepted the simple relation (due to Staudinger) 

[V] = K^M, (1) 

in which [i;] is the intrinsic viscosity, K ^ is the Staudinger constant, and M is the 
molecular weight. Evidence has been accumulating in recent years, however, that 
this equation is invalid in many cases. Among the alternatives suggested, that of 
Houwink (1940) appears to have had the widest support, namely, 

[1/] = KM \ (2) 

In this equation K and a are constants for a given polymer, solvent, and tem¬ 
perature. 

Several investigators have tested equation (2) by measuring the intrinsic viscosity 
of polymer fractions, of which the molecular weights were determined osmotically. 
The main results are summarized in table 1. Concentrations are expressed in base 
g.mol./l. 

Although this work suggests that in general the Houwink law applies with an 
exponent of approximately § (a value obtained theoretically by Haller (1931)), the 
method is open to several objections. First, it is impossible to obtain completely 
homogeneous poljntners. The comparison of viscometric and osmotic data for in¬ 
homogeneous polymers of unknown distribution is of dubious significance, since the 
viscosity and osmotic pressure are mainly determined by the numbers of molecules 
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at opposite ends of the distribution curve. This applies with special force, since in 
many cases the fractionation has not been carried out with sufficient care (compare 
Flory 1943). Secondly, the polymers have generally been prepared by almost com¬ 
plete polymerization of the monomers. Branched molecules would thus be formed 
(Flory 1937) and these would not be expected to obey the same viscosity law as 
linear molecules. No such objection would apply to natural high polymers, and 
from table 1 these appear to obey the Houwink law with a = f. The only serious 
deviation occurs with polystyrene, which was prepared under conditions which 
would lead to extensive branching. The preparation of quantities of unbranched 
polymer sufficiently large for fractionation would be inconvenient. Finally, the 
method is very tedious and time-consuming, and the interpretation of thermo- 
djmamic measurements on polymers is still not beyond question. 


Table 1 


polymer 

solvent 

OL 

K 

author 

polyvinyl acetate 

acetone 

0-68 

l*62x 10-» 

Wagner (1947) 

cellulose 

cuprammonium 

hydroxide 

0*72 

— 

Gralen (1944) 

polywobutene 

benzene 

0‘64 

2*02 X 10-» 

Flory ( 1943 ) 

polystyrene 

toluene 

0-7-M0* 

— 

Alfrey, Bartovics & 
Mark (1943) 

cellulose acetate 

acetone 

0*67 


Bartovics & Mark (1943) 

rubber 

toluene 

0*667 

3*41 X 10“» 

Carter, Scott & Magat 
(1946) 

polymethyl 

methacrylate 

benzene 

0*76 

7*46 X 10-^ 

Baxendale, Bywater & 
Evans (1946) 

Do. 

chloroform 

0*82 

4*90 X 10-* 

Baxendale et aL (1946) 


* Depending on the temperature of polymerization. 


It became important in another connexion to establish the relation between 
intrinsic viscosity and molecular weight of vinyl polymers, and so we considered it 
desirable to develop an alternative and independent method for testing equation 
(2) and determining the values of the constants. 

Method 

Mayo (1943) established that, when vinyl pol3rmeriiMtion takes place in a solvent, 
the later participates in chain transfer. The effect is large for solvents containing 
halogen, and by carrying out the polymerization at various dilutions polymers of 
widely differing molecular weights may thus be obtained. Further, it is possible 
to calculate both the number and viscosity averages of the polymers in terms of the 
velocity constants, since the kinetics of such reactions are now well established. The 
kinetic scheme using the notation of the previous paper is given below for the 
unoatalyzed reaction. 
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2 M-^ 2 X or Dj 


X-^M-yX 





K 

jB + Jf -> + /? 

K 

D.^ + S^Dy+R 




R-¥S-yP^ + R 

K) 

+ X ->• Di + Q 

2kt 

D^ + X^P^+Q 


R •¥ X —yP^'^ Q 

*4 

2X-*2Q 

*4] 


initiation 

propagation 

transfer with monomer 

transfer with solvent { 8 ) 

termination 


As usual, it is assumed that all radicals have the same reactivity. Following the 
method of the previous paper, the number average degree of polymerization 
is found to be given by 




2 *, 


2^3 -f* 2^3^ 'j- (Jc^ 


i.e. 


J|_ 2^3-4“ (^ 1 ^ 4 )^ k^<p 

21’2 k^ 



( 3 ) 


where ^ « [>S^]/[Jf ] and P% is the degree of polymerization in the absence of solvent. 
This relation also foUows from the simple kinetic scheme employed by other workers 
(cf. Mayo 1943). Hence, if values of 1/i^ are plotted against the corresponding 
values of a straight line results, Mayo has established that ( 3 ) is valid in a number 
of cases. Moreover, if for these unfiractionated polymers the equation 


[ V ] - 


(4) 


holds with K', a constant and Mq the molecular weight of the monomer, then 




( 6 ) 


Conversely, if this equation holds experimentally, equation (4) must bo obeyed, 
and the value of a can be found witlmut any additional assumptions. 

To determine K', the number average must be found for one polymer. Elharasch, 
Jensen & Urry ( 1945 ) have shown that when olefines in dilute carbon tetrachloride 
solution are treated with peroxide catalysts, the reactions shown below occur. 
The &ial product (II) is obtained in good yield. These reactions are equivalent to 
a pol 3 rmerization in solution in which transfer with solvent occurs to such an extent 
that the degree of polymerization is unity. Presumably therefore when a polymeriza- 
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tion is carried out in carbon tetrachloride, each polymer molecule will contain four 
atoms of chlorine (apart from the fraction formed without intervention of solvent 
which will be very small if the molecular weight is low), since the reaction differs 
from the simple addition only in that the intermediate radical (I) grows before 
reacting with solvent. Estimation of the chlorine content of such a polymer thus 
provides an unobjectionable method of determining the number average molecular 
weight. 


(i?COO),- 
-f CCI4- 

i=c+-cci3- 

I I 


-2i?+2COis 

-RCl+CCla 


CCL 


I 


1 I 


CCL + • C—C—CQs ^ • CCI3 + Cl— 0 —C—CCl, 


(I) 


( 11 ) 


Expseimental 


Styrene was purified by shaking with aqueous alkali, drying over calcium chloride 
and distillation, all operations being carried out in an atmosphere of nitrogen. 
Carbon tetrachloride was purified by distillation through an efficient column. 
Measured volumes of the liquids were mixed in nitrogen-filled glass bulbs which 
were then sealed and heated in a thermostat at 60 ° C until about 5 % of the styrene 
had been polymerized. The polymers were isolated either by precipitation with a 
large excess of methanol, or by vacuum distilla^tion. Similar results were obtained 
by both methods. 

It is important for this work that polymerization should only proceed to a small 
extent, since the kinetics are calculated on this assumption. Moreover, at high 
conversions the velocity constants may be affected (cf. Trommsdorff 1944). 

Intrinsic viscosities were measured in toluene at 26 ° C using an Ostwald No. 1 
viscometer, and extrapolated to zero concentration by the method of Schulz & 
Sing (1943). The concentrations are expressed in base g.mol./h 

From equation ( 5 ) it follows that 





approximately, higher terms in the expansion being negligible in the present case. 
Since the second term on the right in (6) is much smaller than the first,can 
be calculated sufficiently accurately by using an approximate value of a found by 
fitting equation ( 5 ) empirically. The exact value of a is then found by plotting 
against log^. 
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Results are given in figure 1, the approximate value of a used being The 
observed points lie within experimental error on a straight line of slope 0-65, and 
cover a range of molecular weights of over 200: L The polymers were derived from 
three independent experiments* 



Figure 1 . Determination of a. 


The results of the chlorine estimations are given in 


values of M and 


Table 2 


table 2, 


together with the 


%C1 

m.w, (from Cl) 

\V\ 

A^'x 10* 

0*319i 

0-323/ 

44,000 

4*80 

4*60 

0*5931 

0*608/ 

23,700 

2*85 

4*18 

0*625 

22,660 

3*675 

6*42 

0*846 

17,700 

3*02 

6*42 

0*943 

16,040 

2*73 

6*26 

1*02 

13,900 

2*04 

4*14 

1*66 

8,640 

1*27 

3*66 

1*67 

8,460 

1*36 

3*81 

1*74 

8,160 

1*736 

6*20 

2*76 

6,130 

1*074 

4*X7 

2*92 

4,860 

1*067 

4*48 


The mean value of /C' is 4-57 x 10"'*. 


The chlorine estimations are unfortunately rather erratic, both because the 
percentage of halogen is small, and because these substances are difficult to analyze. 
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It is, however, interesting that the results of table 2 alone are sufficient to invalidate 
the Staudinger law. They are best fitted by the Houwink equation ( 2 ) with an ex¬ 
ponent a. = 0-1 approximately. Combined with the accurate determination of a, 
these results lead to the equation 

[1/] = 4-67 X ( 7 ) 

COMFAKISON WITH PREVIOUS RESULTS 
Our results are not consistent with the viscosity law 

[ii]=^A + BM ( 8 ) 

proposed by Flory (1940), or with 

[yj] = AM^-¥BM ( 9 ) 

proposed by Carter, Scott & Magat (1946), where A and B are constants. Even the 
latter law, which is much better than the former, cannot be fitted to the experi¬ 
mental results without discrepancies of the order of 20 % appearing. 

It will be shown in the theoretical section that the validity of equation ( 7 ) for 
unfraotionated polymers implies that, for homogeneous jxjlymers, 

[ly] = 3-04 X ( 10 ) 

In table 3 the molecular weights determined by Kemp & Peters (1942) are compared 
with those calculated from their observed intrinsic viscosities using equation (10). 
The agreement is very good considering the incompleteness of their fractionation 
and the uncertainty of their oryoscopic molecular weight determinations. It is 
very surprising that (10) holds as well as it does for such low polymers—almost 
down to the dimer. It appears to be accurate down to molecular weights of about 



Table 3 

m.w. 

m.w. from 

w 

cryoBcopic 

equation (10) 

0-093 

290 

202 

0*097 

340 

216 

0-104 

387 

240 

0141 

615 

384 

0-144 

678 

394 

0-254 

1300 

847 

0-260 

1220 

984 

0-276 

1150 

1074 

0*280 

1080 

1104 

0-533 

2960 

2965 

0-531 

2610 

2935 

0-524 

2310 

2828 

0*546 

3200 

3084 


Numerous other workers have attempted to correlate osmotic pressure and 
oryoscopic measurements of polystyrene with viscosity data, notably Alfiey, 
Bartovios & Mark (1943), Abere, Goldfinger, Naidus & Mark (1945), Staudinger & 
Schulz (1935) and Schulz & Husemann (1936,1937). All this work is open to criticism 
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on the ground that the polymerization was carried too far, so that branched polymers 
must have been formed. Further, as Baxendale et al. (1946) have pointed out, the 
osmotic pressures have in some cases been incorrectly extrapolated. 

Price and his co-workers (1942, i943)> Blomquist, Johnson & Sykes (1943) and 
Kem & KiLmmerer (1942) have used chemical methods for estimating molecular 
weights. Price’s results are of little value in this connexion on account of the high 
concentration of catalyst used in preparing his polymer, and his failure to control 
the temperature of reaction. Blomquist et al. used iV-nitroso-p-bromoacetanilide as 
catalyst, and estimated bromine in the polymer. However, it was assumed that only 
the bromophenyl radicals would start chains, wheims in fact acetate radicals would 
also do so to an unknown extent. They obtained a polymer with 4*33 % bromine, 
which on their assumption corresponds to a molecular weight of 1840 . The value 
calculated from their viscosity figure using equation ( 7 ) is 1190 . If all the acetate 
radicals started chains the bromine content would give a molecular weight of 920 . 
The polymers prepared by Kern & Kftmmerer seem to have been branched. 

Mark ei al, in several recent papers (1943,1945) have claimed that for polystjnrene 
OL varies with the temperature of polymerization. An inspection of table 1 of Alfrey 
ei aL (1943) shows that fractions of similar molecular weight from polymers formed 
at different temperatures have different intrinsic viscosities, the latter decreasing 
with the temperature of polymerization. We have already attributed this effect to 
the formation of branched polymers. Since the transfer reaction has a higher energy 
of activation than propagation, branching by transfer to polymer must increase 
with temperature for a given molecular weight. Increased branching should lead 
to decreased viscosity. 


Discussion and conclusions 

(i) The Houwink law (2) has been confirmed for solutions of unbranched poly¬ 
styrene in toluene. The constant a has the value 0 * 65 , and K — 3*04 x 10^® for homo¬ 
geneous polymers, while for unfractionated polymers formed by growth of single 
radical centres, K' = 4*57 x 10“-®. In the theoretical section it will be shown that for 
unfractionated polymers formed from double radicals, K'" = 3*83 x 10 “®. 

(ii) The tech^dque described is a very much simpler method of investigating the 

relation between viscosity and molecular weight than any used previously. It could 
obviously be extended to monomers which do not polymerize spontaneously by 
initiating the polymerization with catalyst or light. Moreover, it provides a way of 
obtaining reasonable quantities of polymers of known molecular weight and 
molecular weight distribution. From figure 1 it follows that, for polystyrene pre¬ 
pared at 60 ° C in carbon tetrachloride solution with a volume ratio solvent/styrene 
of 1 

1-20 xl0~®+1*60 xl0“«{5'. (11) 

(iii) The absolute value of the velocity constant for the transfer reaction with 
solvent may be calculated from equations ( 3 ) or (6) when is known. At 60 ° C, 
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= 59*0 1. moL“^ sec.*^^ (see part I of this series). Since from the present results 
jfcj/Ajj = 1*36 X 10~*, ibg == 0*804 1. 8ec.“^. 

By carrying out a series of reactions in difiFerent solvents, over a range of tern* 
peratures, a method of measuring the frequency factors and activation energies of 
radical replacement reactions is found. Such measurements are in progress at 
present. 

Theoeeticai.. section 


(i) Relation between the viscosity laws for homogeneoiis and 
unfractionated polymers (catalyzed or transfer) 

It has been established that for unfraotionated polystyrene a law of the Houwink 
type holds. It is important to establish the corresponding law for homogeneous 
polymers. 

Equation (2) for unfractionated polymer may be written in the form 


c_»0 c JV-^O •« 


where N is the concentration of polymer in moles per litre, and is the fraction of 
the total number of molecules with degree of polymerization n. Thus = ^np^. 


From (12), 




(13) 


where, in the notation of the previous paper, rj is the ideal specific viscosity, being 
equal to c[i/]. 

Assume that for homogeneous polymer 

[r;] = KMtfin), 

i.e. V = KM^Nnf{n). (14) 

Then for a heterogeneous pol3Tner 

7 }^KM^N^npJ(n). (16) 


When the polymer is prepared by a reaction of which the kinetics are known, it 
is possible to calculate p^- If it is assumed that the reactivity of a radical is in¬ 
dependent of its size, and that the radicals grow at one end only as in catalyzed 
polymerization, the probability f that a centre will add monomer is the same at 
each step, and from the kinetic equations is given by 

k 

The probability of an initial centre terminating after adding n molecules of monomer 

= (17) 

Hence the number average is 

0 1 — f 
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K'M^N 

Equation ( 13 ) then becomes ij » -— 

Since by hypothesis ( 16 ) is true whatever may be the functional dependence of 
on n, ( 19 ) must be identical with ( 15 ) for all values of Thus, using ( 17 ), 


1 

(1-0®^ 

Equating coefficients of then 


SC” «/(»). 


K' r(» + a + 2 ) 
~knf(n+T)f(0L + 2 y 


( 20 ) 

( 21 ) 


This is the exact form of/(n); but when n is large, a simplification may be effected 
by using the first term in Stirling’s series for the gamma function. Thus 

' X «,(«,+ ] )'»+* r(a +2) Xr(a + 2) ' ' 


approximately if n is large. For the lowest polymers considered in this pax)er, 
the error introduced by these approximations is less than 5 %. 

Introducing (22) into ( 14 ) gives 


[^] = 


K' 

f(a + 2) 


[M^nY = 


K' 


r(a + 2) 


M\ 


( 23 ) 


Thus it has been shown that the homogeneous [wlymer obeys the Houwink law with 
the same exponent, but with the constant K given by 




K' 

r(a + 2)' 


This equation was used to derive (10) from ( 7 ). 


( 24 ) 


(ii) Thermal and photochemical polymers 

So far only molecules produced from ratiicals growing at one end have been 
considered. The experimental evidence suggests, however, that the intial centres 
grow at both ends in the photochemical and thermal reactions. The distribution 
function pJi in this case is different from that given in ( 17 ). The probability of 
termination when one end has ewided m and the other n — m molecules is 


There are obviously n +1 ways in which this can occur and so 
Hence the number average is Pn = 


( 25 ) 

( 26 ) 


Following the method of the previous section, and making the same approximations, 
one may show that for such polymers 




r(a + 3) 

2«+ir(a + 2) 




a + 2 
2<»+» 


K'M» 


(27) 
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approximately. Thus the Houwink law is again obeyed with the same exponent, the 
constant K" in this case being given by 

K" ^{a + 2 )K'l 2 »+K ( 28 ) 

For pol3mtyrene K" — 3'83 x 10 ~®, ( 29 ) 

(iii) Molecular weight distribution in unfractioruUed polymers 

From the preceding sections it will be seen that the pol3rmer8 prepared by thermal 
or photochemical polymerization should have diiferent molecular weight distribu¬ 
tions from those prepared cata]3d.ically. However, the effect is not large and may not 
be easy to detect experimentally. The effect on the total distribution curve should be 
greatest when equal weights of the two kinds of polymer are present. The distribu¬ 
tions are given by 

where the are weight fractions. These equations are readily derived from ( 17 ) 
and ( 25 ). Here /? is the ratio of the weights of the two polymers, and for polymers 
prepared by thermal initiation has the same significance as in the previous paper. 
In figure 2 the theoretical distribution curves are given for polystyrene prepared 
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FiatTRB 2. Molecular weight distributions. I, II, III, initial, transfer and total 
polymers resx)ectively. IV, polymer prepared catalytioally. 
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by thermal polymerization at about 130® C, where /? = 1 according to our measure¬ 
ments. Curves!, II, III refer respectively to the initial, transfer and total polymer. 
Curve IV represents the distribution for a polymer of the same mean molecular 
weight prepared catalytically, and resembles curve III very closely. 

Note that the polymers prepared in the present work will contain some of the 
double-headed type and theoretically a small correction should be made to (5V 
However, it is easily shown that the correction is negligible. 
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Phase equilibria for a complex mixture—coal gas—at low 
temperatures and high pressures 

By C. S. Chow, Ph.D. 

High Pressure Gas Research Laboratories, Imperial College, South Kensington 

{Communicated by Sir Alfred Egerton, Sec,R.S.—Received 26 August 1946 — 

Resubmitted 7 May 1947 ) 


No extonaivo investigations of the phase equilibria of complex mixtures at low temperatures 
and higli pressures have hitherto been reported. In the present paper the coal-gas system has 
been studied, the apparatus employed by Ruhemann for the study of the vapour-Uquid 
equilibria in binary mixtures has been modified and is described in detail. The pressure- 
oomposition curve of methane-ethylene mixtures has been determined at —104® C and is 
oomporod with the available data. Tables of experimental compositions of the equilibrium 
phases at — 104, — 160*6, — 183 and —196*6® C are given for the complex system—coal gas 
—at pressures up to 90 atm. Material balance calculation based on each component is used 
to check accuracy of the equilibrium determinations for complex mixtures. The amount 
of solids formed in the condensed phase at — 196-6® C is roughly estimated. A method for 
calculating the composition of the condensed phase from the analysis of the equilibrium 
vapour pltase atid of original gas is outlined. The pressure-composition isotherms for the 
hydrogen component are reproduced j the temperature-composition isobars up to 25 atm. 
are also derived. The relationship between phase properties for the hydrogen comjwnent in 
the binary and the complex systems is discussed. A method for predicting the phase be¬ 
haviour of the complex mixture studied is described; the application of this method to 
coke-oven gas is illustrated. The utilization of the experimental data obtained for the 
design of plant is briefly discussed. 


Introduction 

In recent years the determinations of phase equilibria at low temperatures and high 
pressures have been almost completely confined to binary and ternary systems. The 
only work so far reported on complex mixtures at low temperatures has been done 
by Ssakmin (1935) on coke-oven gas, mainly for reasons assooictted with the 
technical production of hydrogen-nitrogen mixtures for the synthesis of ammonia 
and with the recovery of olefines. No mention was made, however, of the details of 
the experimental methods, and the figures showing the mole percentage of gas 
condensed appear to be very doubtful at higher pressures. Since coke-oven gas is 
a by-product of the coke industry, if its constituents can be economically separated, 
they become available as a raw material for any processes in the chemical industry. 
It has been suggested by Egerton & Pearce (1945) and Egerton, Hall k Pearce 
(1946) that coal gas, if properly treated by low-temperature methods, can also find 
a variety of applications, other than lighting and heating. 

The present investigation on coal gas was, therefore, carried out at various 
pressures and over a range of temperatures from — 104 ® C down to — 198 ® C, in 
order to provide the fundamental data necessary for the design of liquefaction and 
separation plant. 
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Expbeimbntal apparatus and mbthods 

The experimental apparatus was a modification of that used by Buhemann (1939) 
to determine the phase equilibria in binary and ternary systems. The main difference 
in the design of the cryostat is illustrated by figure 1. In the present design, a small 
copper tube C, placed inside the tube JBj, was used in some of the preliminary experi¬ 
ments to locate the liquid level in the cell E, and was connected by a union to the 
needle valve, PJ (see figure 2). The position of C could be adjusted by moving it up 
and down through a stufifing box. In order that the liquid in the cell may be con¬ 
stantly stirred by the vapours bubbling through, the open ends of the eight fine 
copper capillaries extended downwards as close as possible to the conical base of 
the cell. In this way, not only was the liquid phase free from the development of 
any concentration heads, but also the vapours were prevented from being sucked 
out along with the liquid phase. These difficulties had been experienced by the 
former investigators in the original design of cryostat. The method for keeping the 
liquid in the cell is described below. 

The spun brass cap //, through which the inlet A and the two outlet tubes and 
jBj were soldered, was also fitted with; (a) a closed copper tube T for containing 
a copper-constantan thermocouple, (ft) an open tube 2/ as an inlet and an outlet for 
the bath liquid, (c) an opening 0 for a stirrer when required, and (d) a connexion R 
leading to a gas-holder (or to a vacuum pump, if worked under reduced pressure). 
The whole cap could be connected to, or discomiected from, the system by means of 
unions. These connecting devices and the stuffing box coxild stand pressures well 
up to 100 atm. without leakage. 

Figure 2 shows the general arrangement of the apparatus. The procedure for 
conducting an experiment was generally the same as that described by Buhemann, 
but, in view of some different operations involved, it is considered desirable to give 
a short account of the methods used. 

The general procedure consisted in passing the gas mixture, which was prepared 
and stored in a cylinder under pressure, through two or three steel towers in series 
filled with soda-lime and KOH pellets to scrub out COj and water vapour. When 
the three-way needle valve Tj was opened, the dry COj-free mixture passed into 
the cell E, the latter being immersed in a cooling liquid of known temperature. The 
mixture separated into a liquid and a vapour phase at a constant pressure. The 
vapour was removed through the annular space between the tubes JB, and C and 
through the valve I*. The liquid was removed through the valve as a gas at room 
temperature. By suitable manipulation of the glass-taps O-y, G^, O^, etc., the gas of 
either phase was passed first through the catharometer until a steady reading was 
mdioated, and then into the sampling tube, 8. 

The following points in connexion with the methods described should be noted: 
(a) The catharometer arranged in this way for checking the constancy of com¬ 
position could be used in the investigations of both binary and complex mixtures, 
(ft) The glass flowmeters and jP, were used only to indicate the constancy of flow 
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of both phaBOB, whereas the actual flow rates at different pressure heads were deter¬ 
mined with the wetmeter M. The flowmeter for liquid phase was designed to 
cover a flow range of coal gas from about 10 up to 200 c.c./min., while for 
vapour phase from about 40 up to 800 c.c./min. The flow rate of mixture through 
the cell E was kept as low as possible in every run, and, in general, the speed was 
confined below such a limit so as not to affect the establishment of equilibrium 
conditions. This limit had to be ascertained by experiments on the effect of changing 
the rate of gas fiow and the depth of bath liquid, (c) For measuring the equilibrium 
pressure in the cell, two Bourdon gauges were used, one for low pressures (L-P.) and 
the other for high pressures (h.p.); both of them were calibrated with a pressure 



balance. The l.p. gauge could be rea<i within O-l atm., but if higher accuracy was 
required for equilibrium pressures below 2 atm., a mercury manometer could be 
temporarily connected to the valve (d) For accurate temperature measurements, 
two copper-constantan thermocouples in series were inserted into the metal tube 
which was submerged in the bath liquid and was in close contact with the wall of 
the cell. The e.m.f. measurements were made with a Concentric Potentiometer 
(H. Tinsley and Co. Ltd.) to an accuracy of 2/tV; the current in the circuit was 
frequently checked by means of a standard cell. The thermocouple was calibrated at 
the normal boiling-points of oxygen {— 183 * 0 ° C) and ethylene (— 103 * 9 ° C). 

As mentioned above, during the actual nm a certain amount of liquid had to be 
kept in the oeU in order to obtain reliable results. In the case of very low temperatures 
and high pressures, the mole percentage of gas condensed may be very high, and, 
if the liquid phase is removed at a rate of much less than the rate of condensation. 
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the liquid phase, within the period of a run, can aoouxnulate to an extent such as 
to cause a considerable entrainment in the vapour phase. On the other hand, if 
a very low percentage condensation occurs, while the liquid phase is removed at 
a greater rate, the vapour phase can be easily sucked out with the liquid phase. It 
is, therefore, of considerable importance to know the approximate percentage 
condensation before the actual run is started. This was determined as follows: 

The cryostat was first filled with the desired cooling liquid by transferring it 
from the Dewar vessel, D, either under its own vapour pressure or under a slight 
pressure of the gas from which the bath liquid was prepared. The remaining liquid 
was kept in D, so that, upon closing the tube Q the steady flow of vapours from the 
vessel through the liquid in the cryostat acted as a stirrer. With the valves 
and closed, the dry CO^-free gas mixture was admitted through into the cell E 
until its pressure reached the desired value, and then, by suitably opening the 
mixture was allowed to pass through the cell at constant pressure. The vapour 
phase, flowing out through the tube C and T3, was passed through the flowmeter 
and then through either the oat barometer to determine the constancy of com¬ 
position, or the wetmetor for measuring the total rate of flow. The liquid phase 
gradually accumulated in the conical bottom of the cell, and, as soon as it touched 
the end of ( 7 , it was carried away by the vapour phase, thus causing an abrupt change 
in the catharometer readings. The inlet and outlet valves were not simultaneously 
closed. Vi was opened, so that the liquid drained off as a gas through the flowmeter 
Fi and the wetmeter M. Thus, not only was the volume of gas from total vaporization 
obtained, but also the average flow rate of the liquid phase could be simultaneously 
determined, A blank run was carried out by first filling the cell with the gas mixture 
at the desired pressure and then measuring the volume of the mixture after expansion 
through Vi. At very low temperatures, however, the less volatile components of 
the mixture solidified in the cell, and thus could not be drained off. In such cases it 
was necessa^’y to remove the bath liquid from the cryostat after each run, in order 
to warm up the cell. This could be done by opening the tube Q to the air, closing all 
other exits from the bath, and allowing the vapour pressure built up to force the 
liquid out into D. From these measurements, the approximate mole percentage of 
the inlet mixture condensed at a particular temperature and pressure could be 
calculated. 

During an actual run, a similar procedure was adopted with the following modi¬ 
fications. Before the valve was opened to remove the liquid phase, a certain 
quantity of liquid was allowed to collect in the cell. This was done by passing the 
gas at a controlled flow rate of vapour phase for a calculated time. The rate of 
removal of liquid phase was adjusted according to the predetermined percentage 
condensation by a careful regulation of IJ. 

Sampling and gas analysis 

In sampling the vapour phase there was no difficulty at all, and the results obtained 
were generally reproducible. However, considerable difficulty was experienced in 
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obtaining reproducible results for the liquid phase, when solid phase was formed at 
very low temperatures and when the percentage condensation was very low at 
higher temperatures and lower pressures. In such oases, several samples were 
collected over mercury at different times and under different conditions of operation 
for a particular temperature and pressure, so that an average value could be obtained. 
This was the main obstacle to progress, as more samples taken involved more 
laborious analyses. 

All the samples were analyzed on a Bone-Newitt analysis apparatus. The olefines, 
oxygen and CO were consecutively absorbed with fuming sulphuric acid, potassium 
pyrogallate and ammoniacal CuaClg solutions respectively. The hydrogen and a 
little unabsorbed CO were determined by preferential combustion over CuO at 
250 to 260° C, and the remaining methane and ethane by the usual explosion 
method. 

In order to obtain consistent results, the volume of the samples taken and all the 
successive analytical operations involved were standardized. Blank runs were 
carried out, and the usual precautions necessary for this type of apparatus were 
taken. Oxygen-free nitrogen in appropriate amounts was introduced into the 
samples of high hydrogen content so as to standardize conditions and maintain 
accuracy in the determinations by the combustion method. Duplicate analyses of 
samples invariably agreed to within 0*3 % for most of the components, while the 
agreement for methane was about 0*5 %. This estimate of analytical error makes 
no allowance for the errors due to sampling or any other factors. 

Preparation of bath liquids 

So as to obtain a wide range of constant temperatures, the cooling agents used 
were: nitrogen, oxygen, methane and ethylene. 

Liquid nitrogen and liquid oxygen can be obtained from a commercial air-separa¬ 
tion plant, and hence need not be specially described. Liquid ethylene was prepared 
from pure ethylene gas by means of a simple device described by Ruhemann ( 1939 ). 
Methane was obtained from natural gas in Heathfield, and contains some im¬ 
purities, mainly CO* and nitrogen. As a large quantity of methane had to be liquefied 
for each run, it was found to be impracticable to purify this gas by liquefaction and 
fractional distillation on a laboratory scale. A modified apparatus designed by 
M. Pearce for liquefying large quahtities of methane in this laboratory was therefore 
used. The impure gas was first passed through a scrubber filled with KOH pellets 
to remove COj and water vapour, and then through a copper spiral immersed in 
liquid oxygen. Liquid methane issued from the other end of the spiral into a Dewar 
vessel, while a small quantity of unliquefied methane, together with the more 
volatile components such as nitrogen, was allowed to go to waste. Liquid methane 
so prepared was not quite pure, as all the less volatile impurities were not removed. 
However, during the period of a whole run, the temperature change of this liquid 
was found to be not more than 0*4"^ C; the actual normal boiling-point in this case 
was - ieo*0 ± 0*2 instead of -161-5® C for pure methane. 
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The liquid oxygen and ethylene were found to be sufficiently pure, since they 
gave steady potentiometer readings; hence their normal boiling-points given in the 
literature could be used as fixed points in calibrating the thermocouple. Owing to 
a small oxygen content, the commercial liquid nitrogen was found to boil under 
atmospheric pressure at — 195*5 ± 0*15° C, i.e, about 0-3'^ C higher than the accepted 
value, —195’8'^C for pure nitrogen. 

Expekimentaj. kbsolts 
Preliminary n)ork 

In order to provide a test for the performance of the apparatus, a binary mixture, 
the methane-ethylene system, was used for preliminary experiments, so that the 
results obtained could be compared with the available data. 

Methane in this case was obtained from the liquefaction plant at Stoke, and was 
analyzed by exploding with oxygen to estimate the COg formed; its purity was found 
to be 98*5 ± 0-5 mole percentage, the rest being probably ethane. The ethylene used 
was the same as that mentioned above. Different mixtures of the two components 
were prepared by taking each gas separately from high-^pressure cylinders into a 
small cylinder; the approximate composition of each mixture was calculated by 
means of Dalton’s law. As previously mentioned, the catharometer was used to 
determine the compositions of each phase during actual runs for the binary 
mixtures. 



percentage of methane, by volume 
Fioubb 3. Methane-ethylene system* 




Phdst equiHhvid for a complex mixture ^7 

Fig^ 3 shows the pressure-composition diagram obtained directly from the 
expenmental data at —104^ C. It will be seen that» though the shape of this curve 
is generally the same as that already published by Guter, Newitt & Ruhemann ( 1940 ), 
the liquid branch is nearly a straight line, and also the interval between the vapour 
and liquid branches is much wider. Furthermore, by extrapolating the liquid branch 
to the methane axis, the intersecting point indicates that the saturated vapour 
pressure of methane at —104^0 is 21*6atm. This latter value is about l* 6 atm. 
lower than that reported by Copson & Frohlich ( 1929 ), but agrees satisfactorily 
with that given in the International Critical Tables ( 1928 ). The results obtained 
seemed to be generally reproducible within 0-5 %, and the equilibrium condition 
was also established. 

Coal gas 

The gas was drawn directly from the gas main into a gas-holder, compressed in 
a water-lubricated compressor and stored in a cylinder. Two different batches of 
this gas were prepared; the composition of gas samples of each batch, after passing 
through the (Xlj^ scrubber, was found to be as follows (expressed in mole percentage): 


component 

coal-gas A 

coal-gas B 

C,H„ 

3'4 

3*0 

0. 

0-6 

0*9 

CO 

12-2 

10*6 

H. 

50*6 

62*6 

C,H, 

1-2 

1*0 

CH. 

20*6 

20*8 

N, 

11*6 

11*2 


Note. If the scrubbing agent is not replaced after a long usage, and if the gas is 
kept under pressure in the COg scrubber over a certain period of time, the com¬ 
position of the gas is likely to change. For instance, in the case of coal-gas A, the 
composition was found to have changed after 2 weeks under the above conditions 
to the following mole percentage: 3-6; Og, 0 - 6 ; CO, 9*0; Hg, 52-5; CgH^, 1*3; 

and CH4, 20 - 8 , By comparing these values with the original composition, it is obvious 
that only the mole percentage of CO decreased. This is most probably due to the 
reaction between CO and KOH, forming potassium formate, in the presence of 
moisture under high pressure. 

The compositions of the equilibrium vapour and condensed phases from coal-gas A 
are given in table 1 , Each value represents an average of two or more determinations. 
When the compositions of the two phases and of the inlet mixture are known, it is 
possible to calculate the mole percentage, Ly of the mixture condensed, on a material 
balance for each component, by using the following relations, 

L = 100 ^^, 
y-x 

where x, y and / represent the mole fractions of any component of the condensed 
phase, vapour phase and inlet mixture respectively. 
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Table 2 shows the results of these calculations, and a plot in figure 4 represents 
the values obtained from the hydrogen balance. The results so calculated would 
be the same at an^ particular temperature and pressure, if all determinations 
could be perfectly carried out. However, the wide differences which have occurred 
in some cases between the calculated results are attributable to the following 

Table 1. Experimental compositions of equilibrium phases 

FROM COAL-GAS A AT VARIOUS TEMPERATURES 


(O) -104-0“ C 

absolute pretM^ure (atrn.) 


1 

1 

26 

40 

60 

70 

90 



vapour phase (mole %) 



C„H„ 

24 

2-1 

1-8 

1-7 

1-7 

0, 

0-5 

0-6 

0-6 

0-6 

0-6 

CO 

12-7 

12-3 

12-6 

12-6 

12-6 

H, 

61-7 

62-3 

52*6 

62-9 

63-0 

C,H, 

0-8 

0-8 

0-8 

0-8 

0-7 

CH, 

20-7 

20-6 

20-0 

19-8 

19-8 

N, 

11-6 

11-6 

11-6 

11-6 

11-7 



condensed phase (mole %) 



C„H„ 

— 

— 

33*0 

28-7 

28-0 

0, 

— 

— 

0-6 

0-6 

0-6 

CO 

— 


7-2 

7-8 

8-0 

H, 

0-0* 

0-0* 

4-0 

6*8 

12-6 

C,H, 

— 

— 

14-0 

12-0 

9-4 

CH, 

— 

— 

34-7 

37-0 

31-0 

N, 

— 

— 

6-5 

7-1 

10-6 


(b) --160-6° C 
absolute pressure (atm.) 


component 

1 

3 

6 

10 

16 

25 

40 

60 . 

90 




vapour phase 

(mole %) 




C»H„ 

0-4 

0-0 

0-0 

0-0 

0-0 

0-0 

0-0 

0*0 

0-0 

0. 

0-4 

0-0 

0-0 

0-0 

0-0 

0-0 

0*0 

0-0 

0-0 

CO 

13-2 

13-3 

13-3 

13-2 

12-8 

11-4 

10-0 

8-8 

8-0 

H, 

62-6 

66-4 

59-8 

64*8 

68-6 

73*0 

76*4 

78*7 

80-0 

C,H. 

0-0 

0-0 

0-0 

0*0 

0-0 

0-0 

0*0 

0-0 

0-0 

CH4 

20-8 

18-6 

14-0 

9-8 

7-2 

6-0 

3*6 

3-6 

3*6 

N, 

12-7 

12-8 

12*9 

12-2 

11-4 

10-6 

10-0 

8*9 

8-4 




condensed phase (mole 

%) 




C„H„ 

— 

20-6* 

16-6 

14-9 

12*7 

10*6 

9*6 

8*8 

8*4 

0, 

— 

0-6 

0-6 

0-7 

0*7 

0-7 

0-6 

0-6 

0-7 

CO 

— 

4-6* 

6-9 

8-6 

10*9 

13-8 

16-2 

17*6 

18-1 

H, 

0-0 

0-0 

0-0 

0-6 

0*9 

2*0 

3*0 

6*7 

8-6 

C,H, 

— 

8-0* 

6-2 

6-4 

4-6 

3-7 

3-3 

3*0 

2-8 

CH* 

— 

63-6* 

63-0 

61*8 

60-6 

57*6 

54*0 

49*3 

46-6 

N. 

— 

2-9* 

6-8 

8-1 

9*7 

11*7 

13*4 

16*1 

16*0 
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Table 1 {coni.) 


( a ) -183-0“ C 
absolute pressure (atm.) 


component 

r 

1 

3 

6 

10 

16 

26 

40 

65 

60 

90 





vapour phase (mole %) 






0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

o. 

0*0 

0-0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

CO 

14*4 

13*2 

10*4 

7*7 

6*0 

4*6 

3*4 

3*2 

3*2 

3*2 

H. 

64*6 

72*6 

78*3 

831 

86*3 

89-1 

91*2 

91*6 

91-7 

91*4 

C.H. 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

CH* 

9*5 

3*3 

1*6 

1*0 

0*7 

(?) 

0*0 

0*0 

0*0 

0*0 

N. 

11-5 

10*9 

9*8 

8*2 

7*0 

6*3 

5*4 

6*2 

5*1 

5*4 




condonsed phase (mole %) 





C„H„ 

— 

91 

8*8 

8*2 

7*8 

7*2 

7*0 

6*8 

7*2 

7*0 

o, 

..... 

0*6 

0*6 

0*6 

0*7 

0*6 

0*7 

0*6 

0*6 

0*6 

CO 


11*0 

18*0 

20-6 

22*6 

23*6 

23*9 

23*8 

22*6 

22*0 

H. 

0*0 

0*5 

0*8 

1*2 

1*6 

2*4 

3*6 

4*6 

6*0 

7*4 

C.H, 

— 

3*6 

3*1 

3*1 

2*8 

2*6 

2*4 

2*4 

2*6 

2*5 

CH« 

— 

68*0 

58-0 

53*0 

49*6 

47*6 

45*4 

44*0 

43*8 

43*6 

N. 

— 

7*2 

10*7 

13*3 

16*1 

16*2 

17*0 

17*8 

18*2 

17*0 


(d) ~196-5®C 
absolute pressure (atm.) 


component 

1 

2 

3 

4 6 10 

vapour phase (mole %) 

15 

26 

40 

60 

C.H« 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

Of 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

CO 

13*7 

9*7 

6*7 

6*7 

4*0 

2*6 

2*1 

1*6 

1*3 

1*3 

H, 

73*1 

79*7 

84*6 

86*7 

90*0 

93*0 

94*4 

95*4 

96*6 

96*7 

C,H, 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

CH. 

1*5 

0*9 

0*2 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

0*0 

N. 

11*7 

9*7 

8*6 7*6 6*0 4*4 

condensed phase (mole %) 

3*6 

3*1 

3*1 

3-0 

C,H« 

— 

4*0^ 


3*9 

4*0 

3*9 

4*0 

6*0 

6*8 

0*0 

0. 

— 

0*6 

— 

0*6 

0*6 

0*6 

0*6 

0*6 

0*7 

0*6 

CO 

— 

21-5-*' 

— 

23*2 

24*6 

28*0 

28*0 

27*0 

26*7 

24*6 

H, 

0*0 

0*3t 

— 

0*7 

0*9 

1*4 

1*7 

2*4 

3*4 

4*7 

0|H, 

— 

2*3* 

— 

2*0 

1*6 

1*4 

1*6 

1*8 

2*6 

2*6 

CH4 

—. 

68*6* 

— 

66*0 

61*0 

45*7 

44*0 

43*0 

41*5 

41*7 

N, 

— 

12*8* 

— 

14*6 

17*4 

19*0 

20*2 

20*2 

20*4 

19*9 


* Values extrapolated from the experimental curves, 
t Estimated v^ue. 


three factors; (1) When the concentrations of any one component, as expressed in 
the relations described above, tend to become equal, the calculated results will be 
afiPeoted to a greater degree by the analytical errors, and hence will show greater 
divergence from the real values. This effect is illustrated by most of the results at 
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~ 104° C in table 2 (a), in which the values for CO always show greater divergenoe 
from those for hydrogen than do the values for any other components. The same is 
true for some of the results for CO at —160-6° C, as shown in table 2 ( 6 ). ( 2 ) When a 
solid phase formed in the condensate, the concentrations of the solidified components 
were found to decrease, owing to the retention of some of the solid phase in the 

Table 2. Pebcentaoe condensation in moles calculated bv a material 

BALANCE ON THE INDICATED COMPONENTS AT VARIOUS TEMPERATURES 

(o) -104-0“ C 

absolute pressure (atm.) 


cou\poneut 

25 


40 

60 


70 

90 


CnH„ 

— 



5-1 


6-3 

6*5 


CO 




7*4 


8*3 

8*7 


H, 

21 


3-3 

4*1 


6*0 

5*9 


C,H. 

— 


— 

3*0 


3*6 

5*7 


CH, 

— 


— 

3*4 


4*1 

6*2 





(6) - 

160*6° C 








absolute pressure (atm.) 

^ _ . 




r - 

component 1 

3 

6 

10 

15 

25 

40 

00 

90 

CnH,„ 

16*5 

20-0 

22-8 

26*8 

32*0 

36*4 

38*6 

40*6 

CO — 

12-5 

17-2 

21-7 

31*6 

33*3 

35*4 

39-0 

41*6 

Ha 3-7 

8'7 

15-4 

22-1 

26-6 

31-6 

36-1 

38*5 

41*0 

CgHg 

16-0 

19*3 

22-2 

26*1 

32*4 

36*4 

40*0 

42*8 

CH* 

4*4 

13*3 

20*8 

26*0 

29*8 

33*6 

37*0 

40*3 




(c) ~ 

183 0" C 






absolute pressure (atm.) 


component 

1 

3 

6 

10 

16 

25 

40 

66 

60 

90 

C„H„ 

-- 

37*0 

38-7 

41-5 

43*6 

47-2 

48*6 

60*0 

47-2 

48*6 

CO 

— 

46-4 

23-7 

34-9 

37*4 

40*3 

42*9 

43*6 

46-4 

48*1 

H, 

21-7 

30-6 

35*7 

39*7 

42*0 

44*4 

46*4 

47*1 

47*4 

48*6 

C.H, 

— 

33*3 

38*7 

38*7 

42*9 

48*0 

60*0 

50*0 

46*2 

48*0 

CH, 

— 

26*5 

33-6 

37*6 

40*6 

43*1 

45*2 

46*6 

47*0 

47*1 





(rf) 

-195*5° 

C 









absolute pressure 

_____ K . 

(atm.) 




component 


1 

2 

4 

6 

10 

16 

26 

40 

60 

H, 


30*8 

36-7 

42*0 

44*2 

46-2 

47-3 

48-2 

48*8 

49*6 


apparatus, while there was a corresponding increase in the concentrations of the 
unsolidified components. Thus, in table 2 (c), the value for C„H„, and C^H, are higher, 
while those for CH 4 and in particular for CO are lower, than those for hydrogen. 
This effect is greater at temperatures below —183° C; hence the material beJance 
calculation has not been made for —195° C. (3) At very low pressures, conoentratiim 
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heads can occur in a small amount of liquid, as the latter collects gradually and is 
scarcely stirred by the bubbles of vapour. The results at 6 atm. given in table 2 (6) 
show that the condensed phase is not homogeneous. The still wider dilferences 
between the results at 6 and 3 atm. in table 2 (c) can be taken to indicate the simul¬ 
taneous effect of two or more of these factors. When these factors are absent, the 
agreement of material balances is fairly good, within the experimental accuracy, 
for all components, as can be seen from the results at — leo-e® C given in table 2 (6). 
Thus a material balance calculation provides a very sensitive test for the accuracy 
of the equilibrium data of complex mixtures. 



PiouBE 4. Percentage condensation.-coal-gas A;-coal-gas B. 


It may be noted that the result for hydrogen in table 2 appears in every case to 
be a mean value between the extremes. This can be explained by the following facts. 
As shown in table 1 the concentrations of hydrogen in both phases always differ 
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from each other to a considerable degree, and also the solubility of hydrogen in the 
condensed phase is comparatively small even at high pressures; hence a calculated 
result from the hydrogen balance will not be affected to an appreciable extent by 
the experimental errors, even when some solids are formed in the condensed phase. 
In other words, the calculated results for hydrogen in table 2 represent the best 
values for percentage condensation of the gas mixture under investigation. 

In the equation given above, when y and/are known from the accurate experi¬ 
mental determinations, a value for L, the percentage condensation, can be assumed 
and the equation is then solved for x. The correct value for L is obtained by trial and 
error, when the sum of the mole fractions of the components in the condensed phase 
is equal to unity. The alternative way is to adjust the values of L for the components 
present in the condensed phase to agree as closely as possible with each other, so 
as to make Hx = 1-00. Table 3 shows the composition of the condensed phase at 
— 183° C calculated by this method. It is seen that the values of L for all the com¬ 
ponents are practically the same as that for hydrogen at the same pressures, the 
small differences between these values being well within the limit of the analytical 
errors. 

Table 3. Composition op the condensed phase at -183°C calculated by 
TRIAL and error METHOD PROM THE EXPERIMENTAL COMPOSITION OF EQUI¬ 
LIBRIUM VAPOUR PHASE 

absolute pressure (atm.) 


component 

3 

6 

10 15 25 40 

calculated composition 

56 

60 

90 

C,H„ 

11*2 

9*7 

8*6 

8*2 

7*8 

7*4 

7*2 

7*2 

7*0 

0 , 

0*6 

0*6 

0*6 

' 0*6 

0*6 

0*6 

0*6 

0*6 

0*6 

CO 

9*9 

15*6 

19*1 

20*8 

21*9 

22*6 

22*4 

22*3 

21*8 

H, 

0*5 

0*8 

1*2 

1*6 

2*4 

3*6 

4*6 

6*0 

7*4 

C,H, 

4*0 

3*4 

3*1 

2*9 

2*7 

2*6 

2*6 

2*6 

2*6 

CH. 

60*6 

55*1 

60*6 

48*2 

46*6 

44-6 

43*8 

43*4 

42*6 

N, 

13*1 

15-0 

16*8 17*8 18*1 

equilibrium condensation 

18*7 

(mole %) 

18*8" 

18*8 

18*2 

C«H„ 

30*0 

35*4 

39*5 

41*6 

44*2 

46*0 

47*2 

47*2 

48*5 

CO 

30*0 

35*3 

39*4 

41*9 

44*0 

46*1 

46-9 

47*1 

48*4 

H, 

30*6 

36*7 

39*7 

42*0 

44*4 

46*4 

47*1 

47*4 

48*5 

C,H. 

30*0 

36*3 

39*0 

41*4 

44*4 

46*1 

46*2 

48-0 

48*0 

CH. 

30*0 

36*3 

39*3 

41*7 

44*0 

46*0 

46*8 

47*3 

48*3 

N, 

30*4 

36*2 

39*1 

42*2 

44*5 

46*3 

46*8 

47*1 

48*1 


The composition of the homogeneous condensed phase at * 196*5° C, calculated 
from the values for hydrogen in table 2 (d), is given in table 4. By comparing the 
calculated composition with the experimental data, the minimum percentage of 
solid formed in the condensate at the various pressures is estimated, and also shown 
in the same table. The total amount of solid actually formed was not known, since 
the amount of solid that dissolved in, and was drawn out with, the liquid phase could 



Phase equilibria for a complex miodure 36^ 

not be determined by the methods used. It was found that the amount of solid drawn 
out together with the liquid phase seemed to vary with the operating conditions. 
Thus, difficulties were experienced in sampling the condensed phase when solid was 
present; nevertheless, the data given in table 1 for the compositions of the condensed 
phase when solid was present represented average values of the determinations under 
various possible oi)erating conditions. As shown in table 4, it is evident that the 
percentage of solid present was small at 60 atm., but increased with decrease of 
pressure. For the condensed phase at —183® C the percentage of solid present at 
pi'essures below 60 atm. was considerably smaller than that at —196*5® C (about 
half), while above 60 atm. no solid phase seemed to be present, as indicated by a 
satisfactory agreement between the experimental data and the results calculated by 
the trial and error method in table 3. 

Table 4. Comparison op the experimental composition op the condensed 

PHASE WITH that OALCIJI^TED FROM PERCENTAGE CONDENSATION BASED ON 
THE HYDROGEN BALANCE AT — 195'5® C 


condensed phase (mole %) 

absolute pressure (atm.) 



4 

_ A 

6 



10 



15 




A 

r 


r 



f 



component 

exp. 

calc. 

exp. 

cak?. 

exp. 


calc. 

exp. 


calc. 

C»H„ 

3*9 

8*1 

4*0 

7*7 

3*9 


7*4 

4*0 


7*2 

0. 

0*6 

0*6 

0*6 

0*6 

0*6 


0*6 

0*6 


0*6 

CO 

23*2 

21*2 

24*6 

22*6 

28*0 


23-5 

28*0 


23-6 

H, 

0*7 

0-7 

0*9 

0*9 

1*4 


1*4 

1*7 


1*7 

C,H, 

2*0 

2*9 

1*0 

2*8 

1*4 


2*6 

1-6 


2*6 

CH 4 

66*0 

49*4 

61*0 

47*0 

45-7 


45-6 

440 


44*0 

N, 

14*6 

17*1 

17*4 

18*4 

190 


19*0 

20-2 


20*3 

min. % solid formed 


6*2 

4*9 



4*7 



4*4 




absolute pressure (atm.) 

._ _ __ 







r“ 

26 

40 



60 







X 

A 



_A 








r 


< * 






component 

exp. 

calc. 

exp. 

calc. 

exp. 


calc. 




C«H„ 

6*0 

7*1 

6*8 

7*0 

6*0 


6*9 





0*6 

0*6 

0*7 

0*7 

0*6 


0*6 




CO 

27*0 

24*0 

26*7 

23*7 

24*6 


23*8 




H, 

2*4 

2*4 

3*4 

3*4 

4*7 


4*7 




C,H. 

1*8 

2*6 

2*6 

2*5 

2*6 


2*6 




CH« 

43*0 

43*0 

41*6 

42*3 

41*7 


41*7 




N. 

20*2 

20*4 

20*4 

20*4 

19*9 


19*8 




min. % solid formed 


3*0 

2*0 



0*8 






A few further points may be mentioned: 

(1) As shown in table 2, the results for CH4 are, in general, lower than those for 
hydrogen. This means that the experimental percentages of methane in the con¬ 
densed phase are always higher than those calculated from the values for percentage 
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condensation based on the hydrogen balance. The possible explanation of this fact 
seems that the anal 5 d;ical accuracy for the methane component in the mixtures of 
high methane content is not so high as that in the coal gas used, since in the former 
case the samples available for analysis were very much smaller. However, by 
reference to the results at —196*5® C shown in table 4, it will be seen that the experi¬ 
mental and calculated percentages of methane are nearly equal at the higher pres¬ 
sures. From the indications of these experimental results and in view of the fact 
that the melting-point of methane is given as —182*6® C, it seems probable that a 
variable and small amount of methane in the condensate also solidified with olefines 
and ethane at — 195*6® C, » 

( 2 ) A study of the experimental results in table 1 (c) and (c?) shows that the mole 
percentages of CO were, in general, considerably greater than the calculated results 
shown in tables 3 and 4 when the solid pheuse was present. A similar departure was 
observed with methane at low pressures. This is possibly due to a lack of homogeneity 
in the liquid phase so that the concentrations of certain components, such as CO, 
were found to be much greater; whereas the concentrations of nitrogen obtained by 
difference were consequently reduced to relatively low values. 

(3) The original oxygen content of all the gas mixtures analyzed was extremely 
small, and in practice was difficult to determine accurately by the method used. 
However, in the removal of any olefines present by fuming H 2 SO 4 , and after the 
subsequent essential cleaning operations, the amount of oxygen was generally 
found to be 0*6 to 0*7 %. This increase in oxygen content was mainly due to the 
dissolved air evolved under reduced pressure from the dilute acid used for the 
cleaning operations. 

TABI..E 5. Experimental composition of EQumiBRitTM vapour phase, and 

SOLUBILITY OF HYDROGEN IN THE CONDENSED PHASE, FROM COAL-GAS B AT 

-183®C 

absolute pressure (atm.) 


component 

1 

3 

6 

10 

16 

20 

30 

4g 

60 




vapour phase (mole %) 





CO 

141 

13-0 

10*9 

7-6 

6-5 

6*0 

3*8 

3*3 

3*2 


64*7 

72*5 

76*7 

83*2 

86'5. 

88*2 

90*6 

91*8 

92*0 

CH^ 

91 

31 

1*8 

0*9 

0*6 

0*3 

0*0 

0*0 

0*0 

N. 

121 

11*4 

10-6 

8*4 

7*4 

6*6 

6*6 

4*9 

4*8 




condensed phase (mole %) 




H, 

— 

0*4 

0-7 

1-0 

1*6 

2*0 

3*0 

4*6 

6*7 




percentage condensation 




H, 

18-7 

27*0 

31*7 

37-2 

39*9 

41*4 

43*4 

44*9 

46*7 


Coal-gas B was used in the initial equilibrium determinations at -183® C, mainly 
for developing the general technique. Data obtained from this mixture were mostly 
not consistent and accurate enough, so that only the composition of the vapour 
phase dnd the percentages of hydrogen of the condensed phase at various pressures 
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are given in table 5. The values for percentage condensations calculated from the 
hydrogen balance are also included in this table and plotted in figure 4 for the purpose 
of comparison with those calculated on the same basis for ooal-gos A, It is of interest 
to note that the mole percentages of all the components given in this table are 
practically the same as those from coal-gas A at the same pressures. The percentage 
condensation for coal-gas B is about 2*0 to 3*0 % lower than that for coal-gas A over 
the range of pressures studied; this difference is due to the hydrogen percentage of 
the former being about 2 % higher than that of the latter. In the condensed phase, 
the mole percentages of and CO are lower than those from coal-gas A, while 
those of CH 4 and CgHg are generally the same in both cases. 


DisctrssioK 

In the complex mixture studied, the critical temperatures of the components 
present varied considerably from 32° down to — 240° C. Since the lowest working 
temperature in this investigation was still far above the critical temperature of 
hydrogen, the latter gas was not liquefied at any pressure but it dissolved to a certain 
extent in the condensed phase. Hence the hydrogen concentration in the vapour 
phase could indicate to a close approximation the degree of removal of the conden¬ 
sible components from the original mixture. In figure 5 are reproduced the pressure- 
composition relationships of the hydrogen component in the vapour phase and also 
the solubility data of hydrogen in the condensed phase. The general trends of these 
isotrfiermal curves for the vapour phase are strikingly similar to those in figure 4 
showing the percentage condensation. Furthermore, for each isotherm there is a 
point above which the hydrogen concentration increases verj^ slightly, and at higher 
pressures it even decreases with increasing i)rossure as shown by the isotherm at 

— 183°C above 80atm. It would thus seem very probable that the isotherm at 

— 195»5°C would show the same effect at higher pressures. The most obvious 
explanation of this effect is that the amount of hydrogen dissolved in the liquid 
phase at higher pressures is greater than the amount of CO and nitrogen condensed. 
A similar effect for binary systems has been observed by various investigators, the 
H 2 -CH 4 system by Fastowsky & Oonikborg (1940), and the Hg-CO and Hg-Ng 
systems by Verschoyle (1931). 

In the condensed phase, the solubility of hydrogen increased with increase of 
pressure at constant temperatures, the isotherms being practically straight lines 
over the range of pressures studied. At higher pressures the solubility increased with 
increase of temperature, but at lower pressures it increased with decrease of tem¬ 
perature. In this latter respect the present results differ from those observed by the 
investigators mentioned above, who found for the binary systems an increase of 
solubility with increase of temperature even at lower pressures, although in other 
respects their results show the same general effects. 

As shown in table 1 at -183° C, the condensed phase consisted of a high pro¬ 
portion of hydrocarbons, mainly CH 4 , and a fair amount of CO and nitrogen, hence 
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the solubility of hydrogen in this complex mixture could be considered as the 
solubility in pure methane influenced by the solvent action of liquid CO and N, in 
increasing the solubility. This view is justified when the results obtained by the 
investigators already mentioned are compared with the present experimental data 
at -183°C. 



Fiqubr 6. Freesure-oomposition isotherms for the hydrogen component 
in eqiiilibrium phases. A, vapour phase; B, condensed phase. 


The solubility of hydrogen in the complex mixture is seen to be greater than that 
in pure methane, but much less than that in 00 or N|, and the influence of CO and 
nitrogen upon the solubility becomes greater at low pressures. At temperatures 
below —183° C the condensed phase contained more CO and N, which would thus 
exert greater influence on the solubility of hydrc^en. This is illustrated by the results 
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SOLTJBILITY OF HYJJROGBN, MOLE) FKBOBNTAGB 
abs* pressure (atm.) 


solvent 

10 

16 

25 

40 

60 

remark 

pure CH4 

0^5* 

0*8^ 

1-3* 

2-0* 

3-0 

Fastowsky & Gonikberg 

pure CH4 

(0-2)* 

(0-3) 

(0-6) 

(0-8) 

(1*0) 

Freeth & Versclioyle 

pure CO 

1-8 

8-0 

6-4 

9-0 

13-8 

obtained from smoothed curves for 

pure Ng 

1-4 

2-0 

6-0 

8-7 

14-4 

the experimental data at 
—186° C (Verschoyle) 

complex 

mixture 

1-2 

1-6 

2-4 

3-0 

6-2 

author's experimental data 


Note, (a) * Values are obtained by extrapolation of the smoothed curves. 

(6) The values given in parentheses are obtained from the smoothed curve for the experi¬ 
mental data by Freeth & Verschoyle'(i93i) on the system at —183° C. The experi¬ 

mental results below 80 atm. by these authors are much lower than those by Fastowsky A 
CJonikberg (1940), but above 80 atm. higher than those by the latter authors. 


in table 1 at — 195-6 and ~ 183® C. For instance, at a pressure of 26 atm. the solubility 
of hydrogen at — 195-6® C was the same as that at — 183® C, and at pressures below 
26 atm. it was slightly greater than that at — 183° C, despite the fact that in general 
the solubility decreases with decreasing temperature. At higher temperatures the 
condensed phase contained a much higher percentage of methane, and therefore 
the effect of CO and nitrogen upon the solubility of hydrogen would be smaller. 
A comparison between the following results obtained by Fastowsky & Gonikberg 
(1940) for the H 2 -CH 4 system at —163° C and the present data at — 160-6° C above 
40 atm. shows that the difference between the solubilities in both cases is small. The 
greatest difference, as shown by the following table, occurs at 90 atm. and is possibly 
due to the presence of more CO and Ng. 


pressure in atm. 

temperature ^-- 


°C 

90 

60 

40 

-163 

8-0 

6-4 

♦3-6 

-160-6 

8-6 

6-5 

3-4 


• Extrapolated value (all obtained from smoothed curves). 


As already mentioned, the 2 >-aJ isotherms of the hydrogen component in the vapour 
phase indicate the degree of equilibrium condensation of gas mixtures, but at higher 
pressures these isotherms fail to show a slight increase of the percentage condensation 
with increasing pressure (for example, at —183® C and 90 atm.). It is also of interest 
to show that the t*x isobars of the vapour phase can be used to interpolate the results 
at other temperatures. In figure 6 the Ux relationships for the hydrogen com¬ 
ponent ore derived from the p-x diagrams at the several pressures which are useful 
in the. design of liquefaction and separation plant. By inspection of the trend of 
these curves, it is possible to interpolate the results up to —160® C with reasonable 
accuracy. From —160 to about — 140®C, however, there seems to be a gradual 
change of the slopes of these curves, so that it is impossible to determine the com- 
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positionsof the vapourphase by interpolation, owing to laokof soffidentexperimental 
data above —160° C. At temperatures above —140° and below —104° C it would 
seem probable that a linear relationship exists between the temperature and com¬ 
position at constant pressure, since these temperatures are above the critical 
temperatures of Ng and CO but still below those of the hydrocarbons. The hydrogen 
concentration of the condensed phase can be interpolated from the solubility curves 
in figure 6 , and the composition of the condensed phase at other temperatures can 
then be calculated by the method mentioned before. 


orit. temp. 



temperature (® C) 

FiGinuc 0. Temperature-composition isobars for the hydrogen component 
in equilibrium vapour phases. 

The prediction of the phase behaviour in complex systems similar to those studied 
is of industrial importance, not only in the consideration of the economical utiliza¬ 
tion of coal gas itself but also in relation to the low-temjwrature treatment of coke- 
oven gas. In the petroleum industry, the so-called ‘equilibrium constants’ (Katz 
1938 ; Buckley 1938 ; Sage & Lacey 1941 ) (the ratio of concentration of any com¬ 
ponent in the vapour phase to its concentration in the liquid phase) have been used 
in the calculation of the compositions of the co-existing phases in complex hydro¬ 
carbon systems. This is because extensive data on various hydrocarbon systems for 
binary, ternary and multi-component mixtures have been made available by a 
number of investigators, so that it has been possible to correlate the values for the 
equilibrium constants of any particular component and to apply them to praotical 
problems. In the case of the complex mixture studied, the problem is more involved. 
Since this mixture is composed of hydrocarbons as well as inorganic gases with a 
wide range of boiling-points, it would not be possible to expect such a mixture to 
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form ideal Bolutions, and therefore, from the phase rule, the equilibrium constant 
for any component is not a function of pressure and temperature only, but is also 
dependent on other variables such as the relative amounts of each component 
present in the mixture. The experimental information obtained from coal-gas A 
and coal-gas B, though incomplete, besides indicating the general influences of 
pressure and temperature on the equilibrium constants of the volatile components 
present, also showed that the values for the equilibrium constants of the CO com¬ 
ponent from the former mixture were smaller than those from the latter, whereas 
the values for the hydrogen component were practically the same for both mixtures, 
i.e. in the case of CO there was a definite effect of composition on the equilibrium 
constants but not in the case of hydrogen. Owing to lack of experimental data on 
various compositions of the system studied, it is impossible at the present time to 
form any generalization, and therefore a different method of approach must be 
employed for predicting the phase behaviour of such complex mixtures. 

Suppose the working tem{)erature and pressure are such that only olefines and 
ethane can be condensed out from the original gas; then the complex mixture 
would be reduced to a quaternary system, H 2 *CO-Na;CH 4 . If methane were 
also condensed out, the mixture would be further reduced to a ternary system, 
H 2 -CO-N 2 . Owing to the proximity of the critical points of CO and Ng, the 
quaternary system can be considered as a ternary model, H 2 -N 2 -CH 4 or 
Ha-CO-CH 4 system, so that it is possible to make use of the published equi¬ 
librium diagrams of these ternary systems. On the assumption that the condensed 
hydrocarbons would exert no influence on the other components which are present 
in the original gas, the mixture thus obtained could be considered to form the 
co-existing phases at the temperature and pressure in question. On the basis of 
these assumptions, the composition of the vapour phase for such a mixture was 
found from the published equilibrium diagrams. 

In table 6 are shown some examples of the methods used for correlating the 
experimental vapour-phase data for coal-gas A with the values found from the 
equilibrium diagrams at the temperatures and pressures indicated. In column (3), 
‘new composition is given the composition of the gas mixture obtained, if olefines 
and ethane or if all hydrocarbons present could be condensed out from the original 
gas without influencing the other components present. The compositions of the 
vapour phase shown in column (4) are found from the published equilibrium 
diagrams, of the H 2 'N 2 -CH 4 system by Steckel & Zinn (1939), and of the 
H 2 -CO-N 2 system by Ruhemann & Zinn (1937). As previously described, hydrogen 
is very slightly soluble in liquid hydrocarbons under the experimental conditions 
employed, whereas the other components are condensible to various degrees; hence 
the experimental percentages of hydrogen in the vapour phase are invariably 
higher than those found from the equilibrium diagrams at the corresponding 
temperatures and pressures. The difference between these two values of the hydrogen 
concentrations indicates the influence of the condensed hydrocarbons upon other 
components present, and therefore can be taken as a correction factor. When this 
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factor is subtracted from the total amount of the other components given in column 
(4), and the difference obtained is then apportioned according to their relative 
amounts, it will thus give the percentages of other components with a reasonable 
degree of accuracy. The results of these calculations are shown in column (6). It 
will be observed from this table that, except for the first case (at 10 atm. and 
— 166-4°C), the percentage of either CH« or CO, thus correlated, is invariably 
higher by 0-2 to 0'6 % than its experimental value shown in column (5), and con¬ 
sequently the percentage of Nj becomes lower by the same amount. This can be 
explained by the fact that the critical temperature of either CH^ or CO is higher 
than that of nitrogen, so that both of the former components are more condensible 
than the latter under the influence of the condensed hydrocarbons. 


Table 6. Methods of coreblation fob experimental data with the 

REStTLTS FROM PUBLISHED EQUIUBBIUM DIAGRAMS 


pressure 

reduced 

new 

equilibrium experimental 

correlated 

correction 

atm. (abs.) 

system 

composition 

1 diagram 

composition composition 

factor 

(1) 

(2) 

(3) 

(4) 

(6) 

(6) 

(7) 




«*= -166*4® C 



10 

H, 

53*1 % 

63*0% 

68*8% 

68*8% 

6*8 


•N, 

25-4 

28*5 

23*5 

24*0 



CH4 

21-5 

8*6 

7*7 

7*2 


15 

H, 

53-1 

66*2 

72*6 

72*5, 

6*3 


•N, 

264 

26*3 

21*9 

21*4 



CH4 

21*5 

7*5 

6*0 

6*1 









12 

H. 

68*2% 

72*6% 

84*6% 

84*6% 

12*0 


N, 

15*4 

14*0 

7*6 

7*4 



CO 

10'4 

13*4 

7*0 

7*2 



<CH.) 

— 

— 

(0*8) 

(0*8) 


20 

H. 

08*2 

79*6 

88*1 

88*1 

8*6 


N, 

16*4 

11*0 

6*6 

6*2 



CO 

16*4 

9*6 

6*0 

6*4 



(CH*) 

— 

— 

(0*3) 

(0*3) 





~ 196® C 




12 

H. 

68*2% 

87*8% 

93.4% 

03*4% 

6*6 


N, 

15*4 

7*6 

4*3 

4*1 



CO 

10*4 

4*7 

2*3 

2-6 



represents both CO and Nj. 


In the case of the Hj-*Ng-CH 4 system at ~ 166'4® C, the respective amounts 
of CO and Ng present may be estimated according to their proportion in the original 
gas. This method of correlation is fairly accurate over the range of lower pressures, 
but at higher pressures the accuracy is not so satisfactory. This can be shown by- 
comparing the experimental results at ~ 166*4® C with the correlated values as 
follows; 
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Mole pbbobntages ob CO and N, at ~ 166*4® C 
prenaure in atm, abs* 


component 

10 

15 

26 

34*6 

49 


remark 

CD 

121 

11*4 

10*0 

9*0 

8*01 




11*4 

10*6 

9*8 

9*4 

8*6* 


results interpolated ffom 

CO-fNg 

23*6 

21*9 

19*8 

18*4 

16-6j 


experimental data 

CO 

12*4 

11*0 

10*1 

9*2 

8-61 

1 

• 

N, 

11*6 

10*4 

9*6 

8*6 

8-1 

1 

1 

results correlated 

CO + N, 

24*0 

21*4 

19*6 

17*8 

16*7j 

1 



It is evident that above 25 atm. the correlated results fail to indicate the relative 
order of magnitude for the experimental data of the two components, though the 
difference between the two corresponding values for each component is still relatively 
small. This is probably due to the fact that at higher pressures CO becomes more 
condensible than Nj, and therefore the proportion in mole percentage of these two 
components differs considerably from those at lower pressures. In order to reproduce 
the experimental results more satisfactorily, it seems to be necessary to use a slightly 
modified method of estimating the respective amounts of these two components, 
probably by introducing into the calculation another correction factor based on 
their proportions in mole percentage from the experimental data at various pressures. 
It should be noted that the compositions of the vapour phase at —166*4° C given in 
column (5) are obtained by interpolation of the experimental data (see figure 6). 



0 10 20 30 40 50 60 

absolute pressure (atm.) 


Fioxtub 7. Correction factors. 

Following the general method of correlation, the correction factors for other 
pressures up to 60 atm. at three different temperatures are obtained and plotted 
in figure 7, including those for low pressures shown in table 6, These factors, together 
with the published equilibrium diagrams already mentioned, will enable an estimate 
to be made of the composition of the vapour phase for any complex mixture similar 
to coal gas. In practical calculations, if the estimated results axe further slightly 
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corrected for effects such as described above, it is possible to increase the degree of 
accuracy of the predicted results. When the composition of the equilibrium vapour 
phase is known, the composition of the condensed phase can be calculated by the 
methods already described. 

In the case of coal-gas B, if only hydrocarbons could be condensed out, the 
composition of the reduced system would be: H 2 = 70-8%, Nj = 15*1% and 
CO ™ 14*1 %. At --183® C and 20 atm. the composition of the vapour phase found 
from the published equilibrium diagram for such a system is: « 79*2 %, 

N 2 “ 11 * 3 % and CO = 9*5%. These values are almost the same as those found 
from the same diagram in the case of coal-gas A as shown in column (4), table 6 , 
although the composition of the reduced system indicated above differs by more 
than 2 % in the concentrations of H 2 and CO from that of such system derived from 
coal-gas A. Thus, it explains the fact already observed that at — 183® C the experi¬ 
mental data on the composition of the vapour phase obtained from coal-gas B are 
practically the same as those from coal-gas A at the same pressures. 

It should be pointed out that, by an inspection of the vapour branch and the tie 
lines in the published equilibrium diagrams for the H 2 -N 2 -CH 4 system at - 183® C, 
the concentrations of CH 4 present in the vapour phase at constant pressures above 
10 atm. are very small and appear to be slightly affected by the wide variation of 
the amount of CH 4 in the ternary mixture. In view of this fact, the present experi¬ 
mental values for concentrations of CH 4 in the vapour phase may be considered as 
constant quantities within the limit of experimental error for this class of complex 
mixtures. The experimental result reported by Ssakmin ( 1935 ) on coke-oven gas 
containing 25 % CH 4 showed that the concentration of methane in the vapour phase 
at —185® C and 11 atm. was 1*0 %; this value agrees closely with present experi¬ 
mental data for coal-gas A containing 20*5% CH 4 at — 183®C and at the same 
pressure. Hence, in the calculations shown in table 6 (also in other instances), the 
small amount of CH 4 is simply taken as a fixed quantity and treated as if it were 
a correction factor. 

As an example of the practical application of the correction factors, coke-oven 
gas can serve as an illustration, since it will give a comparison of the result predicted 
with Ssakmin’s data. In table 7 are indicated the methods used and the results 
obtained in each step of the procedure. 

The agreement with Ssakmin’s result is considered to be good, even in the case 
of CO, espi^cially in view of the fact that the degree of consistency between present 
experimental data and those by Ssakmin cannot be ascertained. 

The experimental results for the vapour phase at -185® C obtained by Ssakmin 
from a different sample of coke-oven gas indicates that in general the relative order 
of magnitude for each component is almost the same as that of present experimental 
results. For instance, in the case of hydrogen, the p-ar curve shows a general trend 
similar to that of the isotherm for —183® C (figure 5), though the ultimate values 
for hydrogen concentrations are about 2 % higher than those predicted. It seems 
that Ssakmin’s data on coke-oven gas given in table 7 compare favourably with the 
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present experimental data. With regard to the composition of the oondeneed phase, 
the solubility of hydrogen reported by Ssakmin is not only far greater than that 
obtained in this investigation, but also mucli greater than that in pure CO and N{, 
and therefore the mole percentage of gas condensed at — 186° C continues to increase 
considerably with increasing pressure. This is entirely different from the present 
result at pressures greater than about 16 atm., as can be seen from figure 4. 

Table 7. Prediction of the composition of vapour phase fob 
COKE-OVEN OAS (AT — 185° C AND 12 ATM. ABS.) 

Correction factor used 12"0% 


equilibrium predicted result 


component 

coke-oven 

reduced 

system 

diagram 

-183 °C 

- 183° C - 

.> 

■ 186° C * 

after 

correction 

Ssakixun B 
data 


1-5% 

...... 

— 

— 

— 

— 

— 

C,H, 

10 




— 

— 


('H« 

24-0 



0*8 

0*8 

0*8 

1*0 

0 . 

10 



„ — 


— 

0*3 

H, 

filO 

70*4 

70*5 

82*6 

84*1 

84*1 

84*6 

CO 


9*0 

8*9 

50 

4*5 

4*0 

3*3 

N , 

15*0 

20-6 

20*6 

11*7 

10*6 

IM 

10*8 


• The jiredicted result at — 185“ C is obtained by interpolation from 6gure 6. 


In order to utilize the experimental data for the design of plant, it may be necessary 
to study the significance of the plot for percentage condensation given in figure 4. 
These ctuves show clearly that for each working temperature there is a limit above 
which it would appear that no benefit would be derived from an increase of the 
operating pressure. Also they indicate that if the working temperature is lowered, 
the operating pressure can be reduced, i.e. an increase of heat leakage will result in 
decreasing the power cost for compression of the gas for the separation of the same 
quantity of a certain constituent. The optimum temperature and pressure required 
vary with the nature of the constituent to be extracted, and can be chosen to give 
the best economy. This problem has been mentioned by Ssakmin in his research 
on the separation of coke-oven gas, and is more fully discussed by some investigators 
(Egerton et al. 1945 , 1946 ) in this Laboratory in connexion with the extraction of 
olefines and methane from coal gas. 

The author wishes to express his grateful thanks to Professor Sir Alfred C. Egerton, 
Sec.R.S., Head of the Department of Chemical Engineering and Applied Chemistry, 
Imperial College, under whose direction the work was carried out; to Professor 
D. M. Newitt, P.R.S., of the same Department, for helpful advice'and encouragement; 
and to Dr J. H. Burgoyne and Dr T. A. Hall for giving every possible assistance iii 
this work. Thanks are also due to the Department’s chief mechanic, Mr A. M. Alger, 
who was responsible for the construction of the main apparatus. 
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Production of penetrating particles in extensive air showers 

By D. Beoadbbnt and L. JAnossy* 

The Physical Laboratories, University of Manchester 

{Communicated by P. M. S. Blackett, F.R.S.—Received 23 May 1947) 

The present paper contains an analysis of the experimental material presented in two 
previous communioations (Broadbent A Jinoasy 19470,6, referred to as 1 and II) and also 
the important papers of Cooooni, Loverdo & Tongiorgi {1943, 1944, 19460,6), and tliose of 
Baudin (1942, 1943). Use is also made of unpublished experimental material obtained by 
Miss B. Choudhuri. 


1. The density DisTEistrnoN of extensive air showers 

(a) Method of determination 

Write {F\,P„ ...) for the rate of ooinoidences between a number of counter trays of 
areas F^,F,,.... If the trays do not overlap and if their separation does not exceed 
a few metres, then the rate of coincidences due to air showers can be expressed 
according to Daudin and others in terms of the density spectrum C{x) as follows: 

In particular, assuming C{x) « (2) 

we find {F^, f,,...) » yjsj* (i - c-^i*) (1 - ^. (3) 


* Now at the Dublin Institute for Advanced Studies. 
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It was observed by various authors that from (3) the following relation can be 


derived: 




(4) 


Thus changing the areas of all counter trays by the same factor a leads to a change 
of the counting rate by a factor a^. 

Cocconi and co-workers observed the rate of threefold coincidences between 


three equal trays F. They found that within wide limits the counting rate varied 
as the l- 6 th power of the areas F. It was thus concluded that the density spectrum 
is in fact given by an expression of the type ( 2 ), and it was concluded that the 
exponent of the spectrum is about y = 1-5. The actual value of the exponent was 
found to depend on the height at which the observations were carried out. 

Similar results were obtained by Daudin ( 1942 , 1943 ) and by Clay ( 1943 ). 


( 6 ) Pmetrating particles 

It was found by Auger and by many others that the rate of shower coincidences 
decreases very strongly when the counter trays are shielded by thick absorbers 
of lead. These observations show that extensive showers contain mostly soft 
particles together with a few penetrating ones. 

The density spectrum of penetrating particles in an air shower might be deter¬ 
mined from observations with shielded trays making use of the equation ( 1 ). 
Such measurements were carried out by Auger & Daudin ( 1945 }, how’ever, the 
absorbers used by Daudin were not thick enough to eliminate electrons and 
photons completely. The only measurements with thick absorbers available are 
those of Cocconi and his co-workers. Threefold coincidences were observed, and 
it was found that an increase of the counting areas from 129 to 258 cm.* resulted in 
an increase of the triple coincidence rate by a factor of 2-0 ± 0 - 6 . If this increase is 
to be interpreted in terms of a power spectrum of the type ( 2 ), we find for the 
exponent corresponding to the spectrum of the |)enetrating particles 

Yp = log (2-0 ± 0-5)/log (268/129) = 1-0 ±0-30. ( 6 ) 

The above value is rather inaccurate, and it is compatible with the assumption that 

y*7p~l’5. (6) 

If we assume (0) to be correct, then we are led to assume that the penetrating 
particles in a region of density x have a density kx, with k = constant. 

The value of k can be determined from the ratio of coincidences with and without 
absorber over the counter trays. Cocconi found that the rate of threefold coin¬ 
cidences decreased by a factor 1/300 when the trays were shielded. From this 
observation one may conclude 

l/jfc- 300i/)' = 46. (7) 

The measurements of Cocconi do not prove that k is constant. This assumption 
is, however, strongly supported by cloud-chamber evidence obtained by Miss 
B. Choudhuri (unpublished), and on the strength of this evidence we shall assume 
in the following that k is constant or depends only slightly on the density x. 
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2 , The) origin of the penetrating particles 

We have supposed in the preceding section that the penetrating particles form 
a fraction k of the incident shower particles. As was pointed out to us by Dr B. Fer- 
rettij an alternative assumption can be made. The penetrating particles may be 
assumed to be produced locally, i.e. they might be produced by incident particles 
in the absorbers shielding the counter trays. If the penetrating particles are, indeed, 
produced in the local absorbers, then the fraction k must be interpreted as the 
probability that an incident particle will give rise to penetrating particles before 
being absorbed by other processes. There is no final evidence available as to the true 
origin of the penetrating particles, and therefore we shall distinguish in the following 
between the main possible hypotheses: (see figures 1 a,b,c) 



hypothesis A hypothesis Bj hypothesis Bj 

(a) ( h ) (0) 

Figure 1. The hypotheses A, Bj and B,. — - Electron. — penetrating particle, 

- nucleon. 

Hy'poihesia A. The penetrating particles are produced in the air above the 
apparatus. The fraction of penetrating particles in any sample of shower particles is k. 

Hypothesis B. The penetrating particles are mainly produced in the local absorbers 
covering the counter trays. The probability that an mcident particle will give rise 
to penetrating particles is k. 

The hypothesis B admits further two alternatives which have to be considered 
separately in connexion with the experimental findings. Namely, 

Hypothesis The penetrating particles are produced by electrons (or photons) 
in the local absorbers. 

Hypothesis B^. The penetrating particles are not produced directly by the elec¬ 
trons or photons of the main showers but are produced through an intermediate link. 
The most important possibility, the only one which will be considered in the following, 
is that the link consists of fast nucleons.* Thus h 3 rpothesis B^ assumes that the main 
shower gives rise to secondary nucleons and that these nucleons falling on local 
absorbers give rise to penetrating particles. 

* We note that referring to 'nucleons* we mean the primaries of the local penetrating 
showers (see paper I). We think tliat these particles can be safely identified as nucleons, " 
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3. Thk Z dbpendknok of k 

Experimental evidence has been brought forward showing that the value of k 
remains the same whether the counters are shielded with lead only or whether they 
are shielded with a layer of light material placed above a lead shield (Cocconi & 
Festa 1947 ; Mura, Salvini & Tagliaferri 1947 ;* and see also II). This experimental 
result has different interpretations, according to which of the hypotheses A, or B 2 
is assumed to be valid. 

According to hypothesis A the particles are not produced in the local absorber, 
which serves merely to prevent soft particles from reaching the shielded counters. 
The composition of this absorber is therefore unimportant. The experimental result, 
showing no change of the coincidence rate for different absorbers, can be readily 
understood under hypothesis A. 

Similarly the experimental result can be understood when hypothesis B^ is 
assumed to be valid. If the absorber is sufficiently thick, then every nucleon will 
give rise to mesons and thus penetrating particles will appear whenever nucleons 
are incident from the air. No dependence on the composition of the absorber is 
to be expected. 

Hypothesis B^ has to be interpreted in view of the experimental findings as 
showing that the cross-section for the production of penetrating particles by electrons 
or photons increases more rapidly than the atomic number A when different absorbers 
are compared. In particular, a cross-section proportional to (per nucleus) could 
well account for the observed results. The detailed discussion of this case was given 
in paper II. 

4 . Discussion of the experimental, results of paper II 

Coincidences were observed with the penetrating shower set P and an extension. 
Experiments wore carried out with an unshielded extension E and also with a 
shielded extension 8. 

The set P, described in more detail in paper II, contained two heavily shielded 
trays m and 6 , both subdivided into two trays, and an unshielded top tray t sub¬ 
divided into three trays (see figure 2 ). Coincidences (P) involved the discharges of 
at least seven counters: three out of t and two each out of m and 6 . At least two 
penetrating particles are needed in general for producing a coincidence (P). A single 
penetrating partidle can only disohaige the two shielded trays provided it happens 
to give rise to two independent secondaries over the trays m and 6 . The probability 
that a meson gives rise to such a double knock on shower was determined by J&nossy 
( 1942 ) to be of the order of 1/4000 per incident meson. 

Considering ooinoidenoes (P) it is necessary to distinguish whether or not an 
absorber T is placed above t. In the absence of such an absorber at least three 

* [Note odAed in proof The ©xperiinental findings were originaUy interpreted in a slightly 
different way by the authors. Professor Salvini in a private communication pointed out that 
he and his colleagues are now inclined to adopt the interpretation given here. 
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partioles incident from the air are required so as to discharge the subtrays of t (see 
figure 3). In the presence of an absorber T one incident particle and its secondaries 
can discharge (P) (see figure 2a). For instance, a single meson giving rise to a triple 
knock-on can cause a coincidence (P). The probability for such a coincidence was 
shown to be 6 X 10~* per meson. 



(a) (6) 

triple knock-on hypothesis B 

FiotraE 2. Mechanism of coincidences (P), TsslOcm. Pb. 



(o) (6) 

Penetrating particles produced Penetrating particles produoed 
by non-ionizing agent by ionizing agent 

Fiatjas 3. Mechanism of ooincidenoea (P),, P = 0. 

(a) The bias introduced by the set P on the density spectrum 

The rate of coincidences {P,E) with different unshielded extensions E were 
recorded. The measurements were carried out with absorbers T from 2 to 10 cm. Pb 
over t. The following relation was found; 

(P, E)ccE^\ (8) 

Measurements were carried out with » 0*1, 0-26 and 0-36 m.*. Equation (8) 
probably holds down to areas much less than 0-1 m*., as is indicated by cloud-chamber 
observations of Miss B. Choudhuri. 
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Equation (8 ) Ib interpreted as follows. The set P introduces a bias upon the 
density spectrum of the incident showers. We write P{x) for the probability that 
a shower of density x is recorded by P The effective density spectrum falling on E 
tathm given by . P(x).gCW. («) 

The rate of coincidences (P, E) is thus given by 

(P P) = PyJ^ (1 -e-«*) . (10) 

From (8) and (10) we find P(x)ccx, (11) 

and further with help of (9) we obtain for the biased spectrum 

D{x) = P'a:-»«. (12) 

The spectrum D{x) cannot be assumed to obey (12) up to arbitrarily high densities, 
as such a spectrum would contain an infinite number of particles in the high-density 
region. From the experimental material (11) and (12) must be assumed to hold only 
up to densities Xg = 1 jE^, where E^ is the lower limit of the validity of the observed 
relation (8). 

(6) The physical interpretation of P{x) 

The result that P{x) is proportional to the density x is rather remarkable, and it 
leads to the following consideration. 

We infer from equation (12) that most of the coincidences (P, P) are caused by 
showers of low density, in spite of the bias introduced by P The collecting area 11 
of P is (7 = O'l m.®, while the validity of (12) has been ascertained to densities much 
less than 1/(7 *= 10 particles per m.*. Indeed, in paper II we have reported a notice¬ 
able increase of the coincidence rate (P, E) while E was increased from 0-25 to 
O'35 m.*. This increase must be due to showers with densities of about 3 or 4 particles 
(or even less) per m.*. Such showers have on average less than one particle falling 
on P Thus P(x) appears to be proportional to the probability that one particle falls 
on P 

An assumption to the effect that P is set off in general by more than one particle 
incident from the air ban be ruled out, as we show in the following. 

Assuming that the density of penetrating particles is given by kx, we find for the 
probability of two or more particles falling on the area (7 

P,(x) l-(l + kUx)e->‘^^^i(kUx)». (11a) 


Introducing (1 lo) [instead of (11)] into (10) we obtain an expression of the following 


type 


(P,E)ocl-i(kU/E)^^+...; 


(8a) 


it is thus found that for large values of E, (P, E) should according to (8o) become 
roughly independent of E, This is not the case, as can be seen from the fact that (8) 
was verified up to large values of E, In particular, the noticeable increase of the 
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coinoidenoe rate when E was increased from 0*25 to 0-36 m.* excludes the validity 
of (8a) and thus excludes the possibility of a bias of the type (11a). It must be 
concluded therefore that the set P is set off by the effects of one incident particle 
and not by the combined effects of two or more particles. 

We reject a possible criticism of the above argument in the following: 

It was pointed out to us by Dr D. J. Montgomery, that our discussion depends 
essentially on the assumption h = const. If we were to assume instead 

k^kjx^^ (13) 

then the expression (I la) for Pf{x) would in the region of small densities be pro- 
jKjrtional to x and not to x*. Thus assuming (13), the observed relation (8) becomes 
compatible with the assumption to the effect that P is usually set off by two in¬ 
dependent particles coming from the air. 

The relation (13) is, however, incompatible with the observations of Cocconi 
described in §1(6) of this paper and is also incompatible with the observations of 
Miss Choudhuri. Indeed, if equation (13) were assumed to be valid, then the three¬ 
fold coincidence rate between three shielded trays would be given by 

r (hr r ^ f/s 

(F,F, F) = (1 (1 (14) 

and thus doubling the value of F should produce an increase of the coincidence 
rate by a factor 8. The observed increase by a factor of 2-0 ± O-S is thus incompatible 
with the equation (14) and is therefore incompatible with the equation (13). We have 
therefore to maintain the conclusion arrived at above to the effect that the set P is 
discharged, as a rule, by the effects of a single incident particle coming from the air. 

(c) The mechanism of the coincidences (P) 

The fact that P is in general set off by the effects of one particle has different 
implications according to which of the hypotheses A, Bj or Bj is valid. We discuss 
the thiee possibilities separately. 

A. In this case P is supposed to be set off by the effects of a single penetrating 
particle coming from the air (figure 2 a). P could only be discharged by means of 
a triple knock-on shower. Mesons do not give rise to sufficient numbers of triple 
knock-on’s to accoimt for the observed coincidences. 

Bj. In this case we must assume that electrons (or photons) are capable of 
producing penetrating groups (see figure 26). The probability of an electron (or 
photon) giving rise to such a group before being absorbed must be at least of the 
order of k. The cross-section of this process must be assumed to vary approximately 
with Z®. 

Bg. If we assume that the extensive shower contains an admixture of fast nucleons, 
then these nucleons would give rise to groups of mesons in T (see paper I) as shown 
in figure 26. 
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Whichever of the three possibilities corresponds to the actual facts the function 
P{x) must be assumed to be given by 

P(a:) (15) 


where /? is a factor depending on the geometry of P. It represents the probability 
that the penetrating particles once emitted are capable of discharging the various 
trays of P. 

The probability that a shielded tray of area S is discharged by a shower of density 


X is of course 


P{x) — I— 


(16o) 


For the simple tray S the factor /? can be taken to be unity. 

The expression (16) is proportional to x for densities x^l/kU'^IdOO particles 
per m.*, and shows saturation for larger densities. 


(d) Determination of kfrom the. data of paper II 

Comparing the coincidence rate (P, E) obtained with the unshielded extension E 
with the rate of coincidences (P, S) obtained with the shielded tray S we obtain an 
independent determination of k. 

The relevant observations were carried out without absorbers T above the set P. 
In the absence of an absorber T three incident particles are needed to set off P as 
shown in figures 3o and Zb. The shielded trays, however, are set off by the effects of 
one incident particle only (see figures 3a and 3b). 

The particle giving rise to the penetrating particles may be non-ionizing (e.g. a 
photon), in which case at least three soft particles are needed to set off the trays t 
(figure 3o). If, alternatively, the penetrating particles are produced by an ionizing 
primary, then the primary itself will discharge one of the subtrays of t, and only two 
additional soft particles are needed for setting off P (figure 3b). 

We discuss these cases quantitatively as follows; 

Coincidences (P, S), T — 0. (1) Assume that the penetrating particles setting off 
P are produced by photons or some other non-ionizing agency below the unshielded 
tray t. The probability of the unshielded trays being set off is given by 

p(a;) = (l-c-<*)*, ( 16 ) 

where t » JU is the area of one of the subtrays of t. The probability of a particle 
falling on is 1 - e~^^, while the probability that the shielded trays m and 6 are set 
off by a penetrating group is given by (16); has to be chosen so as to correspond to 
the geometry of two trays. The three probabilities are independent; thus the rate 
of coincidences {P, E)q (the suffix 0 is used to indicate T = 0) is obtained as > 

Poo 

iP,E)o^fiyBj^ (l_e-to)a(i_e-«*)(i_e-*t'^)^. (17) 

(2) Alternatively, if we assume that the penetrating group is produced by an 
ionizing particle, (this alternative also includes hypotheidls A), then the probabilities 
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(15) and (16) cease to be independent. As the result of a short oalonlation we find in 
this case , 

(P, E)o == {(1 _e-te)8_(e-*te_e-»*)8}(i_e-if*)_ (18) 

for jfc < 1. (18) can be replaced in good approximation by 

(P,P)o = /?7BJ^ (18o) 

Integrals of the type (17), (18) and (18a) can be evaluated easily as shown in 
appendix 1. Referring to this appendix, note that the factor 1 - under the 
integrals hardly affects the numerical value of the Integral and it can be omitted. 
Physically, this means that the subtrays of t produce a low-density cut-off of the 
sj)ectrum at about 1/^ = 30 particles per m.^, and therefore the tray E is saturated 
for all effective densities. (Note that no such cut-off occurs in the presence of an 
absorber T; see, for example, figure 26). 

Coincidences (P, S) with iT == 0. The rate of coincidences (P, S)^ can be evaluated 
in a similar way. Remembering that U = we get, with help of (16) and (15a), 

r® dr 

(P,6’)o = (l-c-*t'*)8(i-c-to)*^. (19) 

The above equation refers to the case illustrated in figure 3 a, of penetrating par¬ 
ticles produced by non-ionizing primaries. A similar expression can be obtained for 
the case of penetrating particles produced by ionizing primaries. 

Determination of k. The integrals (17) to (19) can be developed in powers of h. 
Using the expressions given in appendix 1 we find thus from (17) for y = 1*6 

(P, P)o = >P/ff[0-268t7h-2(C7h)i»-l-5-98(17h)»- +...]. (20) 

The expression in the square brackets refers to the assumption that the pene¬ 
trating particles are formed by non-ionizing agents. If they are produced by ionizing 
agents then the expression in the square brackets should read 

0-32117*-2(17ji:)*® + 6-31(Uh)»- -+-.... (20o) 

Similarly, from (19) 

{P,S)o = V^P/?[l-667(f7*)i’»-ll-96(l7*)*-l-262(U*)»-H - ...]. (21) 

The corresponding expression referring to penetrating particles produced by 
ionizing agents is obtained by replacing the square brackets by 

l-667(U*)i»- 10-62(U*)*-f 208(17ifc)»- -f-.... (21o) 

The observed ratio (P, E)J{P, 8)^^ taken from paper II is found to be 

(•P> E)J{P, 8)f) * 4-2 ± 0-4 (observations with d = 2*6 and 9m.). (22) 

The calculated ratio depends on the value of *. We have plotted this ratio in figure 4. 
Two curves are shown; curve 1 is obtamed fi-om (20) and (21), whfie curve 2 is 
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obtained from ( 20 a) and ( 21 a). The observed value of the ratio, together with its 
standard deviation, is also shown in figure 4. From the intersections we find 



62 ±16 
44± 10 


(assumption of non-ionizing primaries), 
(assumption of ionizing primaries). 


(23) 


If we taiSi^ the most likely assumption, namely, that the primaries are mixed 
ionizing and non-ionizing, then we can assume l/ifc to lie in between the two values 
given in (23), and thus a value of about 50 is indicated. The above value is in agree¬ 
ment with Cocconi’s value quoted in equation ( 6 ). 



-10 -20 
logio k 


Figusb 4. {P,E)J(P,S)f observed and calculated. Curve 1, penetrating particles produced 
by non-ionizing agent; Curve 2, penetrating particles produced by ionizing agent. 


(e) Remark on the coincidences (P, iSj, 82 ) 

Coincidences {P, 81 , 82 ) require two particles emerging out of the shield above 
the tray 8 . From the previous discussion it appears likely that these two particles 
are in general not two penetrating particles both incident from the air, but two 
particles arising from a common primary falling on the absorber. (The common 
primary might be one of the particles themselves.) 

The assumption that the coincidences (P, 8 ^, 82 ) are not caused by independent 
penetrating particles as illustrated in figure 5 a but are due to connected groups as 
shown in figure 5 b is supported by the observed coincidence rates, as can be shown 
in the following way, 

The rate of coincidences caused by pairs of independent penetrating particles 
(figure 60 ) is given by the following expression: 

(l-c-»*«*)*(l-e-*'t^*)(l-e-te)«^^. (24) 


VoK 19 a. A. 
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Developing this integral in powers of fc, we find 

(P, ^§ 2)0 == 0*277 + terms in P and higher. (26) 

Prom (26) and ( 21 ) we find using the value of k given in (23), 

f 3*9 calculated for indeTOndent penetrating particles, 

(P, >S)o/{P, ^Sg)^ \ rl TT 

(2*3 ± 0*34 observed, paper II. 



independent penetrating connected penetrating 
particles particles 

PiotnaB 6. Coincidences (6\, 


The observed ratio is significantly smaller than the ratio calculated for indepen¬ 
dent penetrating particles. We have to conclude, therefore, that only a fraction of 
the coincidences (P,Si,S^) is due to the incidence of independent particles, while 
the rest is due to groups of particles as shown in figure 5b. 

We note that the leading terms in both ( 21 ) and (25) depend on the same power 
of k, therefore the ratio of the two expressions does not depend critically upon the 
numerical value of k. Hence the comparatively large uncertainty of k does not 
affect the validity of the above argument. 


6. The nature of the penetrating particles 

It remains to discuss the probable nature of the penetrating particles. As the only 
penetrating particles known among cosmic rays are mesons, we have to investigate 
whether the penetrating particles observed can be assumed to be mesons. The 
discussion must be carried out in three parts corresponding to the three possible 
hypotheses A, B,, B,. 

Hypothesis A . The penetrating particles are supposed to come from the air above. 
The set P was shown to be discharged as a rule by the effects of a single particle. 
A single meson could set off P only by means of a triple knock-on (see figure 2a), 
The probability that an ordinary meson gives rise to a triple knock-on was shown 
to be of the order of 6 x 10 -® (J&nossy 1942 ). This probability is too small to account 
for the observations. Thus the hypothesis A must be ruled out unless it is assumed 
that the penetrating particles observed are different from ordinary mesons. 
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Hypotkesia It is assumed that the penetrating particles are produced by 
electrons or photons. The penetrating particles were shown to occur in groups (see 
figures 3 a, 6 ); thus if the penetrating particles observed are mesons, we have to 
assume that at least the kth. fraction of all electrons (i.e. l/50th) of a shower give 
rise to mesons before being absorbed in the ordinary way. 

Not all electrons can be assumed to be capable of producing such groups. The tray 
8 was shielded by 16 cm. of lead. A minimum energy of 6 x 10 ® eV is thus necessary 
to produce two mesons each having a range of 16cm. of lead. It must be assumed 
that only a fraction of all electrons have energies above this limit. Thus the pro¬ 
bability of producing mesons must be taken to be more than 1/60 per electron if 
only electrons of sufficiently high energy are taken into consideration. 

Hypothesis Bj thus can only be valid if electrons or photons have a probability 
of a few per cent of producing a group of mesons before being absorbed. Such a large 
probability for meson production is exceedingly unlikely on general grounds. In 
particular, such a process would necessarily have a reverse process in which mesons 
would give rise to electrons or photons. There is, however, good experimental 
evidence that the numbers of meson secondaries, particularly in the low-energy 
region, does not exceed the numbers expected from the current theories. The exist¬ 
ence of a reverse process can thus be excluded on experimental grounds. Hypothesis 
Bj does not seem compatible with the assumption that the observed penetrating 
particles are ordinary mesons. 

It is interesting to note that the cross-section for the production of penetrating 
particles in air showers is of the same order as predicted for the production of 
longitudinal mesons by Hamilton & Peng ( 1944 ). It was pointed out to us by Dr Peng 
that this large cross-section arises because the radiation damping for the emission 
of longitudinal mesons by photons which have no longitudinal component themselves 
sets in only at high energies. 

We note that the emission of longitudinal mesons by photons has its reverse process, 
namely, the absorption of a longitudinal meson in the presence of a nucleon with the 
emission of a photon. This reverse process has a cross-section of the same order of 
magnitude as the cross-section for the emission of longitudinal mesons; hence, 
longitudinal mesons, if they exist at all, could be clearly distinguished by experiment 
from ordinary mesons. 

Though the suggestion to the effect that the penetrating particles in air showers 
are longitudinal mesons may be tempting, such a hypothesis could not account in 
a simple way for the observed Z dependence of the production of penetrating 
particles. 

The large cross-section for the production of the penetrating particles and also 
the observations suggesting a Z* dependence of the cross-section of their production 
could be both aocoimted for if a particle of a mass of about ten times that of the 
electron was postulated. 

Hypothesis JSj, While the two preceding hypotheses seem to be incompatible with 
the assumption that the observed penetrating particles are mesons, the h 3 rpothesis 
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Bg implies that the particles are mesons. If fast nucleons occur in air showers they 
are bound to produce groups of mesons when falling on the local absorbers of the 
apparatus (see paper I). We think, however, that we can rule out hypothesis B 2 on 
experimental grounds. 

First, if the penetrating particles were produced by nucleons, then a transition 
effect of extensive showers in paraffin, similar to the transition effect of the local 
penetrating showers, should occur. In paper I it was shown that while the local 
penetrating showers show a marked transition effect, the extensive showers show 
no noticeable paraffin transition. 

We have calculated in appendix 2 the magnitude of the paraffin transition effect 
in terms of hypothesis Bg, making use of the observed transition effect of the local 
showers, A discrepancy between the effect calculated in terms of hypothesis B 2 and 
the observed coincidence rates was found. Although the discrepancy between the 
calculated paraffin effect and the observations is statistically significant, we note 
that the actual calculation is complicated, and therefore additional evidence against 
hypothesis B 2 is desirable. Such evidence is obtained from the following argument. 

We suppose for the sake of argument the validity of hypothesis B 2 . We note that 
the nucleons will produce mesons not only in the local absorbers but also in the air. 
Every nucleon when absorbed in the air will give rise to several mesons. The ranges 
of the mesons will be greater than those of the nucleons. Hence we expect in any 
cross-section through the shower to find more mesons than nucleons. The mesons 
will spread out, and considering a small area we have to expect on this a single 
incident meson with a probability much larger than a single incident nucleon. We 
have shown, however, that the experimental results are incompatible with the 
assumption of single penetrating particles. 

Thus hypothesis Bg can be ruled out on the grounds that it leads one to expect 
single incident penetrating particles rather than groups of penetrating particles. 

6. Conclusions 

Summarizing, we are led to conclude that the hypothesis A can be excluded on 
purely experimental grounds, unless the existence of a penetrating particle with 
properties essentially different from a meson is to be postulated. It would be neces¬ 
sary to assume a particle that is capable of producing secondaries at a rate 
exceeding that observed for mesons. 

Hypothesis Bg would account for the penetrating particles observed in the 
extensive showers in terms of mesons, but this hypothesis leads to contradiction with 
experimental findings. In particular, hypothesis B 2 leads one to expect a transition 
effect of extensive showers in paraffin, while no such effect was observed. Further, 
according to this hypothesis most of the penetrating particles should arrive singly 
upon the apparatus, while there is experimental evidence that the apparatus is, 
as a rule, set off by penetrating groups. 

Hypothesis B^ leads us to expect that the observed penetrating particles are 
produced by the soft component, mainly when incident on local absorbers. The 
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penetrating particles are produced in groups with a cross-section proportional to 
or at any rate proportional to Z* with a > 1 . The cross-section itself amounts to 
a few per cent of that for pair production or bremsstrahlung* 

Although nothing is known about the behaviour of the particles produced in this 
process, it seems unlikely on general grounds that electrons or photons should be 
capable of giving rise to mesons in this fashion. If electrons or photons were to give 
rise to mesons with such a large cross-section, one would be led to expect a strong 
interaction between electrons and mesons, and this interaction should manifest 
itself giving rise to a reverse process. 

The absence of a reverse process for ordinary mesons makes it unlikely that the 
particles produced in the shower are mesons. 

We are greatly indebted to Dr B. Ferretti and Dr J. G, Wilson for valuable 
discussion. We are also indebted to Miss B. Choudhuri for communicating un¬ 
published results. 


Appendix 1 


In this paper use was made of integrals of the type (see also Auger & Daudiii ( 1945 )) 

dx 


E{x) 


f" T,/ V 

Jo 




(i) 


with E{x) = (] ... (1 (ii) 

and n > y > 0. (iii) 

We shall assume that y is not an integer, and further denote by m the integer 

defined by , , ... 

•’ m + l>y>m. (iv) 

Developing E{x) in powers of x, we find that the series starts with the nth power 
of X. Thus can be integrated down to zero. For high values of x, E{x) tends 

to unity, and the integrand vanishes sufficiently rapidly to make the integral con¬ 
verge. 

Multiplying out the brackets in (ii) we obtain an expression of the following type 
for E{x) 


E{x) * l±e-“»*±c-“t»+. 


(v) 


where a,, a,,... are the sums of the various combinations of F,,..., and the signs 

have to be chosen suitably. 

Developing the exponentials in (v) into power series, the coefficients of all powers 
less than the nth are zero, and hence introducing the function* 

. X X* X"*“^ 

fix) » C-*-1 

we can write, instead of (v), 

S(x) = ±/(ag,x) ±/(ajX) + .... (vi) 

* Compare Whittaker & Watteon, Modem AnalyaiSy p. 243 (Cambridge, 1940). 
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(vi) is correct, as the series for f{cci,x) does not differ from that for for powers 
with exponents ^ m and also the functions f{x) contain no terms of the powm* (m — 1) 
or Jess. 

dx 

We note that the integral yl f((xx) 
exists, and as can be shown by m-fold integrations by parts, we have 

Prom (v), (vi) and (vii) we see that the integral (i) can be evaluated in a formal way 
by splitting E(x) into single exponentials and replacing the (non-existent) integrals 

/•<» fix 

’'Jo 

while the integral arising from the constant term in (v) must be dropped. 

In the above way integrals of the type (i) can be evaluated easily. We give a 
few examples: 

1 dr 

y« 0 - 6 . 7t=l: 

1 dx 

71-2: (l-e~^>) 2 ^^=.(- 0 - 6 )!VP{ 2 «V 2 ) = 0*5868V(7rn 

3 dx 

y=l- 6 . n* 2 ; = (-l-5)!( + 2 -V 8 )J’*-® = l-6669l'i»>, 

” “ ^^ Jo*= (- 1-6)! (+ 3-3 V8 + V27) » 

= 0-6782 

^ dr M 9 

” ■ 2 J 0 ^ ^ 

No difficulty is experienced in evaluating such integrals, if all the quantities F are 
equal or nearly so, but for very large values of»the number of terms is large and the 
evaluation becomes cumbersome. For sufficiently large «, however, 

{n>l) 

can be replaced with good approximation by a stop function. Thus 


and we find 


for * >jl^, 

’'Jo* ^ ^ ^ ~ 


(viii) 


Difficulties arise, however, if the F values are greatly different, for in such cases 
it is found that the single terms contributing to the integral are very large, but they 
cancel almost exactly and evaluation again becomes very cumbersome. 
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Such osuBcs can be dealt with as follows. Suppose 

£?(a:) = (1 ——c"^)* a<^I - (ix) 

with j + k = n. 

The integral arising can be split into integrals of the type 



(These integrals do not exist if j < 7 , but the formal treatment gives in the end the 
correct result, as was shown above.) We may thus put, for v> 0 , 

The right-hand expression is exactly the nth difference of If a is small com¬ 
pared with 1 , no great error is involved by replacing the difference by the corre¬ 
sponding differential, and thus we have approximately 

C ^ dy /* ^ 

yjo " -y{-ct)H3-y- 1 )! vy-K (xii) 


and therefore 





dx 



neglecting terms of order j + 1 in a. 


+ y{-a)^ 





dy \ 


(xiii) 


Both integrals on the right-hand side of (xiii) should be evaluated in a formal way 
as described above. 

We give two examples which were used in the text. We have with the help of (xiii) 

o foo 

IJ^ (l-e-/*)(l-e-'-^')^«. 3 V 7 r/V^’- 2 >/>'‘ (F>f). (xiv) 

Neglecting terms proportional to and of higher order we have thus 

IJ" (1 - «-•") (1 - ~ 3 V-'/V^’ - fJ‘ (I - ■ (xv) 

Equation (xiv) represents either the rate of coincidences between a small counter 
and a big counter, or alternatively it represents the rate of ooincidenoes between an 
unshielded counter and an equally large shielded counter. We see from (xv) that 
the effect of the small counter is equivalent to lowering the exponent of the spectrum 
by one. The spectrum with the lowered exponent contains, however, still infinite 
numbers of low densities; hence the rate of ooincidenoes, in spite of the presence of 
the small counter,is sensitive to the size of the large ootmter. In otherwordsjasingle 
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small ootmter does not ^c\xt off' the spectrum at a certain density 1// but merely 
modifies the effective spectrum. 

As a second example we consider triple coincidences between two small counters 
and one large counter. We have 

o /•oo f2 

~^ (xvi) 

The dominant term in (xv) is that containingIn fact, neglecting terms in/®, 
we find 

Thus the triple coincidence rate is only slightly affected by the vsize F of the large 
counter. The two small counters in coincidence thus do give rise to an effective 
'cut-off^ of the low “density spectrum. 

Approximations better than (xiii) can be obtained by writing down the full 
expression representing the right-hand integral (xiii) and by developing in powers 
of a. We introduce for simplicity the following notation: 

- (- r)! (J) (-1 y = Pki ‘^nd (f,) (-1)" = «M- 

We find as the result of a simple calculation 

= a’'yio + a^0)yfci«yo + a'+*(j-]^l)|/w+i«n + •••• 

The above formula was used in the text for the evaluation of (P, E)^ and (P, S)^ 
in powers of kU. 


Appendix 2 

We estimate the magnitude of the paraffin transition effect as expected in terms 
of hypothesis Bj. We intend to show that the effect thus estimated is incompatible 
with the observed effect. 

We assume, for the sake of argument, that the penetrating groups are produced 
by an equal mixture of protons and neutrons. Further, we assume k = 1/60. We 
write /? for the probability that a penetrating group, once produced, also discharges 
the trays m and h (see equ. (15)). Similarly, we write /?' for the probability that a 
penetrating group once produced also discharges the three trays t, m and b. 

As the result of a straightforward calculation we thus find the calculated values 
quoted in the table below: 

coincidences (P, E) per hour 

calculated in terms observed 

absorber T of hypotheeis B, (papar I) 

0 7-32xlO-«ByJ 0108 ±0012 

10 cm, Pb (saturation) 50*0 0-088 ±0-0I7 
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Comparing the observed and calculated values we find further 

By? « 148, y?7y?-0-12. (I) 

The small value of the ratio y?'//? suggests that most of the penetrating groups 
contain only a few particles. 

Coincidences under paraffin. The coincidences (P, E)^ are due either to one proton 
and at least two electrons falling on P, or are due to a neutron and at least three 
electrons falling on P. As the electrons are expected to traverse 28 cm. of paraffin 
without incident the groups capable of producing coincidences without T will also 
be capable of producing coincidences in the presence of P == 28 cm. of paraffin. 

Some of the nucleons falling on T will be absorbed giving rise to penetrating 
groups of at least two particles. We expect thus the following three types of events 
giving rise to additional coincidences in the presence of P (1) A single nucleon 
falling on T and giving rise to a penetrating group. The probability for this group, 
if produced, to be recorded is y?'. (2) A nucleon accompanied by one electron. If 
the nucleon is absorbed in P, at least three particles emerge out of P, and we estimate 
that the probability of such a group being recorded is ^/?. (3) A neutron accompanied 
by two electrons. If the neutron is absorbed a group capable of discharging P results. 
The probability of the group discharging P is 

The rates of coincidences arising from the above three processes are proportional 
to /j, the probability that a nucleon falling on P is absorbed in P. From previous 
work we may assume that 28 cm. of paraffin is equivalent to 0*4 of the mean free 
path of a fast nucleon and hence 

p = 0-33. (II) 


With help of (I) and (II) the rates of coincidences corresponding to the three 
processes (1), (2) and (3) can be calculated. As the result of a straightforward 
calculation we find 


iPE) 


28 cm. par. 



^ *f 0*062 c.p.h. (calculated, B 2 ), 

\ — 0*006 ± 0*017 c.p.h. (observed, paper I). 


(Ill) 


We see that the effect calculated in terms of hypothesis is too large to be 
compatible with the observed rates. The absence of the paraffin transition effect 
can thus be taken as evidence against the validity of hypothesis B^. 
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A rapid method for determining diffusion constants in solution 

By C. a. Coitlson, Physical Chemistry Laboratory, Oxford, 

J. T. Cox AND A. G. OosTON, Department of Biochemistry, Oxford, 

AND J. St L. Philpot, Messrs Gouriaulds Lid., The Islet, Maidenhead 

{Communicated by R. A. Peters, F.R.S.—Received 11 June 1947) 


A method has been rediscovered, and developed in theory and practice, for optical observa¬ 
tion of the earliest stages of diffusion across an initially sharp boundary between a dilute 
solution and a solvent. It enables the diffusion constant of a monodisperse solute to be 
measured about fifty times as quickly as by other methods, at lower concentration and 
possibly with greater accuracy; it should therefore be particularly valuable for the study 
of high molecular aubstanoes. 

The method is based on the interference pattern which is formed when monochromatic 
light from a horizontal slit is focused after passing through a cell where diffusion is occurring. 

The pattern, a set of horizontal bands, contracts towards the optic axis as diffusion proceeds, 
at a rate from which the diffusion constant can be calculated. By counting the bands in the 
pattern the refractive increment of the solute can be determined. 

The sharp initial boundary is obtained by flowing the solution and solvent out through 
a common narrow horizontal slit. The construction, calibration, and use of the apparatus 
are described. 

Part I. Introduction (By A.G.O. and J.StL.P.) 

The standard modern method for determining the diffusion constant of a solute is 
the optical ‘scale’ method of Lamm (1937); in this the Gaussian curve, representing 
concentration gradient as a function of distance in a freely difiFusing boimdary 
between solution and solvent, is measured and plotted. The diffusion constant is 
then deduced from the rate at which the oharacteiistio dimensions of the curve 
change with time. The same curve may be measured by other optical methods, such 
as the self-plotting ‘diagonal schlieren’ method of Philpot (1938) or the interfero- 
metrio method of Calvet & Chevalerias (1946). In all these methods optical con¬ 
siderations require that the diffusion boundary should have had time to become 
fairly thick, so that a determination on a protein takes some or many hours. By 
the method described here, which is based on a different type of interference, much 
thinner boundaries can be studied with ease so that the (Musion time required can 
be reduced some fiftyfold. 

The method was suggested by Gouy (1880) and was mentioned by Thovert (1902), 
but has never been used as far as we know; Thovert used a related method which is 
now only of historical interest. We rediscovered it in 1939 and demonstrated a crude 
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form of it to the Physiological Society; further development, ajid publication, were 
delayed by the war. 

The optical arrangement is shown in hgure 1 (a). A narrow slit A, illuminated by 
monochromatic light, is at the focus of a lens B. Parallel light passes through the 
cell C in which the diffusion boundary is formed. In front of and near (7 is a rect¬ 
angular stop D so placed that the centre of the diffusion boundary bisects it. A lens 
J? forms an image of the slit A on the focal plane. A cylindrical lens 0 focuses the 
stop Z) horizontally on the focal plane. When there is no boundaiy in the cell, the 


A B C DE F 



Fiqubk 1. (a) Elevation and plan of normal optical system; see text. (6) Elevation 
of part of the optical system, modiiied to give greater magnification. 


image is a Fraunhofer interference pattern arising from 2). When a boundary is 
centred in D the image consists of a superposition of the Fraunhofer pattern of the 
stop and a set of interference bands arising from the boundary: these spread out 
from the optic axis in the direction of the higher refractive index in the cell (figure 2); 
their spread varies inversely with the thickness of the boundary so that, as the 
boundary thickens, the band system closes up towards the optic axis. The time- 
course of thickening of the boundary can thus bo followed (figure 8). The number of 
bands in the pattern, including the shift of the whole pattern from the optic axis by 
a fraction of the interband distance, measures the total difference of refractive index 
between solution and solvent. 

The thinner the boundary studied the more sharply must it have been formed if 
error is to be avoided. To form and sharpen the boundary, we have adopted the 
flowmg technique, already described by various workers; its latest application has 
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been to electrophoresis of proteins by Svensson ( 1946 ). Solution and solvent are 
flowed out of the cell through a common narrow slit. Diffusion is started by stopping 
the flow. In this way sufficiently sharp initial boundaries are easily obtained. 


optic 

axi!8 


Fiottbb 2 . Positive ‘still* records of the interference pattern at intervals 
of 10 sec., beginning 90 8©<?. after the start of diffusion. 



L C 


Figure 3. Elevation diagram of {wirt of the optical system showing the parameters 
used in the theoretical derivation of the interference pattern. 

The form of the interference pattern is not simply related to that of the Gaussian 
distribution of concentration in the boundary; its exact relation is discussed in the 
next section. This relation can be computed for the case of a simple boundary, but 
there are great difficulties in computing it for a complex boundary formed by two or 
more components diffusing at different rates. The method is therefore, at present, 
useful for determining the diffusion constants of single homogeneous solutes only, 
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However, the relative positions of the interference fringes, in comparison with their 
relative positions given by a homogeneous solute, can provide qualitative evidence 
of homogeneity, and empirical methods for the study of heterogeneity can no doubt 
be developed. 


Part II. Theoreticai. (By C.A.C. and J.StL.P.) 

The following account of the interference pattern mentioned in part I is based on 
the Huyghens theory of summation of wavelets, together with the simplified 
assumptions of an ideal lens, a thin cell of infinite height, a dilfusion boundary in 
the middle of a rectangular optical stop, and a diffusion constant independent of 
concentration over the range concerned. In many practical cases these assumptions 
form a good approximation to the truth. 

The notation as illustrated in figure 3 is as follows: The cell at C contains a solution 
of refractive index diffusing according to Pick’s Law with diffusion constant D 
into the solvent (or a solution of different concentration) with refractive index 
The lens L focuses a point source of light on 0 so that if the cell were uniformly filled 
with a solution of intermediate refractive index + all the Huyghens wave¬ 
lets at 0 would ideally have equal phase, while those at nearby points would partlj^ 
interfere to give the sinusoidal Fraunhofer diffraction pattern. When the cell con¬ 
tains a diffusion boundary, the midpoint of w^hich is on the optic axis, this Fraunhofer 
pattern is overlaid by an intense and widespread new pattern which can be regarded 
on elementary ray theory as arising from symmetrical pairs of rays above and below 
the axis deviated to equal extents by the vertical gradient of refractive index in the 
cell and alternately reinforcing and interfering. The horizontal component of the 
Fraunhofer pattern is ignored by considering only points on a vertical line through 
the axis. In practice it can be suppressed by a slit source of light or a cylindrical lens. 

Let s =: vertical semi-aperture of rectangular stop at C, 

Y = distance from C to 0. 

h « thickness of cell (assumed small enough for rays to pass through without 
appreciable change of height. This condition is more easily met if there 
is a lens on each side of the cell so that it can receive parallel light). 

X — distance below 0 of point Q at which light intensity is to be calculated 
(assumed small compared with F). 
c “ velocity of light in vacuo, 
p = circular frequency of light. 

Wfl « refractive index of air. 

= wave-length of light in air * 27r(7/n.„p. 
n s= refractive index of diffusing solution at points and P distant z below 
the axis (assumed small compared with F). 

^0 + change in effective length of light path 0 due to the fact 
2 J that the refiuotive index at is n instead of J(no-h n^). 
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The Fraunhofer pattern arises from the fact that when all wavelets from points 
P are in phase at 0 they are not in phase at Q because the effective path difference 
na{PQ — PO) is a function of z given by 

PQ-PO = ^^, ( 1 ) 


to the degree of approximation stated above. The superimposed diffusion pattern 
which is the main object of study is due to S which is given from Fick’s law by 




2V(7r2)T)Jo 




( 2 ) 


The total effective path difference at Q as compared with the case of ideal focusing 
at 0 is therefore 

(3) 


and of this the part being independent of z does not contribute to the 

interference but merely determines the phase of the resultant light at Q. By vector 
summation of wavelets it follows that the total oscillation at Q is given by 


From ( 2 ) S is an odd function of z so that (4) is equivalent to 

This is zero, corresponding to a black interference band, at any height X which 
makes the integral zero, i.e. whenever 

r*‘ 

I oos{a®—6p(x)}da; = 0, (6) 


where 


8 z 


1 ! 

to 

2 V(D 0 ’ 

4n^(Dt)X 
® ~ A„ 7’ 

p(x) = 

, 2{ni-no)h^n 





Equation ( 6 ) is satisfied by a series of values of a which may be distinguished by 
the suffix r = 1 , 2 , etc., where 1 refers to the largest root. These roots o, have been 
evaluated for selected values of the parameters by Dr H. O. Hartley of the Scientific 
Computing Service and will be published as soon as some additional data are 
complete. The following approximation is adequate when 6 is large and is neither 
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too large nor too email* If p{z) is replaced by the first two terms in its expansion, 
namely, by and if m is written for ^ ^ 

/2bY 

1^1 == 00 approximately, equation ( 6 ) reduces to 

/•flO rr 

(7) 


I. 


COS - (tc^ — rnw) dwy 
0 ^ 


which was computed with moderate accuracy by Airy ( 1838 , 1849 ) and found to have 
its first two roots at =*= 2'48 and 4‘4. As pointed out by Dr H. O* Hartley, a more 
accurate evaluation of Airy’s integral is obtainable from Bessel functions of order 
I and — i and gives, putting = a/ 6 , 


= ( 8 ) 

where is the rth root of J^(S) — J^^(8) = 0 . For the first root, which is of chief 
interest, 8^ = 2*38345, giving 

l_2-3386-». (9) 


Dr Hartley finds by comparison with his full computation that equation ( 8 ) is 
accurate to about one part in 700 if 6 > 100, which justifies the starting point of the 
semi-empirical calibration described in part IV. The accuracy is much less for the 
higher roots. 

The connexion between ( 6 ), (7), and the simple optical ray theory is given (accord¬ 
ing to the * principle of stationary phase ’) by the cnide considerations that the main 
contribution to the integral is in the non-oscillatory region where 

^{ax~bp{x)} = 0, ( 10 ) 

and that if this region ooinoides with one of the regions where the cosine is zero, 
i.e. where, if ^ is a positive or negative whole number, 

ax-bp{x) = (N ±\)7r, (11) 

then the whole integral is approximately zero. Approximate values of the roots o, 
can therefore be obtained by solving ( 10 ) and ( 11 ) as simultaneous equations in 
a and x giving 

a - 6 e-*‘. xe-^*-p(x) = (N±i)-^. ( 12 ) 

Equations ( 12 ) can be solved graphically, but not explicitly unless the approximation 
used in (7) is introduced, in which case ( 12 ) reduces to 

/?, « 1-1-7716-*. (13) 

By comparison with (9) equation (13) shows that the ray theory on which it is based 
is seriously inaccurate, as might be expected. The ray theory is interesting, however, 
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as indicating the number of black bands, i.e. of roots to be expected. The left* 
hand side of (12) is a monotonic function of x varying between the limits ± i6^7r, 
and within this range the right-hand side can have as many pairs of positive and 
negative values as there are integers below 




(14) 


These pairs correspond to the pairs of interfering rays and to the roots Sub¬ 
stituting for b in (14) it follows that the number of black bands is the integer next 


n^)h 


, and is therefore equal to the number of odd half-wave-lengths 


below \ -f 

of retardation due to the solute. It can therefore be used to measure refractive 
increment. The considerations on which (12) is based are too crude to show the fact 
that sometimes each main band splits into a fine structure composed of several 
Fraunhofer bands. This was found by Dr Hartley’s computation and has been 
observed experimentally when b is small or is large, but as shown in part I there 
is, at all practical values of 6, a considerable range of Xi where (14) is true, and outside 
this range the appearance of the pattern gives a clear warning. This justifies the use 
of (14) for practical measurements. 

The measurement of the fractional part of the refractive increment left after 
counting the black bands is based on a slight change in the apparatus which makes 
the interference pattern identical with that in the Rayleigh interferometer. The 
single stop of figure 3 is replaced by a double one with one rectangular aperture 
transmitting light from the undiffused solution and one from the solvent and with 
the whole of the diffusion boundary (sharpened by flowing) stopped out. The 
oscillation at Q is obtained from equation (4) except that the integral is now taken 


from - to •“ with ^ and from to with 5 = 


(nj-Wo)A 


where ± is the distance from the axis to the inner edge of an aperture and ± ^2 
the outer edge. In this case the integration is easy and gives after rearrangement 

This represents a sinusoidal difFraotion pattern the black bands of which are given by 




««(«2 + « l ) ’ 


(16) 


which moves according to the refractive increment J(nx — »o) within a fixed sinusoidal 
envelope the black bands of which are given by 




N 


2N'ncY 

>n„(«,-«7)‘ 


(17) 
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The fractional part of the refiactive increment is given by 

- ^o^o( ^a + *i) 

This is directly measurable as described in part IV. 

Part III. Apparatus (By J.T.C. and A.Q.O.) 

(1) The cell 

The boundary must be formed in a vertical tube of uniform cross-section the height 
of which is such that the diffusion boundary does not fill it during the time of observa¬ 
tion. The outflow should be such that the boundary is sharpened as uniformly as 
possible. There could be two arrangements, with the direction of flow in line with or 
at right angles to the direction of optical observation. We have so far used only the 
latter; however, the former may offer certain advantages. 



FiouaB 4. Diagram of first typo of csell. 

Figure 4 shows the type of cell which was used at first. Solution and solvent are 
run in through A and B and run out together through C, a slit running the whole 
width of one side of the cell. A tube D at the top of the cell allows the escape of air 
during filling. The two inflows and the outflow are stopped simultaneously by sliding 
the plate E. The cell was constructed of Perspex. Figure 6 shows the latest form of 
the second type of cell, which was developed through several models; it is designed 
to use a small volume of solution and to make control of the temperature possible. 
It is constructed of Perspex, except for the glass optical Aats, the glass outlet tubes 
for the jacket water and the capillary glass outflow tube. These are cemented to the 
Perspex with ‘Ohatterton’ cement. 

The central compartment forms, in effect, a U-tube. The solvent is contained in the 
cell and the solution is contained in a glass pipette, the tip of which goes to the bottom 


Vot 19a. A. 


26 
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of the cell and fits into a vertical groove in the face which carries the outflow slit. 
One face of the upper (wider) part of the central compartment is grooved to accom¬ 
modate the pipette. The dimensions of cross-section of the upper part of the cell and 
of the pipette are chosen so that the areas of the free liquid surfaces of solution and 
solvent, and so the volume rates of their outflow, are nearly equal. The lower part 
of the central compartment is of height 1 cm., length 1 cm. and width 0-3 cm.; half¬ 
way up is a horizontal slit about 0*02 cm. high and 1 cm. long; this communicates 
with a tapered collecting channel 2 cm. long which is of rouglily constant cross- 
section and ends in the capillary (0*05 cm. dia.) glass outflow tube; this is extended 
through rubber connexions to a tap and a vertical capillary tube of such length and 
diameter as to give a rate of outflow of 1 drop every 2 or 3 sec. Thus, the upper part 
of the central compartment, with the glass pipette, acts as a concentric reservoir for 
solvent and solution while the boundary is formed and diffusion occurs in the 
lower part. 



cm. 


FiatrRB S. Diagram of final typ« of cell. 

The pipette is ipade by drawing out glass tube of suitable diameter. It is important 
that the tip should be wide enough (about 0*1 cm.) not to allow the levels of the free 
liquid surfaces within and without the pipette to differ appreciably during flow. The 
tip tapers slightly and its end is ground off at 46 °. 

The outer compartments are water jackets. Water from a thermostat is fed into 
each at the top and runs away through the glass tubes. 

The lower parts of the central compartment and of one water jacket are dosed 
at each end by a glass optical flat. The coll is cemented to a steel table which is kine- 
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matically mounted on the optical bench. This table is adjusted by levelling screws 
so that the cell is in the optic axis and vertical, with its slit accurately horizontal. 

(2) The monochromator 

A 120 W Mercra lamp (clear glass) illuminates the fixed monochromator slit. Two 
lenses and a prism form a dispersed image on the slit A (figure la). This is adjust¬ 
able for width, with a graduated scale; its height is adjusted to select the green Une 
546 m/i. 

(3) The lens system (figure 1) 

J? is a Kodak/. 6- 8 camera lens, with shutter and iris diaphragm, placed at its focal 
distance (13cm.) from A, The iris diaphragm limits the beam to a size sufficient to 
illuminate the lowest parts of the central compartment of the cell and of one of the 
jacket compartments. As close as possible to the cell (1 cm. from the outer face) are 
placed the stops 1), A simple spectacle lens E forms an image of the slit on the focal 
plane; this is of 25 or 50 cm. focal length, according to the magnification required. 
If still greater magnification is needed, the image formed by the 25 cm. lens E is 
projected on to the focal plane by means of a 1 in. microscope objective E' (figure 
1 (b)). In front of E is mounted a glass plate F at 45"^, of thickness 1 to 3 min. (accord¬ 
ing to the magnification used), so as to give a vertical displacement to the light which 
has passed through the water jacket. At G is a cylindrical lens 1 in. high and 0*5 in. 
wide, of 2 in. focal length; this is mounted with its axis vertical. With the lenses E 
(and E^) it focuses the stops D on the focal plane. 

(4) The stops 

There are three stops D (figure 6). One is 2 mm. square. Each of the others is 
a double stop of which each aperture is 1mm. high by about 0*5mm. wide; one 
aperture is vertically above the other, their proximate edges being separated by 
1 mm. The three stops are mounted side by side on a carriage which allows them to 
be moved by sliding horizontally. The stops are adjusted relative to the cell so that 
the boundary is centred in the single stop and in the 1 mm. division between the 
double stops. In one position, the single stop is in front of the boundary and one 
double stop in front of the water jacket; in the other position, one double stop is in 
front of the boundary and the other in front of the water jacket. 

(5) The camera (figure 7) 

The method of recording is chosen in view of the requirement of the computation 
(part II) that the time interval shall be measurable between the moments at which 
a given interference band is at two stated distances from the optic axis. Accordingly, 
the movement of the interference pattern is recorded continuously by driving a 
photographic plate steadily in a direction parallel with the bands. Each band then 
appears as a continuous trace. The drive of the plate is smooth, but it was con¬ 
sidered easier to use a separate time-marker than to drive the plate at an accurately 
known rate. 
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The pJate (9x 12 cm.) is held in a dark slide; the image is focused on its sensitized 
surface. The dark slide fits into a carrier A which slides horizontally on the support 
plate B; it is driven by means of a spring-loaded split nut C which embraces a lead 
screw D of 2 mm, pitch. Rotation of the lead screw traverses the plate; the position 
of the plate can, however, be adjusted rapidly by opening the split nut so as to dis- 
engage it from the lead screw. The lead screw is driven by a stirrup-and-slot coupling 
from a geared motor through a variable friction gear (Variable Drive Mklll, 
Bombing Trainer Mk III). The support plate has an aperture 4 x 0*3 cm. through 
which the image is focused. In front of this is an adjustable draw tube on which is 
mounted the cylindrical lens. 



FiGtTRE 6. Diagram of assembly of stops. 


Above this, on the support plate, is mounted the time marker. A pea bulb illu¬ 
minates a narrow slit; a lens focuses this on to the plate through a second aperture 
F in the support plate. Close to the slit, and arranged so that its edge obscures it, 
is a circular glass plate O mounted on a horizontal axis. This is rotated by direct 
drive from a synchronous electric clock motor which is powered by a 76-cyole 
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oscillator. The circular plate is blackened except for radial lines which enable the 
light from the slit to reach the plate for brief moments (about ^sec.) at definite 
intervals. Thus a time mark is obtained at any desired intervals; different circular 




Fioubb 7. Drawing of the camera. 


B 


plates are quickly interchangeable to give different intervals of time mark. The 
circular plates are made by contact printing a circular celluloid protractor on to 
whole-plate Kodak Process Slow plates, cutting round the periphery and drilling 
a central hole for mounting on the interchangeable shafts. These prints are black 
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except for the engravings of the protractor which appear clear; the unwanted lines 
are painted out with Indian ink. 

(6) 15-cycle oscillator 

The 60*cycle mains were originally used as the time standard but were replaced, 
because of their great deviations, by an oscillator designed and built for us by 
Mr R, P, Martin of the Clarendon Laboratory, who furnishes the following account: 

* The oscillator consists of a Wien bridge of resistance-capacitance tuned type, in 
which particular attention has been paid to ensuring stability. The frequency chosen 
was 76 cycles, to provide a convenient speed of revolution of the motor spindle of 
1 revolution in 40 sec. (4° = 1 sec.), while eliminating the danger of the oscillator's 
“locking" to the 60-cycle mains frequency. A tungsten filament lamp controls 
amplitude. With a high tension supply of about 300 V, the frequency is independent 
of variation of the mains voltage between 200 and 260 V. The frequency-determining 
bridge is enclosed in an iron box and kept away from the oscillator. The negative 
temperature coefficient of the mica condensers has been compensated by using 
resistances, mainly of constantan, but containing a sufficient proportion of nichrome 
winding. The temperature coefficient of the bridge is less than 1 part in 20,000 per ° C. 
The output of the oscillator is amplified by a pair of 6 v 6 valves in push-pull which 
give sufficient power for the motor at 260 V.’ ' 

(7) Photography 

For the work described in part IV Kodak 0*800 Ultraspeed Orthochromatic 
plates were used with Kodak D 8 developer. Slower plates will probably be needed 
for the lower plate speeds required for more slowly diffusing substances. 

(8) Control of temperature 

In a room where the temperature usually lies between 16 and 20° C, the jacketing 
of the cell on only two faces appears to control the temperature adequately. No sign 
of convectional disturbances has been seen. A water thermostat is held at 20 ± 0*06° C 
and stirred by a centrifugal circulating pump which draws from the bottom and 
returns water to the top of the bath. The jacket water is tapped off from this circuit 
and delivered to the jackets of the cell through a glass tube with a tap, ending in 
two short lengths of bicycle valve tubing the ends of which hang to just within the 
open tops of the jacket compartments. The jacket water drains back to the bath. 

(9) Support 

AU the optical components, except the mercury lamp, are mounted on a IJm. 
optical bench which is screwed to a steel beam. This rests on concrete blocks which 
stand on a concrete floor. The switchboards, thermostat gear and the motor and 
gearbox for the camera drive are mounted on independent concrete blocks. Thus 
vibration can be communicated to the optical bench only through the floor. 



A rapid method for determining diffusion constants in solution 395 

Part IV. Use of the appaeattjs and oambeation (By A.G.O.) 

(1) OuUirte of procedure 

The refractive increment and the rat© of the diffusion process are obtained from 
measurements of the record. In each of the alternative positions of the stops 
(part III, figure 6), a double stop is in front of the water jacket and light passing 
through this gives a trace consisting of three nearly equally bright bands (figure 8; 



Fioube 8. Negative continuous record of the interference pattern and 
accessory traces obtained in a diffusion run. 

see part II); from this trace, which is a constant distance from the optic axis (depend¬ 
ing on the deflexion produced by the parallel plate F, figure 1 (o)) all measurements 
are made. While the cell contains only solvent, two records are obtained: (i), with 
the single stop in front of the cell, gives a central bright band flanked by less intense 
Fraunhofer fringes, which gives the distance of the reference trace from the optic 
axis; (ii), with a double stop in front of the cell, gives a trace similar to the reference 
trace. Then, after forming the boundary and while it is sharp, a record (iii) is obtained 
with the double stop in fr:ont of it; this gives the fractional part of the refractive 
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increment; it is like the reference trace, but shifted from the optic axis. Finally, the 
boundary is allowed to diffuse, with the single stop in front of it, and a record (iv) 
of the movement of the fringes arising from the boundary is obtained. 

(2) Detail of procedure 

The cell is cleaned, filled with solvent at 20"^ C and mounted on the optical 
bench; it is connected to the outflow tube, care being taken that there are no bubbles 
in the cell, the outflow slit or channel. The jacket water is turned on. Solvent is 
allowed to flow out until its level in the cell reaches a mark such that, when the 
pipette is inserted, its level reaches nearly to the top of the cell. The cell is left for 
10min,, which is enough for temperature equilibration. Leaving the solvent in the 
cell for periods of 30 min. or more was found to lead to slightly erratic results, possibly 
due to solution of cement in the solvent; this effect is undetectable up to 20min. 
After this j)eriod, records (i) and (ii) are taken, the shutter being opened and the 
plate drive started for each. The jacket water is turned off and the supply tubes 
swung out of the way. 

The pipette is filled with solution at 20*^ C to a mark such that, when it is inserted, 
about 0-1 ml. of solution runs out. The rubber tube of the pipette is held pinched, its 
outside is wiped and its tip is dipped into a tube of clean mercury which has been 
cooled in a freezing mixture. This freezes the liquid in the tip and it remains frozen 
until a few seconds after the pipette has been inserted; thus mixing and convection 
at the tip are prevented. The pipette is inserted and a few drops run rapidly (1 drop 
per 2 to 3 sec.) from the outflow, which is then set to a slow rate (1 drop per 10 to 
16 sec.). The jacket water is turned on. 

After 7 to 8 min. for temperature equilibration, the outflow is turned on to its 
full speed (1 drop per 2 to 3 sec.) and after 30 to 60 sec. record (iii) is taken. With the 
plate drive still running, the stops are changed over and the outflow stopped, to 
obtain record (iv); this is run for a time suitable to the diffusion constant being 
measured. 

The outflow may be controlled by a well-ground and carefully greased tap, and 
this may also be used to stop the outflow. However, it is important that the outflow 
should be stopped completely without any disturbance of the boundary. We have 
done this successfully by dipping the end of the outflow tube into a tube of mercury 
kept in freezing mixture in a vacuum flask, and keeping it there until record (iv) is 
completed. 

(3) Measurement 

Measurement of the plates is done by means of a travelling microscope. The 
microscope is traversed by means of a 0*6 mm. micrometer screw. Its stage is 
traversed by a 1*6 mm. screw. The plate-holder slides at right angles to the direction 
of traverse and the plate can be orientated on the holder by means of a screw. The 
following measurements are made, reading to 0*0001 cm, (figure 8). 

(i) The distance (m^) of the centre of the single stop trace (record (i)), measured 
as the mean of the positions of its flanking dark fringes, from the centre of one of 
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the dark fringes of the reference trace. This gives the distance of the optic axis 
from the reference trace. 

(ii) The mean separation (w*) of the dark fringes in the double stop trace (record 
(ii)) and the mean distance (mg) of the double stop trace from the reference trace 
(record (ii)). 

(iii) The same measurements from record (iii) {m^ and wig). 

(iv) The integral number (mg) of dark bands from the optic axis (record (iv)). 

(v) The times and t^) at which the outermost dark band (record (iv)) are at 
two definite distances Xi and Xg from the optic axis, measurements being made 
from the reference trace. 

A sample set of measurements is given in table 1. 


Table 1. Record and measurements of a specimen run 


No. 123, Date: 20. ix. 46. Substeuace: glycine 0.8. Concentration: 0*998 g./100 ml. 
Solvent: water. Cell: 1 cm. Focal distance; 60*0(>cm. Time mark: | sec. 


X 

(cm.) 

1*0000 


1/X» 

1*0000 


mecoi 


t 

divisit)n8 
29*8 
29*5 
29*5 
29*6 
29*6 


0*6000 


2*778 


l*77^8_ 
' f X 70^ 
: 0-01677 


100-3 


axis to refereiico (cm. x 10”*) 


axis 

944 

654 

942 

650 


mean 

799 

796 


ref. 

270 


529 


268 528 

mean — 529 

double stop without boundary 


100*4 

cell 

nif 

rt^f. 


rfh 

100*2 

848 

136 

398 

136 

450 

100*3 

712 

262 

460 

100*3 

848 

708 

140 

402 

262 

140 

446 

446 


mean w. 

=: 138 


mean 

448 



double stop with boundary 



coll 

w* 

ref. 




908 

775 

133 

395 

262 

133 

513 

513 


912 

775 

137 

397 

260 

137 

616 

615 


mean m* 

= 135 


mean 

== 614 


integral no. of fringes = 33( -H ) 
514-448 


?? = 33-f 


i{138+l36) 


33*48 


(4) Calculation 

(i) The refractive increment v = —(numbers of wave-lengths) is given by 


m.+ 


m. — m. 


8 _ 


^(m^ + mg) 


SS V, 
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(ii) The diffusion constant is proportional to c, given by 

e _ , 

H 

A(Airy) = 1 - 1'006«-* (Part II, equation (9)) 

and D , 

where F is the focal distance from lens E (figure 1 ) to the focal plane. 

( 6 ) Calibration and results 

Work with the present apparatus has so far been confined to solutions of KCl 
and of glycine; with the earlier and cruder form of apparatus, which used visual 
measurement of the band system instead of photographic recording, reasonable 
preliminary values had been obtained for the diffusion constants of glycine, sucrose, 
pepsin, ovalbumin and horse-serum albumin. 

(а) Calibration as an interferometer. The thicknesses of the glass optical plates 
were measured by micrometer before the cell was assembled and the distance 
between their outer faces after assembly; these measurements give the length of 
light path in the cell. Calibration was done with solutions of Analar KCl, dried to 
constant weight and made up and diluted by weighing. Measurements were made 
using sodium D light at 17® C and compared with the data of Brodsky & Filippovna 
( 1936 ). The results are given in table 2 . Table 3 gives results for glycine using the 
mercury 546 m/i line at 20 ® C; these values are not to be regarded as standards, since 
the highest accuracy was not aimed at in making the stock solutions of glycine, and 
dilution of them was volumetric, 

( б ) Calibration for diffusion. When the computation of the integral described in 
part H has been completed, the method will be self-contained. Meanwhile, it was 
known, from the part already computed, that the approximate formula based on 
Airy’s integral is very little in error if v (the number of wave-lengths of retardation) 
is large (over 60), but might be considerably in error at smaller values of v. Since the 
measurement of diflFusion constants at the lower values is of most interest, an 
empirical method of determining fil (see part II) was sought which should be in¬ 
dependent of any other method of determination. With this object, a 2*6 cm. cell 
was constructed on the model of the 1 cm. cell. A solution of glycine, 1 g./ 100 c,c., in 
this cell gives a retardation of about 83 wave-lengths, so that the Airy approximation 
can be used to obtain an accurate value of the diffusion constant at this concentra¬ 
tion. This value D can be used to determine /fff at 33 wave-length^ retardation in the 
1 cm. cell using the same 1 % solution. The value of obtained thus is used to 
determine D at 0-4 % concentration in the 2-5 cm. cell; and so on. The results of 
this series of measurements are given in table 4, each result being the mean of several 
runs. Table 5 shows the results of a number of runs with 1 % glycine in the 1 cm, cell 
to show the degree of reproducibility. In figure 9 these results are plotted, together 
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with values of D at concentrations of 0-876 and 0-667 g./lOO ml. The values obtained 
by Poison ( 1937 ), using the Lamm method, are given for comparison and show 
a satisfactory agreement. 


Table 2. Rkeeactivb incbements of KCl solutions 

wave-lengths of retardation in 1-0079 cm. cell; Na D light; 17° C 


w 


concentration 
g.mol./lOOO g. water 

Orodsky & 
Filippowa) 

V (obs.) 

(obs.)'-v 

0*4977 

83*56 

83*59 

H-0*03 

0*2464 

42*30 

42*30 

0*00 

0*2446 

40*68 

40*74 

+ 0*06 

0*1780 

29*60 

29*56 

-0*04 

0*12294 

21*39 

21*43 

+ 0*04 

0*09469 

18*70 

18*75 

+ 0*05 

0*06173 

10*83 

10*85 

+ 0*02 

0*03395 

5*97 

5*98 

+ 0*01 

001635 

2*88 

2*88 

0*00 



moan + 0*02 

standard deviation 0*035 


Table 3. Specific ebfbactive incbements of glycine in wateb: 

646 m/t. 20 ® C 

cell thickness = 1*0049 cm. 


concentration 


solution 

g,/100 ml. of solution v 

^ f/ X 1*00^ 

G4* 

2*943 

98*17 

0*001812 

G7* 

2*804 

93-35 

0*001809 

G4(l)t 

M8 

39*49 

0*001824 

G6* 

1*006 

33*72^ 

0*001821 

G8* 

0*998 

33*49, 33*49, 33*53 
33*47, 33*54, 33*61 

moan 33* 506J 

0*001824 

GO* 

0*998 

33*60t 

0*001824 

G6(l)t 

0*603 

16*89 

0*001824 

G8(l)t 

0*399 

13*47t 

0*001834 

G4(2)t 

0*470 

16*77 

0*001823 

G6(2)t 

0*252 

8*57 

0*001848 

G6(8)t 

0*260 

8*39 

0*001823 

G4 (8)t 

0*188 

6*46 

0*001867 

04(4)1 

0*075 

2*69 

0*001822 


* Solutions made by weighing Analar glycine, without drying, and dissolving in a standard 
volumetric flask. 

t Solutions made by voliunetrio dilution (pipette) from gravimetric solutions, 
i Mean of severai determinations. 
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Figube 9, Diffusion oonstauit of glycine in water at 20” C over a range 
of concentration, with Poison’s values (filled circles). 


Table 4 



(a) Values of e = A 

for solutions of glycine 






F focal 



concentration cell 


disttince 

c 


(g./lOOml.) 

(cm.) 

V 

(cm.) 

(l/cni.*sec.) 

(1) 

1-00 

2*6 

83*46 

25-06 

0-009906 

(2) 

0*40 

2*6 

33-46 

60*05 

0*01731 

(3) 

0-10 

2*5 

13-22 

50-06 

0-1352 

(4) 

1*00 

1 

33-47 

60*06 

0*01699 

(5) 

0*40 

1 

13-43 

50*05 

0-1302 


ib) 

Vedues of D and calculated from (a) 







D 



concentration 



(ora.Vaeti. 


from 

(g./lOOml.) 

V 

fi* (Airy) 

X 10’) 

(6) 

(1) 

1*00 

83-45 

0-898 — 

92-24 

(7) 

(4) and (0) 

1*00 

33-47 

0-816 0-816 


(8) 

(2) and (7) 

0*40 

33-46 

— 0-816 

94-12 

(9) 

(5) and (8) 

0*40 

13*43 

0-676 0-674 

— 

(10) 

(3) and (9) 

0-16 

13-37 

0-676 0-674 

94-99 
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Table 6. Values of e obtained in successive exfbbiments with 
GLYCINE 1-00 O./lOO ML. IN 1 CM. CBU... F = 60*06 CM. 


plate 

V 

e 

119 

33*49 

0-01701 

120 

33*48 

0-01607 

121 

33-60 

0-01697 

123 

33-49 

0*01699 

124 

33-63 

0*01701 

125 

33-47 

0-01697 

126 

33-54 

0-01697 


mean 33-50 

0-01698 


standard deviation 

0-000022 


values 

of V 



10 30 50 70 90 


time (sec.) 

FiauEis 10, Plots of against time for various values of v; glycine in water at 20“ C. 
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Figure 10 shows plots of v^/X^ against t for solutions of glycine; at values of v ' 
much below 13 there is a noticeable departure from linearity, while at larger values 
of V the curves are accurately linear. This means that at low values of v, the value 
of yfff required to obtain D is a function of the values and X^ which are chosen 
for measurement. Until the full computation is available one of two procedures 
should therefore be followed: 

(1) For V > 13, the Airy approximation is sufficiently accurate and any convenient 
values of Aj and X 2 may be used. 

(2) For v<l3 it will be necessary to compare the values of At obtained for a 
given solute and for glycine, using solutions of the same v and measuring at the 
same values of X, Then 

^(glycine) 

the value of /^(giycme) being obtained from figure 9. 

The cost of the initial parts of the computation was defrayed by a grant from the 
Department of Scientific and Industrial Research and the cost of constructing the 
apparatus by two grants from the Government Grant Committee of the Royal 
Society. Figures 5, 6 and 7 were kindly drawn for us by Mr Kurt Iwnicki. 
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Some observations of waves and other fluctuations 
in a tidal current 

By K. F. Bowden 

(Communicated by J. Proudman, F.R.S.—Received 10 July 1947) 


()>)»ervationfi liavo been itja<le of fluctuatioUH in the fipeed of a tidal current with periods of 
about 2 upw'ards* At the same time pressure-gauge records wore obtained, showing 
oscillations duo to the w'ave motion. Both current and pressure measurements were made at 
various depths between the surface and the bottom. From the presHure records, tlie rate of 
attenuation of wave pressures with depth has been shown to follow the theort?tical equation, 
within the limits set by the experimental conditions. Tlie current variations have been classi¬ 
fied into short-periofl and long-p^>riod fluotuations. The short-period fluctuations correspond 
apfiroximatoly in period to the waves, and their amplitudes are of the same order of magnitude 
as the calculated wave-particle velocities. The correspondence is not complete, however, and, 
while it appears probable that the current fluctuations are largely due to the particle velocities 
of the waves, the possibility of other fiuetuatiunH of similar or shorter periods being present is 
iiot excluded. The periods of the long-period fluctuations vary from 30 sec. to several 
minutes, and their amplittide, W’hich increases with the ineati current and with depth, some¬ 
times attains 0*4 of the mean current. 


I. InTBODTTCTION 

It was oomidered desirable to obtain observations of the current fluctuations 
necessarily associated with the turbulence of a tidal current. A suitable instrument 
for this purpose is the Doodson current meter, which was specially designed to 
respond to variations in the speed of current with periods of from 1 to 2 sec. 
upwards. When any meter is operated by suspending it from a boat, it is difficult 
to he sure that the fluctuations observed are not due to movement of the boat or 
to the meter swinging on its cable. An opportunity was therefore taken of using 
one of the anti-aircraft forts, erected at the approaches to the Mersey during the 
war, as a base for observations. This facilitated keeping the meter in a fixed 
position and, by operating from the side of the fort facing the current, any inter¬ 
ference of the current by the supporting pillars could be avoided. 

The first observations were made in July 1946. After exjKsrimental difficulties 
had been overcome, a series of records was obtained with the meter 6'1 m, above 
the bottom in from 14 to 18 m. of water, during the ebb tide of the evening of 
4 July. These showed fluctuations of considerable amplitude and of approximately 
the same period as the surface waves. The periods and heights of the waves were 
observed visually. The wave-particle velocities at the depth of the meter were 
calculated from the observed wave heights, assuming the accepted formula for 
attenuation and using the wave-length corresponding to the observed period. The 
observed current fluotuations were found to be from 1-5 to 4'8 times the calculated 
velocities, the discrepancy being least when the depth of water was least. 

It appeared at this stage that either (a) the observed fluctuations were due to 
wave motion but the wave motion was attenuated with depth less than theory 
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predicted, or (fe) the fluctuations were due, in a varying degree, to other oacillations 
superposed on the wave velocities. 

A more extensive series of observations was made in November 1946, using the 
Doodson current meter as before and also a pressure gauge which could be 
suspended at various depths to record the wave pressures. The wave-pressure 
records were used to investigate the attenuation of wave motion with depth, a 
subject on which no quantitative observations at sea appear to have been pub¬ 
lished. It was tlien hoped that it would be possible to throw further light on whether 
the observed current fluctuations were to be identified with the wave currents or 
whether some other type of fluctuation was also present. 

2. Experimental / 

2 * 1 . Apjjarattis 

The current fluctuations were measured by the electrically recording current 
meter designed by Doodson ( 1940 ), who has already published a description of the 
instrument. For these experiments a special frame was made, designed to keep the 
meter at a fixed height above the bottom and prevent any translatory movement 
while leaving it free to rotate. The frame was practically two-dimensional, being in 
the form of a vane, with stiff upper and lower arms extending in front of it, and 
offei^ed very little resistance to the flow. From a sinker laid on the bottom, a wire 
led up to a swivel on the lower arm of the frame, while the suspending wire led up 
from a swivel on the upper arm. The wires were kept taut to prevent swinging. The 
meter was suspended, with its own swivel, from the upper arm of the frame. The 
frame was kept parallel to the current by its vane and the meter had its own vane. 
An electric cable led from the meter to the photographic recorder on the fort. 

A modified form of the open-sea tide gauge designed by Fav 6 { 1921 ) was used for 
recording the wave pressures. The pressure-sensitive elements are two Bourdon 
tubes exposed to the pressure of the sea water. Needles attached to the moving 
ends of the two tubes make traces on a smoked glass disk. In the original instru¬ 
ment the disk was driven by clockwork, making one revolution in 48 hr. For 
recording waves, the clock was replaced by a small electric motor, supplied from 
two 1 ^ V dry cells, geared to the disk to give it one revolution in approximately 
10 min. The rise in temperature of the air enclosed in the gauge, due to the running 
of the electric motor, was found to be negligible (less than C in an hour). 

2 - 2 . Procedure 

The observations were made at Queen’s Fort, near the entrance to Queen’s 
Channel, m a depth of about 12 m. at low tide. The instruments were operated 
from that tower of the fort which faced the oncoming ebb tide, and aU observations 
were made during ebb tides. The current meter in its frame, with the sinker 
suspended below it, was lowered from the boom and winch used for landing stores 
on the fort. The pressure gauge was lowered by hand on a rope from a position 
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distaot horizontally about 15 m. from the current meter in the direction of the ebb 
tide. 

The current meter was arranged to give a continuous record of the speed of the 
current, the direction-indicating circuit being disconnected. Each photographic 
record was c. 1 hr. in length at the normal paper speed of c. 1 in./rain., but some 
records were obtained at about double this paper speed and covered a corre¬ 
spondingly shorter time. Time marks were put on by a clock every 30 sec. with 
a distinctive mark every 10 min. 

To change the height of the meter above the bottom it was necessary to raise the 
meter and sinker out of the water and land them. The length of wire between the 
sinker and meter was then unshackled and replaced by another length. This 
operation took some time and had to be performed at a suitable state of tide, so 
that when the meter had been lowered to a given position it was kept there during 
two or more consecutive ebb tides. Although the height above bottom was fixed, 
the depth below surface varied with the fall of the tide, so that in the course of one 
ebb tide records were obtained at varying depths below the surface as well as with 
varying values of the mean current. 

The pressure gauge was kept at a given depth for about 10 min. and then lowered 
to another depth. Usually records at three or four depths were obtained on one 
disk. The times of lowering, changing depth and raising were noted, each of these 
events being clearly distinguishable on the trace. 

A typical series of records during one ebb tide would be three current records, 
each of 1 hr. duration, with intervals in between during which the exposed paper 
was removed and developed and the camera reloaded. Three corresponding pressure 
records would be obtained, the first and third each giving traces at depths of (say), 
2, 4 and 8 m. and the second at (say) 12 m. and bottom. 

During the whole period of observations, eight ebb tides were worked, giving a 
total of twenty-five current records at three heights above the bottom, i.e. 2-4, 7*9 
and 11'6 m.; five of these records had to be rejected in the analysis, however, for 
various reasons. Nineteen Fav6 records, each providing, on the average, a pressure 
trace of 10 min. at each of three depths, were obtained. 

Subsidiary observations included some visual observations of wave heights and 
periods to compare with the pressure-gauge measurements at shallow depths. 
Estimates of wind direction and force were made. 


3. Mbasxjrembnt of ebcords 
3'1. Pressure records 

On the record at each depth, the time and elevation of each crest and trough 
were measured. The Fav4 disks vfete read by the microscope with micrometer 
adjusiment provided with the instrument. The usual practice is to read the traces 
of both needles, but preliminary tests showed that, for the present purpose, suffi- 
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cient accuracy and sensitivity could be attained by reading one trace only, with 
a considerable saving of time. Mean values were deduced for the period and range 
of pressure oscillation from a series of 50 to 100 waves at each depth. The pressure 
range was expressed as a height in cm. of water. As a matter of convenience for 
analysis, and by analogy with visual observations of waves, each pressure wave has 
been considered as having its individual period and height, the ‘ period ’ being the 
time interval from one crest to the next and the ‘height’ the rise in pressure head 
from the intervening trough to the second crest. 

As described later, certain records were measiared in more detail for j>eriodogram 
analysis. 

3*2. Current records 

Inspection of the current records showed, as the most apparent feature, fluctua¬ 
tions of period 4 to 5 sec., i.e. of the same order as the wave periods. On most 
records these fluctuations are superposed on slower fluctuations of period varying 
from c. 30 sec. to several minutes. After eliminating both the short-period and 
long-period fluctuations, the mean current varies, of course, Avith the tidal 
period. 

To examine the short-period fluctuations, each record was analyzed in 1 min, 
intervals. For each minute interval, the mean value of the current, the number 
of fluctuations during the minute and the mean range of the fltiotuations, estimated 
by moving a scale along them but without actually measuring the separate maxima 
and minima, were recorded. Mean values of the mean current were then taken 
over 10 min. intervals, and for the period and range of the fluctuations over the 
whole record, as there did not appear to be any systematic trend in their means in 
the course of one record. 

In some coses, in investigating specific problems, as discussed later, the times and 
displacements of the separate maxima and minima were measured on selected 
portions of record. 

To examine the long-period fluctuations, a tracing was made of each record, 
eliminating the short-period fluctuations by drawing a smooth curve through the 
mean of their maxima and minima. The long-period fluctuations were characterized 
by their variability in amplitude and period, making quantitative measurements 
difficult. The analysis was therefore confined to measurement of the extreme range 
of oscillation, to estimates of the more apparent periods present, and to remarks on 
the general persistence or irregularity of the fluctuations in the course of each 
record. In measuring the range of oscillation, the record was divided into 10 min, 
intervals, during which the mean (tidal) current may be regarded as constant, and 
the range taken as the difference between the maximum and minimum values 
occurring during that time. 

A typical length of current record is reproduced in figure 4, The results of the 
wave-pressure measurements are shown in table 1 and of the current measurements 
in columns 1 to 9 of table 2. 
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4. Notes on tables oe results 
4-1. Pressure fluctuations 

The observed periods shown in column 6 of table 1 are those obtained directly 
from the records. They are subject to a correction for the apparent change in 
period due to the superposition of the current velocity on the velocity of propaga¬ 
tion (Doppler effect). If £7 is the component of current velocity in the direction of 
propagation, the period is apparently reduced by the factor c/(c-f £7), c being the 
velocity of propagation relative to the water. In calculating the correction, the 
current velocity appropriate to the depth of observation was multiplied by the 
cosine of the angle between the directions of the tidal current and the wind 
(assuming the wind and the waves to be in the same direction). An approximate 
value of c, derived from the apparent period, was taken. Column 7 shows the 
corrected periods. The correction is small, its maximum value being 0*2 sec. 

From those series of pressure measurements which extend from c. 2 m. below the 
surface to the bottom, it is seen that not only does the mean amplitude decrease 
with depth but tlie mean period increases. This is presumably due to there being 
components of a number of periods present, those of shorter jjeriod being attenuated 
more rapidly with depth and having a diminishing effect on the observed mean 
period. A closer examination hfis shown that the rate at which the mean period 
increases with depth becomes less when the wind has been blowing consistently 
from the same direction for a number of hours. This is consistent with the waves 
becoming more homogeneous in period. The rate of attenuation of amplitude with 
depth is discussed in § 5. 

4'2. CurrerU flujctuaiions—short period 

The period of the short-period fluctuations is of the same order as the wave 
I)eriod shown by the pressiire records. Column 7 (b) of table 2 shows the period 
corrected for Doppler eff^t, assuming that the current fluctuations are due to 
surface waves. However, the current period is in many oases rather less than the 
pressure period near the surface and in nearly all cases less than the pressure period 
at the depth of the meter. Columns 10 and 11 of table 2 show the corrected period 
and double amplitude of the pressure oscillation at the depth of the meter, obtained 
by interpolation from the pressure records. 

The amplitude shows no appreciable dependence on the mean current. The series 
of records 4 to 6 and 15 to 19 show this clearly The series 20 to 22 and 23 to 25 
show a decrease and inorease respectively of the fluctuations with the mean current, 
but not to the same extent, and in the case of 23 to 25 there is an inorease in the 
wave amplitude at the same time. 

The correlation between the short-period current fluctuations and the wave 
pressures is the subject of § 6. 
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Table 1. WAVE-PRBSStrEB observations 


1 

2 


3 

4 

6 

6 

7 

8 

9 

10 







period 

period 


surface observations 

record 

date 

time 


no. of 

(ob¬ 

(cor¬ 

double 

.. 


num¬ 

1946 

(central) 

depth 

waves 

served) 

rected) 

amplitude 

period 

height 

ber 

Nov, 

h. 

m. 

(m.) 

measured 

(sec,) 

(sec.) 

(cm.) 

(sec.) 

(cm.) 

2 

7 

17 

07 

1*2 

122 

3-6 

3*6 

32*9 

2*8 

68 




19 

2*3 

101 

4*1 

4*2 

35*3 


(53 waves) 




32 

4*6 

94 

4*3 

4*3 

31*0 






45 

7*0 

131 

4*8 

4*9 

22*7 



3 

7 

23 

39 

30 

80 

5*05 

6*0 

44*3 

4*2 


4 

8 

01 

35 

2-4 

109 

3*9 

3*8 

60*6 


— 




45 

4*0 

81 

6*35 

6*3 

47*9 






56 

7*96 

85 

6*26 

6*2 

34*0 



5 

8 

03 

12 

4*76 

78 

50 

6*0 

47*0 


— 




20 

8*6 

72 

5*6 

6*6 

36*4 






28 

12*6 

(7) 

(5*66) 

(6*66) 

(32-0) 






36 

13*95 

72 

6*9 

6*9 

24*8 



6 

8 

12 

06 

3*2 

131 

5*36 

6*3 

72*6 

5*0 

160 




18 

7*2 

104 

6*5 

5*4 

51*0 


(85 waves) 

7 

8 

13 

41 

12*5 

79 

5*7 

5*6 

29*6 

— 

133*6 




56 

16*4 

191 

6*2 

6*2 

29*0 


(63 waves) 

a 

0 

16 

30 

2*2 

76 

4*9 

4*9 

37*5 

4*9 

— 




43 

4*6 

80 

5*2 

6*2 

27*5 



9 

9 

17 

36 

4*3 

82 

4*4 

4*4 

37*2 

—. 

— 




47 

8*76 

83 

6*2 

6*2 

22*2 






57 

12*8 

55 

5*6 

5*5 

18*4 



10 

10 

00 

46 

2*9 

78 

4*7 

4*6 

42*7 

...... 

_ 




57 

4*6 

80 

4*7 

4*6 

31*9 





01 

09 

8*3 

86 

5*2 

6*1 

23*9 



11 

10 

02 

24 

14*2 

76 

6*46 

6*4 

10*8 

— 

— 




37 

16*5 

50 

6'26 

6*2 

10*7 



12 

10 

03 

18 

2*2 

60 

4*4 

4*3 

30*4 






28 

4*26 

62 

4*7 

4*6 

22*0 



13 

10 

18 

00 

2*1 

54 

4*2 

4*2 

24*1 

_ 

__ 




11 

4*3 

59 

4*2 

4*2 ' 

12*9 



14 

n 

00 

43 

2*7 

62 

4*9 

4*8 

60*4 


_ 




54 

6*8 

59 

5*7 

6*5 

32*2 



15 

11 

03 

07 

2*1 

52 

4*9 

4*7 

48*8 



16 

Ji 

05 

35 

2*1 

50 

4*8 

4*8 

26*6 

— 


17 

11 

15 

50 

1*9 

66 

4*3 

4*2 

9*7 


— 

la 

12 

02 

16 

3*2 

81 

4-7 

4*6 

28*7 

_ 





25 

5*0 

78 

4*8 

4*6 

20*7 






36 

7*4 

86 

5*0 

4*8 

19*0 



19 

12 

03 

42 

13*5 

77 

6*16 

6*0 

7*2 


— 




63 

17*2 

23 

6*5 

6*4 

6*1 




NoU .. Column 4: at the depths given in heavy type the pressure gauge was resting on the bottom. 
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4*3. Current fiuctticUions—long 'period 

The maximum range of the long-period fluctuations in the course of each record 
is given in column 9 of table 2 . Further information on these fluctuations has not 
been tabulated for the individual records, but, from the results as a whole, the 
following points emerge: 

(i) The periods present in these fluctuations are very variable, ranging from 
c, 30 sec. up to 7 min. or more. Frequently a shorter period (e.g. 1 min.) is super¬ 
posed on a longer one. The largest fluctuations are often in the form of surges of 
only 1 to 1 | waves, the ‘period’ being 2 to 3 min. 

(ii) The range of the fluctuations increases with the mean current, unlike the 
short-period fluctuations. 

(iii) Their amplitude is greater near the bottom. At 2*4 m. above the bottom 
the maximum range is on the average 0*60 of the mean current, at 7*9 m. it is 0*53 
and at 11*6 m. only 0*24. 

It thus appears that the long-period fluctuations are essentially different in 
character from the short-period ones, and are more of the type one would expect to 
be associated with turbulence. The scale of turbulence involved, however, would be 
large. On the simplifying assumption that they are due to eddies convected by the 
mean current, a fluctuation with a period of 1 min. (for example) in a mean current 
of 30 cm./sec. would correspond to an eddy of the order of 18 m. in diameter, i.e. 
comparable with the depth of water. 

No fluctuations of similar period have been found in the pressure records. If 
such fluctuations exist their range cannot exceed 5 cm. of water, the estimated 
limit of sensitivity. 

After eliminating the fluctuations, the mean (tidal) current decreases with depth. 
By plotting the mean current against time after high water and reducing to a tide 
of range 6*1 m, at Prince’s Pier, Liverpool, the amplitude of the tidal current was 
found to be 25*2 om./sec, at 11*6 m. above the bottom, 24*2 cm./sec. at 7*9 m. and 
18*3 cm./sec. at 2*4 m. above bottom. 


5. Attenuation of pressure fluctuations with depth 


5*1. Method based on mean periods 

There are several series of pressure records which provide data on the attenuation 
of wave pressure with depth. For waves of small amplitude and of a single wave¬ 
length A, the pressure amplitude p at depth —« is given theoretically (cf. Lamb 
1932 ) by 

( 1 ) 


cosh k(z 4 - h) 
p^pga- 


cosh Kh 


where a»=wave amplitude at the surface, density of water, ^*=5 acceleration of 
gravity, k = 27r/A and h ^ depth of water. Pressure gauges have been used previously 
for recording waves (cf. Richardson 1946 ), either suspended from a buoy or resting 
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on the bottom. However, no comparative measurements at various depths on 
waves at sea, showing the rate of attenuation, appear to have been published. 

In treating the present series of observations, two main difficulties arise: 

(i) It is at once apparent from the records that waves of a number of different 
periods are present, each of which will be attenuated by a different factor. 

(ii) Observations at different depths were not made simultaneously but in 
successive periods of c. 10 min. each. Thus it is not possible to compare the ampli' 
tude due to a particular wave or train of waves at various depths, but it is necessary 
to rely on a comparison of mean amplitudes at the various depths. The amplitudes 
of the waves were extremely variable, but it is believed that an 8 to 10 min. span, 
covering c. 100 waves, is sufficient to give a fairly representative mean value. 

To deal with (i), two approaches are possible. A mean period may be taken, 
regarding the variations observed in the time intervals between successive crests 
as random disturbances, the effects of which will cancel out in the mean. Alterna¬ 
tively, an attempt may be made to analyze the observed series of waves at each 
depth into simple harmonic components and investigate the attenuation of each 
component separately. 

The first method is simpler and will be considered first. For this purpose the 
pressure records have been grouped, each group consisting either of one record 
covering the several depths or of two or more consecutive records, taken within 
a period of an hour or two, during which the mean amplitude of the waves might 
be regarded as appreciably constant. Attenuation curves have been calculated for 
each group in two ways: (i) The mean period for all depths has been taken, the 
corresponding value of k calculated from the equation 


ooth kIi = 


gT^ 


Khj 


( 2 ) 


where T = period (corrected for Doppler effect), and used in equation (1). (ii) Allow¬ 
ance has been made for the variation of mean period with depth by dividing the 
depth of water into several layers (usually four) and calculating the attenuation 
separately in each layer, using the period corresponding to the central depth of 
the layer. This period was deduced by plotting the periods obtained from the 
pressure records against depth and drawing a smooth curve. 

The calculated attenuation curves and the observed points are shown in figure 1. 
Each calculated curve has been multiplied by an appropriate factor to make it lie 
as evenly as possible among the observed points. It is seen that the curves calcu¬ 
lated by the two methods do not differ greatly, and in most cases both are in fair 
agreement with the observed points. For group B using pressure records 6 and 7, 
visual observations at the surface were available, and the curve calculated for a 
period varying with depth gives a better fit with both visual and pressure-gauge 
observations than the mean period curve. In cases A and C (from records 5 and 9 
respectively), the mean period curve gives a better fit but, as there are only three 
observed points in each case this may not be significant. Group E (from records 
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18 and 19) shows slightly better agreement with the curve for varying period, but 
group D (records 10 , 11 , 12 ) indicates a rate of attenuation markedly less than that 
calculated by either method. To fit an attenuation curve in this case a mean period 
of 6^9 sec, would have to be taken, compared with the observed mean x>©riod of 
5-0 sec. 

It may be questioned whether the waves were of sufficiently small amplitudes 
for equations ( 1 ) and ( 2 ), which are true only to a first approximation, to be valid. 
The corresponding formulae to the third approximation are given, in equations ( 1 ) 
and (4) of the Appendix. 

The largest waves recorded were those on pressure records 6 and 7, with a mean 
surface amplitude of 72*5 cm, andwave-length approximately 40 m.Thusxa = 0*114, 
and it is found that, in the equation for p, the coefficient of cos 20 is only 0*004 that 
of cos 6 at the surface and is attenuated more rapidly with depth. The coefficient 
of cos 30 is of the order of 10 ““*. In the equation for the elevation of the surface 
(Appendix, equation (5)), the coefficient of cos 20 is 0*063 under the above condi¬ 
tions, representing a distortion of wave form considerably greater than that of the 
pressxire. Equation (2) leads to a value of a: approximately 1*3% too high. The 
amplitude quoted above is a mean value, and about 26 % of the waves were of twice 
this amplitude or greater. For waves of twice the mean amplitude the coefficient 
of COB 20 in the pressure equation becomes 0*008. k would be overestimated by 
6 * 2 %, equivalent to underestimating T by 2 * 6 %, i.e. c. 0*13 sec. in 6 sec. This is 
a fairly extreme case, and in analjrzing mean values it appears justifiable to take 
equation ( 2 ) as correct, since the experimental error in T is probably ± 0*1 sec. 

We may note that the ' height ’ of a wave, i.e. the difference between a maximum 
and a minimum, whether the term refers to the elevation of the surface or to the 
pressure variation at any depth, is independent of the coefficient of cos 20 . Thus 
equation ( 1 ) may be taken as correct even to the second approximation, when 
applied to the analysis of ' heights ’ only. 

The observed rate of attenuation is thus in fair agreement with that calculated 
from equation ( 1 ), using a mean value for the period and calculating the corre¬ 
sponding wave-length from equation (2). However, there is a tendency for the 
observed rate of attenuation to be rather less than that calculated, but this may be 
due to the simplified method of analysis. 

6 * 2 . Periodogram analysis 

In an attempt to overcome the limitations of the simple aaaljnsis outlined above, 
periodogram analyses were made of sample lengths of pressure records 6 and 7, 
those showing waves of the greatest amplitude. The selected traces were measured 
• at intervals of approximately J sec. 

The method of periodogram analysis, introduced by Schuster ( 1906 ), is analogous 
to the use of a diffraction grating in spectroscopy, the resolving power for a given 
period being equal to the total number of periods n in the length of record being 
analyzed. For this purpose the resolving power is defined as T/AT, where the 
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periodogram curve for a single period T would give a principal maximum at T, 
falling to the first minima at periods T ± AT, Thus ATjT^ Ijn, In order to detect 
components of all periods, it has been assumed necessary to calculate the amplitudes 
for test periods not farther apart than AT^Tjn, This is, of course, equivalent to 
evaluating the Fourier components for all harmonics of the record length falling 
within the desired range. 

Periodogram analysis was first applied to the portion of pressure record 6 taken 
at a depth of 3*2 m. The amplitudes were calculated for several periods, using the 
whole portion of record, covering 100 waves, at once and also in two lengths of 
fifty mean periods each. This method was not continued as the amplitudes from 
the groups of fifty differed from those for the whole record and, moreover, the 
analysis of 100 waves in a single group was found cumbersome. 

Shorter lengths of record, each covering twenty-five mean periods, were then 
taken and tested for twenty periods between 3 and 9 sec., corresponding approxi¬ 
mately to the 16th to 35th' Fourier harmonics of the record length and thus 
covering components of any period within this range. Two spans of twenty-five 
waves at 3*2 m. and one at 16*4 m. were analy74ed in this way. Each of the spans 
at 3*2 m. showed two main peaks in the periodogram, but, whereas on the first span 
they were at 4*7 and 6*7 sec., on the second they were at 5*3 and 7*3 sec. The span 
at 16*4 m. showed five peaks between 6*3 and 7*7 sec., the largest being at 6*25 sec. 
These results indicated that the relative amplitudes of the various components 
must change considerably within a time of twenty-five mean periods, and it was 
decided to reduce further the lengths of records analyzed. 

Three consecutive spans of twelve mean periods at the same depth of 3*2 m., two 
of them corresponding to one of the twenty-five period spans analyzed above, were 
therefore taken. These showed a similar irregularity in their periodograms from one 
span to the next. The same length of record, covering thirty-six mean periods, was 
then divided into nine consecutive spans of four waves each. With such a small 
number of periods the resolving power is, of course, much reduced, and only three 
test periods, 6*3, 6*05 and 6*8 see., were taken, the diffraction curves from which 
overlap and together receive contributions from periods between 4-0 and 8*6 sec. 
The amplitudes and phases of each component were plotted for the nine consecutive 
gi'oups. They showed only little persistence. In some cases the amplitude and phase 
showed a persistent trend through two or three groups; in others there would be 
apparently random changes between successive groups. The amplitudes of the 
three components relative to one another showed a similar variability. The analysis 
of a single group of twelve waves woe compared with that of the three groups of 
four covering the same twelve waves as follows. Owing to the greater resolving 
power, three test periods need to be taken for the group of twelve for each one in 
the case of a group of four waves, e.g. 4*9, 6*3 and 6*7 sec, corresponding to 5*3 sec. 
The sum of the squares of the amplitudes for periods of 4*9, 5*3 and 6*7 sec. for the 
group of twelve waves should therefore be equal to the mean square amplitude for 
6*3 sec. of the three groups of four. Pair agreement was found in each case. 
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It was apparent from the above analysis that components of a large number of 
periods in the range 3 to 9 sec. were present, and that each component was subject 
to disturbances in amplitude and phase at intervals of a few waves. To obtain 
representative spectra it would be necessary to analyze a large number (of the order 
of 100) of waves at each depth, treating them either in one large group or in a 
number of small groups. In the former case, owing to the high resolving power, it 


fin*- 



FiauaK 2. (a) Section of pressure record 6 at depth 3*2 m., containing twelve mean periods. 
(6) Correlogram for section shown in (a). = correlation coefftcient between ordinates 

and ym+p- (®) Periodogram for section shown in (o). ^ — amplitude of component of period T, 
cTss standard deviation of all ordinates. 
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would be necessary to compute the amplitudes for a large number of periods. 
Because of the disturbances in phase, the amplitudes of consecutive periods would 
probably show an irregular variation, and it would be necessary to smooth them by 
grouping a number of consecutive periods together. In the latter case, a smaller 
number of test periods would* be sufficient, and root mean square values of their 
amplitudes for the various groups would be taken. 

Disturbed periodic functions are of fairly common oocurrence in geoph 3 ^ical 
phenomena, and various methods have been devised for their analysis, mostly 
based on the calcxilation of serial correlation coefficients (see, for example. Walker 

( 1931 ), Poliak ( 1940 ) and Spencer-Smith ( 1944 )). Let y■^, y,.y„,... be successive 

values of the observed quantity. Then if is the correlation coefficient between 
ordinate y„ and ordinate the curve of against p has been defined as the 

‘ correlogram To test the applicability of this method to the present problem, the 
correlogram has been calculated for a section of the same record, comprising twelve 
mean periods. The wave profile, the correlogram and the periodogram for this 
section are shown in figure 2. The correlogram shows clearly the dominant period 
and also the modulation period of about four wave periods. The period from the 
correlogram, taking the mean of intercepts on the p-axis, is 5-26 sec. The periodo¬ 
gram shows a peak at the same period and a lower, but broader, peak at 7-1 sec. 
Counting the number of crests in the original profile gives the mean period as 
6-03 or 5*48 860 . if the small crest at p=134 is neglected. From the complete 
record, comprising 131 waves, the mean period, by counting crests, is 6*35 sec. The 
spacing of the peaks in the periodogram corresponds approximately to the number 
of waves per group. Hence there is fair agreement between the various methods of 
analyzing the periods. In view of what has been said above, however, it is clear 
that any other section of twelve waves from the same record would show an entirely 
different profile, correlogram and periodogram. 

At this stage it was decided that the computational labour which would be 
required to obtain representative spectra for each depth on each pressure record 
would not be justified by the additional information likely to be obtained, and the 
analysis was confined to a determination of mean periods and mean amplitudes as 
already described. 

6. CORKBLATION OF CtTBRBNT FLUCTUATIONS WITH PEE8SUBB FLUCTUATIONS 

6*1. General aimilarity 

The approximate correspondence in period between the short-period current 
fluctuations and the wave pressures, as well as the general similarity in the appear¬ 
ance of the records, lead one to interpret the current fluctuations as the particle 
velocities of the wave motion. Closer examination, however, suggests that this 
interpretation is not entirely satisfactory. As already stated, the mean period of 
the current fluctuations is usually somewhat less than the wave period, especially 
when the wave period corresponding to the same depth as the current meter is 
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considered. The current fluctuations, like the waves, appear on many records to occur 
in groups. It has not been found possible, however, by comparing simultaneous 
pressure-gauge and current-meter records, to identify particular waves or groups of 
waves. The pressure-gauge and current-meter records were not accurately syn¬ 
chronized, and the time assigned to a point on them may be in error by as much as 
30 sec. Also, the pressure gauge and current meter were separated horizontally by 
a distance of approximately 15 m. Nevertheless, if the current records reflect 
faithfully the particle velocities due to the waves, one might expect it to be possible 
to pick out well-defined groups of waves or even single waves of outstanding 
amplitude. 

6 *2. Periods 

As a step beyond considering mean periods only, frequency distributions of 
periods have been plotted for the same time span of 10 min. on corresponding pairs 
of pressure and current records, a ‘period’ in this sense being defined as the time 
interval between two successive maxima. Some distribution diagrams are shown 
in figure 3. In most easels, of which figure 3 (a) is typical, there is a general similarity 
between the histograms from the pressure and current records. Both show one 
maximum and fall off gradually on either side, but, compared with the pressure 
diagram, the mode of the current diagram is shifted towards the shorter periods 
and the distribution falls off less steeply on the short-period side. This may be 
explained qualitatively, since the horizontal velocity u and pressure amplitudes p' 
of the wave motion at any given depth are related by the equation 

u = ^ (^) 

where p' is expressed os cm. of water and the term coth kK differs only slightly 
from 1. Hence short-period components will appear with greater amplitude in the 
velocities than in the pressures and, in the present case, may be expected to show 
up with greater frequency in the distribution of time intervals. 

In two cases, however, shown in figure 3 ( 6 ) and {c), there is considerable dis¬ 
crepancy between the pressure and current diagrams. In figure 3 ( 6 ) the current 
periods have their principal maximum at 3*0 sec. with a secondary maximum at 
6*0 sec., whereas the principal maximum of the corresponding pressure curve is at 
5*2 sec. with secondary peaks at 4*1 and 6*5 sec. In figure 3 (c) there are maxima 
in the current diagram at 2*7 and 4*6 sec. with the distribution falling off gradually 
for longer periods, while the pressure curve has a single maximum at 6*9 sec. These 
two pairs of records were obtained within a period of 2 hr., in a practically 
unchanged state of sea, but it should be noted that in the first case the pressure 
gauge was shallower and in the second case deeper than the current meter. It 
appears that, in these two cases at least, the current fluctuations contain a high 
proportion of components of shorter periods than the waves. 

The ciroumstanoes in which these records were obtained differ from the others 
in that the direction of the waves was making an unusually large angle, tip to 



current 



^ CuTTOTit record 17 (4*9 m,) (6) Current record 7 (ll-O m.) (c) Current record 8 {7-9 m.) 

Pressure recc»rd 15 (2-1 m.) Pressure record 6 (3*2 m.) Pre^ure record 7 (12-5 m,) 

FxotTKs 3. Frequency distributions of periods on corresponding current and pressure records, (a) may be taken as 

typical; (6) and (c) are exceptional. 
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Mith the direction of the tidal current. In the ideal case of waves of infinite crest 
length, the particle velocity should be multiplied by the cosine of this angle to give 
the component in the direction of the tidal current. When waves of finite crest 
length, as described by Jeffreys ( 1926 ), are present, however, the particle velocity 
has, in general, a horizontal component at right angles to the direction of propaga- 
tion, its maximum value being related to that of the component in the direction of 
propagation by the factor A/A', where A' is the * crest length ’ and A the wave-length. 
As the waves under observation were certainly of the short-crested type, this may 
account for part of the variation in the ratio Wobfl./Wcaic.» referred to below, but can 
hardly explain the introduction of shorter period components. On the other hand, 
if short-period current fluctuations due to some other cause and whose direction 
is independent of the waves were present, they would show up in the above 
circumstances, when the masking effect of the waves was reduced. 


J minute | 



Figure 4. Part of cnirreut record 18, Current meter 3»0m. below surface; 
depth of water 14*6 m. 


The histogram showing frequency distribution of time intervals between succes¬ 
sive crests cannot be regarded as a spectrum of the waves. However, it was thought 
to be an advance on a consideration of mean values only and to serve a useful 
purpose where the mass and complexity of the data make a more rigorous analysis 
unwieldy. 


6 - 3 . Amplitudes 

Let us now examine the amplitudes of the short-period current fluctuations on 
the assumption that they are to be interpreted os the particle velocities of the wave 
motion. Allowanoe must be made for the angle between the direction of the meter 
and the direction of propagation of the waves. It may be assumed that the current 
meter remained orientated in the direction of the mean current, so that the 
fluctuations would correspond to only the component of the wave-pairtiole velocity 
in that direction. This is probably sufficiently accurate as long as wave currents 
approaching the magnitude of the mean current and at tlie same time making a 
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large angle with it are not involved. Most records satisfy this condition approxi¬ 
mately. As the meter was not adapted for measuring direction in these experiments 
the direction of the tidal current has been taken from Admiralty tables, namely, 
296° true. The direction of the waves has been taken as that of the wind as recorded 
at the Liverpool Observatory at Bidston, approximately 12 miles south-east from 
the fort, 10 miles of the intervening distance being over the sea. It is believed that 
the direction of the wind at Bidston was practically the same os at the Fort, 
although the speeds were very different. The angle between wind and tide, thus 
computed, is given in column 13 of table 2. In column 14, the double amplitude of 
the fluctuations has been multiplied by the secant of this angle, giving the 
‘ observed' double amplitude of the particle velocity in the direction of the waves. 
(It is assumed that the waves are two-dimensional, which can only be a rough 
approximation, as mentioned above.) Column 12 gives the double amplitude of the 
particle velocity at the depth of the meter, calculated from the pressure records, 
using equation (3), with coth kh taken as 1 (the error involved does not exceed 4%). 
Column 15 gives the ratio of the observed to calculated velocities. It is seen that 
this ratio is very variable, the extreme values being 0-23 and 1-83. In general, the 
ratio increases with depth of the meter below the surface. Owung to some un¬ 
certainty in the correction for the angle between waves and mean current more 
weight should probably be given to those values of the ratio for which this correction 
was small, i.e. records 16 onwards, but all the results show the same trend. 

It is rather remarkable that in the oases where the meter was near the surface 
(records 15 to 19), the observed velocity fluctuations are only about one-third of 
the calculated values. In these cases, also, the angle correction was comparatively 
small. It is seen from column 12 that the calculated velocities are large, the mean 
amplitude of fluctuation being comparable with the mean current. It is clearly 
impossible for the current meter to r^pond to a fluctuation whose amplitude 
exceeds the mean current. Moreover, the velocities given in column 12 correspond 
to the mean wave amplitudes, and it was found from the pressure records that a 
considerable proportion (of the order of 25%) of waves exceed twice the mean 
amplitude. Thus the current meter could not respond fully to the calculated wave- 
particle velocities in these circumstances. Nevertheless, this does not appear to be 
a complete explanation. On record 19, where the mean current was only 9‘3om./8ec., 
the minima of the fluctuations repeatedly brought the current traoe to zero, while 
the maxima exceeded twice the mean current. On record 17, however, where the 
mean current was 37 cm./sec., the minima of the fluctuations never approached 
zero, or, in fact, reduced the current trace to less than two-thirds of its mean value, 
so the above explanation does not appear to be valid in this ease. 

All the values of discussed in this seotion are considerably less than 

the values of 1"6 to 4-8 quoted in § 1 as having been found from the July observations. 
The difference appears to be largely due to the method of obtaining the calculated 
velocities. In July no pressure-gauge observations of waves were available and the 
wave-length was calculated on the assumption that the period of the current 
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fluctuations was the same as that of the waves, whereas the obscirvations in 
November showed it to be less. Thus in interpreting the July observations it is 
almost certain that too short a wave-length and hence too high a rate of attenuation 
was assumed and the consequent error would increase rapidly with depth. 


6‘4. Occurrence in groups 

The occurrence of waves in groups is characteristic and was shown in the 
appearance of the pressure records. Superficial examination indicated that the 
current fluctuations, on some records at least, showed similar arrangement in 
groups. It was therefore decided to examine the gi-ouping of waves and fluctuations 
on selected pressure and current records. The first pair of records taken was pressure 
record 6 and current record 7, as they correspond to the largest waves recorded. 

As described above, individual periods and wave heights were attributed to the 
various waves. When the heights of successive waves were plotted in sequence, the 
curve indicated the arrangement in groups with some irregularities. The data were 
smoothed by taking means of groups of two and then three successive waves. The 
curve for means of three was fairly smooth and was used to show the grouping 
or ‘ modulation ’ of the waves. From record 6 , at 3*2 m., over a time span of 10 min., 
the mean modulation interval, as defined by the time between the largest waves of 
successive groups, was 34 sec. Dividing this by the mean period of the waves gives 
an average of approximately six waves to a group, while the number of waves in 
a particular group ranged from three to ten. Similar results were obtained from 
pressure record 7 at 16*4 m. The individual periods were plotted singly and in 
groups in the same way. In the case of the record at 3*2 m., there is a close corre¬ 
lation between the smoothed curves of periods and wave heights, groups of longer 
periods corresponding to higher waves, but no similar correlation appeared in the 
record at 16*4 m. 

Similar methods were applied to the time intervals and ranges of successive 
fluctuations on current record 7, The transitions between one fluctuation and the 
next were less regular, however, and the smoothed curves did not show the same 
degree of grouping. 

The persistence, as defined by Chapman & Bartels ( 1940 ), of ranges of successive 
waves and current fluctuations was tested by computing the standard deviations 
of the single observations and of the means of groups of two, three and four 
successive observations. Table 3 shows the ratios crjcr^ for three pairs of pressure 
and current records, where « standard deviation of single observations of ranges 
and standard deviation of the means of n successive observations. The last 
row of the table shows the value of llsjn, which is the rate of decrease of crjtr^ to 
be expected from a random sequence of numbers. The standard deviation of the 
wave pressures show a considerably slower rate of decrease than 1 /^w, indicating 
a degree of persistence in agreement with their appearance in groups. If the 
modulation were sinusoidal the value of should be sin 6 >/w, where w « rmjN, 
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N being the number of waves per group. In practice, however, the value of N 
varies from one group to another, and this simple relation cannot be expected to 
hold. 

Table 3. Persistence of pbessorb and current fluctuations 
Grouping of suooessivo ranges on corresponding records. 



type of record 

number 

depth 

(m.) 


(TjCTy 

o-s/o-ji 

orJ<Ti 

A 

pressure 

6 

3*2 

40*0 cm. 

0-866 

0*75 

0*67 


current 

7 

11-0 

4*1 cm./sec. 

0*64 

0*49 

0*42 

B 

pressure 

15 

21 

26*3 cm. 

0*795 

0*72 

0*63 


current 

17 

49 

4*4 cm./sec. 

0*78 

0*63 

0*54 

C 

prossiire 

18 

3-2 

13*2 cm. 

0*89 

0*81 

0*75 


current 

24 

16-8 

4*2 cm./sec. 

0*89 

0*79 

0*695 


random series 

—. 

— 

— 

0*707 

0*577 

0*5 


The standard deviations of the current fluctuations show a more rapid decrease 
with n than the wave pressures. In cases A and B the rate of decrease is slightly 
greater and slightly less respectively than in the random case, indicating a lack of 
persistence. In case C, however, when the current meter was only 2*4 m. above the 
bottom, the current fluctuations were nearly as persistent as the wave pressures, 
which themselves show greater persistence than in the other two oases. The pair of 
records in case A, which show the greatest disparity between the persistence of 
pressure and current fluctuations, also appeared anomalous in the frequency 
distribution of periods, discussed above. 

7. Conclusion 

The wave^pressure observations in this series of experiments have shown that 
the rate of decrease of wave-pressure amplitude with depth is in approximate 
agreement with the theoretical formula. A rigorous demonstration cannot be 
given, however, until methods of observation and analysis have been devised which 
will make an adequate separation of the components of different periods. 

The periods and amplitude of the short-period current fluctuations are of the 
same order of magnitude as the particle velocities which theory indicates should be 
associated with the wave motion. An examination of the correlation between the 
pressure and current records, however, has failed to establish an exact correspond¬ 
ence between them, and it remains an open question whether other fluctuations of 
comparable or shorter periods are superposed on the wave currents. It is hoped 
that, in further experiments, it will be possible to separate the effects of turbulence 
from waves by making observations in a calm sea or in water sufficiently deep for 
wave motion to bo negligible near the bottom. 

The current fluctuations with periods varying from 30 sec. to several minutes 
appear, by their dependence on the mean current and their greater amplitude near 
the bottom, to be more in the character of turbulence. If they are due to eddies, 
their scale would be of the same order of magnitude as the depth of water and 
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therefore appears to be too large to be associated with bottom friction. Further 
observations w'ould be needed to elucidate the nature and origin of these long- 
period fluctuations. 


Appendix 

Surface wave^ of finite ampliiude in water of finite depth 

The theory of progressive waves of permanent form, treating the motion as 
irrotational, was first considered by Stokes ( 1847 ). paper he investigated 

the motion to the second approximation for waves in water of finite depth, and to 
the third approximation when the depth of water is infinite. In a later pai>er 
(Stokes 1880 ) he carried the investigation to the fifth approximation for infinite 
depth and to the third approximation for finite depth of water. In the latter case 
the solution was given in the form of equations for the space co-ordinates x and y 
as functions of the velocity potential (f) and stream function 

The higher approximations for waves in infinitely deep water were considered 
further by Rayleigh and others and ^ rigorous treatment given by Levi-Civita 
( 1924 ). Struik ( 1926 ), using a method similar to that of Levi-Civita, has given an 
investigation of the case of finite depth and, for the third approximation, has 
obtained explicit equations for the particle velocities and elevation of the surface. 
However, these equations (loo. cit. pp. 627, 628) do not appear to reduce to those 
given by Stokes when the depth of water tends to infinity. In comparing the 
observations reported in this paper with theory, it was thought desirable to obtain 
equations, valid to the third approximation, for the variation of pressure and 
velocity with depth. The solution has been found, by the method of successive 
approximations, directly from the equations of motion and equation of continuity. 

The motion is restricted to two dimensions. Let us denote by 

X, z Cartesian co-ordinates, with origin 0 in the undisturbed sea surface, Ox 
horizontally in the direction of propagation but in the opposite sense, Oz 
^ vertically upwards, 
t time, 

u, w components of velocity, 

^ elevation of surface, 
p density of water, 
g acceleration of gravity, 

p pressure-fjrpa!, i.e. excess of pressure over hydrostatic, 
h depth of water in undisturbed condition, 

a amplitude of fundamental harmonic component of surface elevation, 

<r injT, where T is the period, 

K 27r/A, where A is the wave-length, 

0 KX^ai, 

^ K{z^h), 
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Then, to the third approximation 

p « —i^L cosh 2^-1“ (C cosh ^ — (Jcofih 3^) 0080 

+ {D cosh 2^ “ K) cos 20 4- {E cosh cosh cos 30}, (A. 1) 

u ^ - era coth Kh{C' cosh ff> cos 0 -f i) cosh 2^ cos 20 -f JS cosh 3^4 cos 30), (A. 2) 

w ^ —era coth Kh{C' sinh0sin0-f i)sinh2^sin20 + -ffsinh3$isin30}, 
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To the second approximation, equations (2) to (5) are in agreement with Stokes’s 
results (1847, p. 206). 

When A approaches infinity, the above equations reduce to 
p = ^pa{ — l/foe®''* + (1 + fc** cos 0}, 

M *= - <ro( 1 - |/f*a*) «** cos 6, 
tv = -o'a(l -|/f®a®)e**8in d, 


c* = |(l + /f»a*), 

f « a{co8 6 + J/ca cos 2d +f/A»* cos 3<?}, 
in agreement with the results of Stokes (p. 211) and Rayleigh. 
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An investigation of galactic radiation in the radio spectrum 
By j. S. Hby, S. j. Pabsoks and J. W. Phillips 
{Communicated by Sir Edvoard Appleton, F.B.8.—Received 11 July 1947) 

[Plate 8] 

An investigation of the distribution of the sources of galaotio radiation at 64 Moyc./sec. is 
desoribed. Methods are discussed by which the characteristics of the receiving antenna were 
measured and by which the magnitude of the received galactic power was estimated by 
comparison with a reference signal of similar amplitude characteristics. The method of 
analysis of results is described in detail, with emphasis on the need for allowing for the finite 
width of the main cone of reception of signal power and for the sensitivity of the antenna to 
signal sources outside the main cone. The necessary corrections are effected by a method of 
successive approximations, and contours of the distribution of the signal source between 
declinations + 50“ and — 30“ are derived. The results are expressed in terms of power flux 
and also of efleotive aerial temperature. Possible sources of error are discussed and an 
accuracy better than 1*2 db. (30 %) is expected for the regions of highest radiation intensity. 
Reference is made to the fluctuations observed in the radiations coming from Cygnus. 

The correlation of the derived distribution of galaotio radiations with other astronomical 
data is discussed with special reference to the galactic structure. It is shown that correlation 
with the near galactic structure, as indicated by the general distribution of visible sources 
of light, is not very good, but that a more satisfactory correlation is obtained with data 
which are believed to be characteristic of the structure of the galaxy as a whole. The bias to 
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tbe aoutb of tiie gakctlo oirole ^own by wnttOM in the vicinity of ttte gideeitio 

eantre i« espeoieUy eignifioent. Vsrioua Televant aatranomioot date era ooBeeted together in 
the aocompiuiying diagnuns. 

The bearing of theee oorrelatioiu on the qqegtion of the nature of the aouroe of radiation 
is examined. It ia shown that they do not oloorly favour any one tiheoryi and that neither 
a simple theory in terms of a distributed souroe in interstellar gas nor one in terms of disomte 
centres of radiation analogous to sunspots appears adequate to aooount for the obeerved 
phenomena. It is suggested that sources of both t 3 q>es contribute to the observed radiation 
and that, in general, they must be very distant and associated with the main body of the 
galaxy. 

1. iNTiiODtrtmoN 

The discovery in 1932 of cosmic electromagnetic radiationa at radiQ-&eqaenoies 
was due to Jansky (1932, 1933, 1935 and 1937) who, in a series of measurements at 
about 20 Mcyo./sec., was able to establish the close connexion between the direction 
of greatest intensity and the centre of the galaxy. Measurements have also been 
made by Reber (19400,6, 1942, 1944) at about lOOMcyo./seo., and, although the 
intensity of radiation was much less, the higher frequency enabled him to use a 
najTower radio beam ; he was thus aWe to detect a number of subsidiary peaks which 
demonstrated farther the correlation between the distribution of the radiation in¬ 
tensity and galactic structure. The elucidation of the origin of this radio phenomenon 
and the interpretation of its astronomical significanoe require adetailed analysis of the 
spatial distribution of the souroe. In a brief communication by the authors (Hey, 
Phillips & Parsons 1946a), an analysis was given of results obtained in a preliminary 
investigation carried out during June and July 1945 at 64Moyc./8eo. This frequency 
had the advantage of giving a considerably higher intensity of the cosmic radiations 
than at 160 Moyo./sec.; and, although the beam width was greater than that used by 
Reber, this disadvantage was offset by the method of analysis in which the measured 
sensitivity pattern of the aerial beam was taken into aooount. The present report 
discusses a further investigation at 64 Mcyo./sec. carried out with improved tech¬ 
niques, the most important being the introduction of a narrp>rer beam aerial system 
and more rigorous methods of calibration. The observations were made at various 
times during 1946, and interference from the radio emissions associated with sun¬ 
spots (Appletop ti Hey 1946) often proved troublesome. The final analysis was 
based' mainly on results taken during July and August 1946 at times when the Sun 
was comparatively quiesoent. The equipmmit was situated near London at latitude 
61“ 26'N., and longitude 0“ 18' W. 

2 . ThB BQtTIPVBNT 

The equipment, shown in figure 1, plate 8, was similar to that used in the pre¬ 
liminary investigation (H^ et al, 1946a), except that the aerial system consisted 
of four Yagi arrays instead of two. The arra;^ were placed witl^ tiieir elements 
horizontal and their axes parallel in the same horizimtal jdane at a height of approxi¬ 
mately I wave-length (A) above a horizmttal w^-meria mat radios about 12A. 
Orimnd reflexion was thus utilized to prodiue a iukrrow^hieam in rievaition, arid the 
mat ensured that the reflexion was as uniform and pai&ot as posriUe. The horizontal 
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aeparatiion between edjaoeiit Yagie wae 0‘7A, a distance which gave a narrow beam 
vddtfa in bearing without intro4uoing large side-lobes. The arrajs weoEe conneoted 
in series-parallelt an arrangement which was found to give satudaotory matching 
together with narrow beam width. The feeder and aerial system is iUnstrated in 
figure 2. The feeders from the aerials to the junction box were of equtd lengihs, each 
being an integral number of half wave-lengths, and the length of the feedar from 
the junction box to the receiver was adjusted for optimum matching. Balanced 
feeders of approximately 06 ohms characteristic impedance were used throughout. 
The whole equipment could be rotated in bearing and gave a well-defined main 
beam at a fixed angle of elevation. The determination of the aerial sensitivity pattern 
is described in the next section. 



noise sijjnsl 
generator 


FioxnuB 2. Diagrammatio representation of feeder and aerial system. 

The received power was measured by the ounent in the detector diode of the 
receiver, the method of calibration being described later in §4. This current could 
be read directly from a sensitive galvanometer, or graifiiod automatioatly on a 
reocn’ding galvam»meter. The fmmer method was normally used. 

3. BaTBioODirA’noN or asbiajl cHABAorsmsTioa 

A detailed knowledge df the power gain of the aerial system in all directions is 
necessary Jw the saiis&otory analysis of results. If d is the bearing rdative to that 
of the smiM system said ^ is the elevation, the pownr gain in any direction can be 
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written as where represents the variation of power gain with 

direction taking the value at the maximum of the beam as unity, and is the power 
gain in the direction of the maximum. 

In order to determine the aerial sensitivity patterna small oscillator with 
a dipole was suspended from a balloon, and relative received signal strengths at 
suitable intervals of elevation and bearing were observed for both horizontally and 
vertically polarized radiation. Although the receiving equipment aerials were hori¬ 
zontal, an appreciable signal could be received from radiation with the electric vector 
in the vertical plane; since it could be assumed that the cosmic electromagnetic 
radiation has the same mean power for both polarizations, it was necessary to measure 
the power gain for both. An unmodulated oscillator proved most suitable, since a 
light-weight apparatus of adequate power could easily be constructed for suspension 
from the balloon. The slant range of the suspended oscillator was determined by 
triangulation, and the relative signal strengths normalized to a constant range. The 
results (expressed in power) for the two polarizations were added and the function 
/(0, (j>) derived directly. Diagrams showing the variation of aerial sensitivity with 
direction for mixed polarization are shown in figure 3. Since the aerial system was 
mounted above an extensive horizontal wire-mesh mat, it was considered that power 
losses at reflexion would be negligible and that no account need be taken of ground 
absorption. 

1.0 [-i- \ -1-1-1- 



0 0*1 0*2 0*8 0*4 0*5 0*6 0*7 0-8 0*9 1*0 -180 -120 -60 0 60 120 180 


relative power sensitivity bearing (degiees) 

Fiourb 3. Aerial sensitivity patterns. 

To derive the power gain in the direction of maximum aerial sensitivity, the 
equivalent power absorption area of the aerial was compared directly with that of 
a single horizontal half-wave dipole at a height 0-4A above the wire-mesh reflecting 
surface. Sensitivity patterns in the vertical plane were derived for both aerial 
systems, using the method described above. Readings at any one angle of elevation 
were taken first with one aerial system connected and then with the other, the signal 
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f 

source remaining unohanged. In each case, the feeders from the aerials had been 
adjusted for optimum matching. For a dipole at a height exceeding 0'26A above 
a perfectly reflecting plane, the maximum power gain compared with a dipole, in 
free space is 4r/It, where E and r are the radiation resistances for the dipole above 
ground and in free space respectively. The maximum power gain of a dipole at 
height 0-4A was hence calculated to be 3-2, and it was thus estimated that the 
maximum sensitivity of the Yagi aerial B 3 rstem was 62 times that of a half-wave 
dipole in free space. The axis of the main lobe was at an elevation 12^°, and the beam 
widths to half maximum power were ± 6J° in elevation and ± 7° in bearing. Of the 
total equivalent power absorption area of the beam, 66 % was accounted for by the 
main lobe. 


4. Calibration of rkcbivbd power 

In order to measure the absolute level of power received from the galactic radia-: 
tions it is necessary to calibrate the receiver by means of a signal of similar amplitude 
characteristics. Non-linearities in the relation between receiver output and input 
may cause the output to vary with the type of signal modulation when the mean 
input power is constant. Since the galactic radiations have the oharsoteristics of 
random noise fluctuations, a noise signal generator was used. As will be seen from the 
formulae derived below, a further advantage in using a generator of this t 3 rpe is 
that the receiver calibration is independent of the receiver band width. 

The method of connexion of the noise signal generator was by direct substitution 
as illustrated in figure 2. Provided that the output impedances of the noise signal 
generator and of the aerial system are equal, a condition which was realized approxi¬ 
mately in practice, a given e.m.f. existing in either the signal generator or in the 
aerial produces the same dissipation of power at the receiver input terminals. Thus 
the e.m.f.'s present in the two sources may be compared without any knowledge of 
the receiver input impedance and the receiver calibration is independent of this 
quantity. For convenience of calculation it is assumed that the receiver was matched 
to its source in both oases, and the power transferred under these conditions is 
referred to as ‘available power’. 

The noise signal generator consists, in principle, of a resistive element through 
which is passed the current of a saturated tungsten filament diode. In such a 
generator, if / is the direct current flowing through the diode then, by Sohottky’s 
equation, the mean square noise current is 

i*^-2g/AF, (1) 

where q is the electronic charge 8i.nd Av is the frequency band width. The mean 
square noise current due to fluctuations generated within the resistance itself is, 
by Nyquist’s theorem, ^ 


(2) 
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where h is Boltzmann’s constant, jB is the value of the resistance and is its 
absolute temperature. Thus the power available to a matched receiver is 

PLv = + (3) 

where P is the power per unit frequency band width, 

5. System of observations 

Any one day’s observations consisted of twenty-four series, each series being 
made at a sidereal hour. During any one series the receiving equipment was rotated 
through 360“^ of bearing in steps of 5 or 10®, and the receiver output was noted for 
each bearing. It was found that in only one region of the sky, in the vicinity of the 
galactic centre, did the power received vary sufficiently with a small change in 
direction to make the direction of the main lobe, and hence the timing of observations, 
very critical. Care was taken to note the readings from this region within a minute 
of the exact sidereal hour, and other readings were taken within about ±5 min. 
Each series was followed immediately by a noise signal generator calibration of 
the receiver. 

6. Analysis of results 

In the following analysis wo derive the distribution of cosmic electromagnetic 
radiations received at the Earth in terms of the celestial co-ordinates of direction, 
namely, the right ascension p and declination 8. It is often convenient, however, 
to refer to the aerial characteristics in terms of ‘terrestrial co-ordinates’, namely, 
the bearing 6 measured relative to the orientation of the axis of the aerial beam, 
and the elevation 56 . These terrestrial co-ordinates define a direction in space at 
a given instant provided the orientation of the aerial and its location are specified. 
With this condition in mind we shall, in certain of the equations below, use both 
systems of co-ordinates. 

The intensity distribution of the source of cosmic noise can be expressed in terms 
of a function p such that the intensity of power flow at the aerial from an element of 
solid angle Aw in the direction (p, is p(p, <?) Aw. The maximum equivalent area of 
absorption of power-flux for a matched half-wave dipole in free space is 0-065A®, 
for a field of random polarization. Thus the total power available at the aerial 
terminals (see § 4 above) at a given sidereal time and for a given terrestrial orientation 
of the aerials is * 

PAt^ =« 0*066A*6 ?oAf j f(d,(f>)p{p, 8)do), (4) 

J 4ir 

where and/(0,?i) are as defined above (see §3), and (0,0), are equivalent 
co-ordinates under the conditions stated. 

If now an attenuation factor a is introduced for the difference in attenuation 
between the aerial and noise generator feeders, then one derives from equations 
(3) and (4) 

\qI^R -f = 0-065aA*©o j f{d,^)p{p, 8)do), (5) 

Jin 
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where is the noise generator anode current which gives a receiver output power 

equal to that obtained with the aerials connected. I /(0, (j>)p{p, S)d(ji) can now be 

determined, since all other factors are known. The derivation of p(PyS) from this 
expression involves a special method of treatment such as that now to be described. 
For each position of the aerial beam, a quantity ^o) calculated such that 


f(ds^)p{p,S)d(i). ( 6 ) 

J in J 4ir 

The co-ordinates (po, Sq) assigned to were the celestial co-ordinates of the axis of 
the main lobe of the beam. It will be seen from equation (6) that is the mean of 
the incident received power weighted according to the aerial sensitivity. The 
problem thus became that of finding a function p(p, 6) such that equation (6) was 
satisfied for all positions of the beam. The method used was one of successive approxi¬ 
mations and is described below. 

Values of calculated from equation (6) wore plotted on a plane projection of 
the celestial sphere such that declination circles became concentric circles of radii 
proportional to polar distances and great circles of right ascension became radial 
lines. The values of py, were plotted at the respective positions of the main lobe axis, 
and the values calculated for different bearings at any one sidereal hour lay on a 
closed curve. The twenty-four such curves formed a lattice of intersecting curves 
contained within the circles of declination +51*^ and — 26°. Thus for each region of 
the sphere, two values of were obtained corresponding to the two curves of the 
lattice intersecting in that region. In general, these values were not equal, since the 
positions of the minor lobes were different for the two cases, but, owing to the highly 
directional aerial in use, they did not differ greatly. From this array of values of 
Piv(p 9 ^) necessary to derive values of p{p,S) to satisfy equation (6) for all 

positions of the aerial beam. The process was accomplished with the aid of a movable 
transparent grid, on which values of/(6^,^) were plotted, and through which the 
array of numbers representing the power distribution could be viewed. The approxi¬ 
mation was carried out in two stages as follows: 

The first stage of approximation was that of correction for subsidiary lobes. 
From equation (6), 


Ptt.(Po.<*o) f = f f{6,^)p{p,S)d<o + I, r f{e,^)p{p,d)db), (7) 

Jin ' Jm Js 

where | and i denote integration over the solid angles containing the main and 
Jm J 9 

subsidiary lobes respectively. Putting, for the main lobe, 

f = (8) 

Jm Jm 

and similar expressions for the subsidiary lobes, it follows that 


PjPo> <^o) f /(^. pjpa, So) f f{^>^)d(o+ 2:p,(p„ 6,) f /(0, dot, (9) 

J i» Jm J 9 
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where {p^, d^) are the co-ordinates of the axis of a subsidiary lobe. The aim was now 
to determine which, as indicated by equation (8), is the mean of the power flux 
over the main lobe weighted according to aerial power sensitivity. As a first approxi¬ 
mation the known values of appropriate to the various regions of the sky viewed 
in the subsidiary lobes were substituted for the terms p, and an approximate value 
of p^ was obtained. The operation was repeated for different regions, the values of 
the p^ terms being used, where available, as improved approximations for p„. This 
was justified, since the angular dimensions of the subsidiary lobes were of the same 
order as those of the main lobe. Owing to the high concentration of power sensitivity 
in the main lobe the approximations converged rapidly. It will be noted that an 
increase of the calculated value of p^ in one part of the sky led to a decrease in 
calculated values in other parts so that the expression 

changed very little from its original estimated value. One cycle of approximation 
was sufficient for the evaluation of p„, in most regions, and never more than three 
were needed. This completed the first stage of approximation. 

The values of p,^ thus obtained were used as a basis for correcting for the shape of 
the main lobe in order to make the final derivation of p. Equation (8) may be written 

PmiPoy^o)^ S { f(^ii>)p{p>^)d(i>, (10) 

Jm 1,2, ©to.) 

where J denotes integration over a section of the main lobe contained within a small 

solid angle and I refers to the axial section. If one puts 
Jo 

f M ^)p{p.S)doj = pjp^, d„) r /((?, ^)do), ( 11 ) 

J n Jn 


where (p„,d„) are the co-ordinates of a mean direction contained within the section 
number n, and if further, for convenience, the sections are chosen so that J f{$, <f>) do) 
has the same value for all sections, equation (10) becomes 

Pm(Po.^o) f M f/(0,9i)dw 2 PniPn,K)- (12) 

In equation (12), was known and the integrals could be computed and thus the 
problem became that of devising values of to satisfy the equation for all positions 
of the main lobe. Trial values of p„ were substituted in the equation and the calcu¬ 
lated values of p^ compared with those already obtained. Since the beam was 
narrow, the region of the sky involved in any one equation was small and the trial 
values converged rapidly. 
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Figures 4 a, 6, Distribution of cosmic electro-magnetic radiation at 64 Meyc./sec. Unit of power flux = Aw W/sq.m. 

Av = band width (cyc./s^.). Aw = element of solid angle (steradians). 
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To minimize the work of computation it is plainly desirable to divide the main 
lobe into the minimum number of sections, provided further subdivision of the 
sections does not introduce significant variations in the summation of equation (10). 
The section of least solid angle, namely, the axial section corresponding to n = 0, 
then represents the limit of angular resolution for this method of analysis. The 
size of the axial section was chosen to be 0*0044 steradian (or 14 square degrees). 
The values of obtained, although mean vahies of the function p(/), d) within this 
axial section for various positions of the main lobe, were used as values of the function 
p(p, 6) to map contours of distribution of the noise source os shown in figure 4. The 
agreement between observed noise powers and those calculated back from the 
computed distribution is illustrated in figures 6a to d. The distribution of noise 
source along a cone swept by the beam is shown in figure 7 for comparison. 

7. Disctjssiok of results 

The distribution of radio noise power over the sky appears to have remained 
substantially unchanged since 1945, when the preliminary investigations com¬ 
menced. Except for a region in Cygnus, which is discussed in detail later, any day- 
to-day changes observed are in the general level and are of the order of ± 10 %, which 
is probably within the limits of experimental error. The results have been examined 
for evidence of diurnal variations of radiation intensity which might be associated 
with ionospheric influences, but no positive results have been obtained. As men¬ 
tioned previously (§1), the observations used in the above analysis were limited to 
times when the solar emissions were negligible. Among other possible influences 
which may limit the consistency of results are radio interference of terrestrial 
origin, and distortions of the aerial sensitivity pattern at very low angles of sight 
due to variations in ground contours on different bearings and to ionospheric 
conditions (e.g. E layer scattering). Interference was normally distinguishable by 
the characteristics of the signal, while site and ionospheric effects were likely to be 
appreciable only at angles of elevation less than 5° and, therefore, only in directions 
in which the aerial sensitivity was very low. 

Any one region of the sky for which - 26° < ^ < + 60° could be viewed in the main 
lobe twice during the course of a sidereal day, once as it ascended through the beam 
and again as it descended. A comparison of the observations in the two oases served 
as a test of consistency. It was necessary first to take account of the fact that different 
regions of the sky were exposed to the minor lobes, and with due allowance for this 
effect the inconsistencies were generally small. In a very few cases, in low-power 
regions, they were as great as 16 %, This may be attributed partly to the influences 
discussed above and also to a lack of any survey of the regions of the sky in the 
neighbourhood of the Pole. Minor errors in the estimates of the magnitudes of side- 
lobes, or of the intensities of the power sources viewed by them, could be significant 
if the main beam was directed towards a region of low-power intensity. In most of 
the low-power regioxiis, the consistency was better than 10 %, and in the high-power 
regions the consistency was better than 5 %. 



436 


Galactic radiation in the radio spectrum 

By the method of analysis described above it has been found possible to derive 
the distribution in detail between declinations — 30° and + 60°. Contour maps of 
the distribution are shown in equatorial co-ordinates in figure 4a and in galactic 
co-ordinates (I.A.U. 1932) in figure 46. The main source of cosmic noise radiation 
appears to be in the region of R.A. 17 hr. 45min., Dec. — 26° (galactic longitude 330°, 
galactic latitude — 1 °) and to extend southward beyond the limit of the survey along 
the line of the galactic equator. There are lesser peaks at R.A. 18 hr. 20 min., Dec. 
-25° (336°, -7°) and R.A. 18 hr. 22 min., Dec. - 12 ^° (348°, - 2 °), a minor peak in 
Cygnus, R.A. 20 hr. ISmin./Dec. -f 39°(44°, + 1 °), and a general concentration along 
the line of the galactic equator. It may be noted that the distribution is a revision 
of that derived in the preliminary investigation (Hey et at. 1946 a), the accuracy 
and detail having been improved by the use of the narrower radio beam and a more 
thorough analysis of results. 

The maximum and minimum intensities at 64Mcyc./8ec. deduced by us are 
25-0 X 10 “®* and 2-2 x 10 ~®* W/sq.m. steradian.cyc./sec. band width with a mean 
value of 4-0 X 10 ~*^ W/sq.m. steradian.cyc./sec. band width. Burgess ( 1941 ) has 
shown that an aerial, considered as a noise generator, may be replaced by a resistance 
equal to the radiation resistance of the aerial at a temperature equal to the effective 
temperature of surrounding space. Using this concept, and supposing the sky 
uniformly illuminated at the maximum, the minimum, and the mean intensities 
stated above, the corresponding effective aerial temperatures would be 18,000, 
1600, and 2900° K respectively. 

The accuracy of location of the more marked features of the cosmic noise dis¬ 
tribution is of the order of ± 1 ° in declination and + 1 ° x secant (declination) in 
right ascension. The angular subtensions shown for these features are, in general, 
the greatest consistent with observed results. They may exceed the true dimensions 
by an amount not greater than 2 °, and the estimated power density would then need 
to be raised to give the same total radiated jwwer. The estimate of general power 
level is believed to be accurate to 1 db. (26 %) with additional local inaccuracies in 
a few low-power regions of the order of 0-6 db. (15 %) and in the main concentrations 
of 0 - 2 db. ( 6 %). 

The radiation from the region of Cygnus is notable for a short-period fluctuation 
in power which has been maintained in variable degree since the phenomenon was 
first noted by the authors (Hey et al. 19466 ) in February 1946. There is some indica¬ 
tion of a long-period (several months) fluctuation, but the evidence of a short-period 
fluctuation is more conclusive. During the time that the region has been favourably 
placed for observation with the main lobe of the aerial beam, recordings of the 
received power have been made. The disturbance has been found to be of very 
variable character, and may change within a few minutes from an almost steady 
level to large fluctuations of only a few seconds’ duration. These appeared to be 
random in character and have been observed at all times of the solar day. It is 
difficult to obtain an accurate location of a variable source with the use of a com¬ 
paratively wide beam, since the normal direction-flnding technique is not possible. 
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Fluctuations observed with the beam directed to various parts of the sky in the 
neighbourhood of Cygnus were noted for several days and average fluctuation 
figures obtained for these points. The first analysis (Hey et aL 1946 &) of observations 
taken during the early part of 1946 was consistent with a well-defined centre of 
disturbance of angular subtension not exceeding 2 °, located at R.A. 20 hr., 00 min,, 
Dec. -f 43^, with possible areas of occasional disturbance in the immediate neighbour¬ 
hood (within 8 °). Recent observations during October and November of 1946 indicate 
a more diffuse source in the region of R.A. 20 hr., 30 min., Deo. + 38®. This latter 
location is very indefinite, but it appears to correspond closely with the secondary 
peak in Cygnus. Various types of fluctuation observed are illustrated in figures 8 a to/. 


8. COKKELATION OF OBSERVED DISTRIBUTION WITH 
OTHER ASTRONOMICAL PHENOMENA 

The correspondence between the distribution of the cosmic radio-frequency 
radiations and the known evidence of galactic structure is now considered. The 
contours of power flux are mapped in galactic co-ordinates in figure 46 ; these 
co-ordinates refer to the estimated galactic equator which is itself based on the 
distribution of the fainter stars in the sky. Faint stars are used rather than bright 
stars since the latter are few in number, and, in most cases, appear bright merely 
because they are close to the earth; their distribution is not typical of the con¬ 
figuration of the whole galaxy. From similar considerations the position of the 
galactic centre has been estimated by various observers to be within the interval of 
galactic longitude 325 to 330®. This interval is marked as the shaded area in figure 56. 
The source of radio-frequency radiations shows a significant bias to the south of the 
galactic plane in the neighbourhood of the galactic centre. 

Tlie apparent rough outline of the Milky Way is shown in figure 5 a, and the 
approximate distribution of light based on observations by Hopmann ( 1924 , 1933 ) 
with a photoelectric cell is shown in fiigure 56; in neither case is the correlation with 
the radio-frequency distribution particularly close. We have examined our observa- 


Logends to Figure 5. 

Figure 5 a. Comparison with distribution of reddened stars and novae. 25 lines of constant 
intensity of radio power,-outline of Milky Way. • reddened stars, o novae. 

Fiouim 56. Comparison with tiistribution of visible light, O-type stars and regions of Ha 
emission. 25, lines of constant intensity of radio power, JL approximate light distribution 
(scaled in power), o regions of Ha emission, • star types O# and O.. • star types O. 
and O,. m estimates of galactic centre. 7 . 

FiGtmBSc. Comparison with distribution ofO and B type stars. 25 lines of constant intensity 
of radio power. 

Fioukbb 5 o to c. Comparison of cosmic electro-magnetic radiation at 64 Moyc./seo. with 
astronomical data. Unit of radio power flux »= W/sq.m. 





Galactic radiation in the radio spectrum 


437 

-.R 



(aeaoSap) »pn»{»«i oho«ib8 (sesaSap) epn»i^»i o!?o»i«8 (fi9<M8ap) »pni»»»l oi^wprti 


Vol* X9a. A. 


«9 








438 J. S. Hey, S. J. Parsons and J. W. Philips 

tions for specific evidence of radiation from the near and bright stars, but without 
success. 

It is known that light travelling near the galactic plane is subject to attenuation 
by dust and obscuring matter concentrated in the neighbourhood of the plane, so 
that even stars of the brightest absolute magnitudes are not visible at the distance 
of the supposed galactic centre. Thus the distribution of even the faintest stars may 
not be a true picture of the galaxy as a whole. To probe the more distant parts stars 
of the highest intrinsic luminosity must be used; these are novae (which are of 
exceptional brilliance in their early stages) and 0 and B type stars. The faintest 
stars have not been classified according to spectral type, but we show in figure 5 c 
O and B type sturs down to magnitude 8 approximately and in figure 5a the known 
novae. The data have been obtained from Stebbins, Huffer and Whitford {1939) 
and Payne-Gaposohkin & Gaposchkin (1938). 

The distant 0 and B type stars are of special interest in other ways. An examina¬ 
tion of their spectra reveals the degree of obscuration of their light by dust along the 
path since such obscuration is accompanied by a selective attenuation of the blue 
end of the spectrum. The resultant reddening has been measured by Stebbins et aL 
{1939) for all 0 and B type stars brighter than about the 9th magnitude, and the 
more highly reddened stars more than 400 parsecs distant are shown in figure 6a. 
It should be appreciated that the total reduction in light power from a star due to 
obscuration by dust varies as about the 7th power of the relative reduction of blue 
light to yellow light, so that the most reddened stars are, in general, the faintest, 
and are unlikely to be included amongst the stars studied up to now. Thus the 
distribution of reddened stars in figujre 6a may be taken as an indication of 
the directions of moderate reddening. In the neighbourhood of the galactic circle 
between longitudes 325-0-60®, any lack of reddened stars may be attributed 
either to lack of 0 and B type stars (probably the case between longitudes 0 
and 30°) or to excess of obscuring matter; elsewhere, the lack of reddened stars 
is due to absence of obscuring matter. The tendency for known highly reddened 
stars to concentrate on the southern side of the galactic circle is generally 
attributed to.the presence of a dark nebula or obscuring cloud to the north, and 
the more frequent appearance of novae to the south is attributed to the same 
cause. 

The 0 and B type stars are also of interest because of the expected connexion with 
regions of ionized hydrogen. Stromgren (1939) has shown that such stars would be 
surrounded by well-defined enveloj)es of ionized hydrogen, and that elsewhere it is 
expected that hydrogen would be un-ionized. Tfie hot stars would be much more 
effective in producing such ionization, one 0, star being as effective as 6,000,000 
Aq stars, and thus the regions of extensive ionization would be relatively few and well 
marked, amounting in all to about one-tenth of the galactic stratum of hydrogen. 
Associated with the partially ionized hydrogen in the boundary regions one may 
expect to find Ha emission, and Struve & Elvey (1938, 1939a,&,c) have found 
evidence of such emission from regions of the expected dimensions (subtensions of 



Galactic radiation in the radio spectrum 439 

the order of one degree). Their survey is by no means completed but we show in 
figure 5h the emission regions so far discovered. 

The correlations between the contours of noise radiation and the plotted data 
appear to be confined to those in the region of Cygnus, where phenomena of all kinds 
are observed, and those in the Scorpio-Sagittarius region. In the latter case the two 
minor peaks of the triple peak of radio-frequency radiation correspond to marked 
concentrations of reddened stars and novae respectively, and the general bias to 
the south of the galactic circle appears in all the phenomena. 

We feel that these apparent correlations cannot be accepted without caution, 
especially as the concentrations of reddened stars and novae appear to relate to two 
very different conditions, one being a region of considerable obscuration and the 
other a region where obscuration is notably absent. In connexion with the bias to 
the south of the galactic circle we would point out that radiations at 64Mcyc./8ec. 
are mud) less subject to attenuation by dust than those at visual frequencies, so 
that one might expect to ‘ see ’ by these means into remote regions of the galaxy. It 
would appear therefore that the bias to the south of the galactic equator is a true 
feature of the general galactic structure rather than merely a consequence of optical 
absorption to the north. On the other hand, as pointed out in the next section, the 
radio-frequency distribution is likely to be at least markedly influenced by inter¬ 
stellar ionized hydrogen. It would be of considerable value in this connexion to be 
able to compare detailed distribution of radio-frequency power at different radio 
frequencies. 

We do not find any features corresponding to certain other * windows ’ believed 
to be present in the curtain of dust, nor do we find any obvious association 
of the minor peaks and troughs of radio power flux with visual phenomena. 
During early investigations in 1945, using aerials inclined at 35 and 25° to 
the horizon, we found some evidence of peaks at galactic longitudes 85 and 110° 
near marked concentrations of reddened stars in Cassiopeia and Perseus respec¬ 
tively. It is intended to make a fuller investigation of this region with an 
appropriate beam elevation. 

Thus, the most that we can say of the correlation between radio power flux and 
other astronomical phenomena is that the concentrations of known distant stars 
in the directions of the galactic centre and Cygnus correspond to concentrations of 
power flux and that, in the former region, both radio power and star concentration 
show a significant bias to the south of the galactic circle. 

9. Evidkkce of the natfrk of the soueok of radiation 

There appear to be several possible theories of the cause of cosmic radiation at 
radio-frequencies. One, which was suggested by Reber (1940 a), is that the radiation 
•arises from free transitions of electrons in the field of protons in interstellar space. 
The theoretical treatment of radiation arising in this way was originally given by 
Kramers ( 1923 ) to account for the continuous radiation in X-ray spectra. 
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Fxavw 6 a to d. Comparison of observed power at the receiver with that oaloulated from 
the distribution shown in %ure 4. Sidereal times (a) s= 01 hr.» (b) 13 hr*» (c) ss id hr. and 

(d) s= 07 hr. —observed power,-oaloulated power. 
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Henyey & Keenan (1940), Van de Hulat (1945) and Townes (1946, 1947) have 
developed the interstellar application of the theory in more detail, and it is in this 
connexion that the work of Stromgren (1939) and Struve & Elvey (1938, 1939a, 6, c) 
is of interest (see § 8), since the electrons from hydrogen ionized by ultra-violet light 
from 0 and B type stars would be at a temperature appropriate to the observed 



Fioueb 7. Example of distribution of radiation source for comparison with figure 0c. Latitude 
of observing station = 51° 27'. Sidereal time = 19 hr., elevation = 12J°. 

radiation. The various writers on the subject are agreed that experimental results 
at 64 Mcyo./sec. and higher frequencies are in good accord with this theory, but that 
it is necessary to suppose a much higher temperature (160,000° K) to account for 
the magnitude of the galactic radiations at lower frequencies. 

The other theories have one feature in common, namely, that they are based on 
the recently discovered phenomenon of the intense radio emissions from sunspots 
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(Appleton 1945; Hey 1946; Appleton & Hey 1946); it appears probable that there 
would be similar radiations from stars. The nature of the origin of the solar radiations 
is at present largely a matter for sj)eoulation, and the various suggestions mode by 
different workers will not be elaborated here* A useful account has been given 
recently by Reber & Greenstein (1947) in a survey of all the available information, 
up to January 1947, on the experimental and theoretical researches on solar and 
cosmic radio-frequency emissions. 

The radiation from any one star would be expected to show large variations, 
similar to those in the intense solar radiation, but the integrated radiation from 
a great number of stars could appear steady. Both Reber (1944) and also 
Greenstein, Henyey & Keenan (1946) have pointed out the serious difficulty in 
attempting to account for the magnitude of galactic radiation in terms of solar 
phenomena. We find that if the power radiated from the Sun at a frequency of 
04Mcyc./sec. is averaged over a period of several months in 1940 and compared 
with the light radiation, and if a similar comparison is made for regions of the 
Milky Way, then the radio-frequency radiation from the Milky Way is propor¬ 
tionately greater by a factor of the order of 10^ (i.e. 18 magnitudes). It is possible, 
of course, that the Sun is not an average star in this respect, and that some stars 
emit proportionately much more energy at radio frequencies. Further, we have 
shown that much of the radio-frequency radiation may traverse regions where the 
attenuation of light is so great that normal stars are no longer visible, but where the 
attenuation of radio-frequency radiation may be small. This factor alone may 
account for the discrepancy referred to above. 

The marked variations we have observed in Cygnus are very similar to those 
observed in sunspot radiation, of which examples are given in figure 8 <7 to It is 
felt that a theory in terms of widely distributed interstellar gas does not readily 
account for such localized disturbances. It seems that such radiations could originate 
only from a few discrete sources of comparatively small dimensions. On the other 
hand, the radiation from most parts of the sky is characteristically steady, much 
more so than one would expect if conditions in the direction of Cygnus were generally 
applicable. 

The experimental evidence of the distribution of galactic radiations does not 
enable us to reach any firm decision in favour of either theory. The general lack of 
correlation with visible light, and the fairly good correlation with known distant 
stars, whether partially obscured or not, makes it seem probable that most of the 
radio-frequency radiations come from the main body of the galaxy and are subject 
to little attenuation. Attempts to find a closer correlation either with certain types 
of stars or with regions of ionized gas are equally unsuccessful. 

Radiation from most parts of the sky is notably steady and consistent with the 
theory of a distributed source, but that from Cygnus is a marked exception. In our 
view, it is most likely that the observed galactic radiation originates from a com¬ 
bination of both types of source and that there are in the Cygnus region stars with 
particularly active ‘star spots’, or disturbed stars much nearer to us than is usual. 
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FIOURB 8. Fluotustioiw in galactic and sunspot radiations, (o) to (/) = galactic radiations 
(Cygmis region), {g) to (t) sunspot radiation. 
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A further possibility is that the fluctuation in Cygnus is imposed on radiation from 
remote sources as it pewsses through some near attenuating medium. The indication 
of a change in the distribution of the area of fluctuation since June 1946 lends some 
weight to this suggestion, and the phenomenon is still under observation. 

We wish to thank the Chief Scientific Officer, Ministry of Supply, and the Super¬ 
intendent, Operational Research Group, for their interest and for permission to 
publish this communication. We are indebted to Sir Edward Appleton, F.R.S., 
R. E. Burgess and Dr A. Hunter, for valuable comments and advice, and we wish to 
acknowledge the help in carrying out the observations and analysis which has been 
given by all our assistants at the Operational Research Group. 


References 

Appleton 1945 Nature^ 156, 534. 

Appleton Hey 1946 PhiL Mag, 37, 73. 

Burgess 1941 Froc, Phya. Soc, 53, 293. 

Greeiistein, Henyey & Keenan 1946 Nature^ 157, 805. 

Henyey <fe Keenan 1940 Aatrophya, J, 91, 626. 

Hey 1946 Nature, 157, 47. 

Hey, Phillips & Parsons 1946 a NcUure, 157, 296. 

Hey, Phillips & Parsons 1946 6 Nature, 15S, 234. 

Hopman 1924 Aatr, Nachr, 222, 81. 

Hoprnann 1933 Handbuch der Aatrophyaik, Band 5, 2, 949. 

Jansky 1932 Proc, Inat, Radio Engra, N,Y,, 20 , 1920. 

Jansky 1933 Proc, Inat, Radio Engra, N,Y,, 21, 1387. 

Jansky 1935 Froc. Inat. Radio Engra, N,Y,, 23, 1168. 

Jansky 1937 Proc, Inat, Radio Engra, N,Y,, 25, 1617. 

Kramers 1923 Phil, Mag, 46, 836. 

Payne-Gaposchkin & Gaposchkin 1938 ‘Variable Stars’, Table VII, 1. 

Harvard Oba. Monogr, no. 5. Cambridge, Mfiss. 

Reber 1940 a Proc, Inat, Radio Engra, N, Y,, 28, 68 . 

Reber 1940 & Aatrophya, J, 91, 621. 

Reber 1942 Proc. Inat, Radio Engra, N,Y,, 30, 367. 

Reber 1944 Aatrophya, J, 100 , 279. 

Reber & Greenstein 1947 Obaervatory, 67, 16. 

Stebbins, Huffer & Whitford 1939 Aatrophya, J, 90, 219. 

Strdmgren 1939 Aatrophya, J. 89, 626. 

Struve & Elvey 1938 Aatrophya, J, 88 , 364. 

Stnive & Elvey 1939 a Aatrophya, J, 89, 119. 

Struve ife Elvey 19396 Aatrophya, J, 89, 617. 

Struve & Elvey 19390 Aatrophya. J. 90, 301. 

Townes 1946 Phya, Rev, 69, 696. 

Townes 1947 Aatrophya, J. 105, 236. 

Van de Hulst 1945 Ned, Tyd, Nat, 11, 219. 



Starting potentials of high-frequency gas discharges 

at low pressure 

By E. W. B. Giix and A. von Enqbl 
Electrical and Clarendon Laboratories ^ Oxford University 

{Communicated by Lord Cherwell, —Received 2^'July 1947) 


The fttarting field strength of an olectrocleless discharge in a uniform high-frequency electric 
field at presHures of order 10"* mm. Hg in helium, mercury, hydrogen, and air, is found to be 
independent of the gas and only slightly dependent on its pressure. By increasing the wave¬ 
length (> 4 m.) the starting field varies first inversely with the wave-length, then becomes 
constant, and at a critical value rises discontinuously probably to infinity. This cut-off wave¬ 
length is proportional to the diameter of spherical and the length of cylindrical vessels respec¬ 
tively, the axis of the cylinder being parallel to the field. 

The facts that the results are in<iopondent of the gas ontl that at these pressures the 
electrons collide very rarely witVi gas molecules both indicate that direct ionization by 
collision with the gns cannot account for the multiplication of the few electrons originally 
present. A theory is worked out on the basis that secondary emission from the walls is the 
operative factor. The initial electrons assumed to move singly in vacuum come to life at 
various phase angles of the alternating field. However, only tlios© contribute effectively to 
the multiplication process whoso transit time between the walls corresponds to one or an odd 
number of half-cycles, and whose velocity is large enough to liberate from the wall more thou 
one secondary electron. For each phase angle an appropriate transit time, that is, on appro¬ 
priate wave-length, can be found to give this requisite final velocity so that discharges are 
possible over a limited range of wave-lengths oorresponding to the allowable phase angles. 
From similarity follows the proportionality between cut-off wave-length and the size of the 
vessel. 

This theory agrees well with the experimental resiilts. The dependence on secondary 
emission was confirmed because by coating the inner glass wall with a poor secondary emitter 
the starting field is increased, while the cut-off wave-length decreases; the reverse is observed 
when clear Pyrex glass is exchanged for soda glass, which agrees with the larger value of 
the coefficient of secondary emission of the latter. 


1. Introduction 

High-frequency discharges in gases have been studied by many investigators (see 
von Engel k Steenbeck 1934; Loeb 1939); unless the gas pressures are low, they have 
been found to differ little from d.c. discharges (Townsend k Gill 1938). This is because, 
at pressures where the electrons have a short mean free path, compared with the 
size of the vessel used, and where after a collision all directions of rebound are 
equally probable, the direction of the eleotric field is immaterial. A much more 
interesting case, to which little attention has been given, is that of extremely low 
pressures of the order of a few thousandths of a millimetre of mercury. Here the 
difference between a.c. and d.c. is most striking. For d.c. thousands of volts are 
required to start a discharge, but with a.o. under proper conditions about 100 V 
suffice. 

The research to be described was confined entirely to these low piessures and 
attention was focused solely on measuring the potentials necessary to start a dis- 

[ 44e 3 
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charge and suggesting a mechanism to account for the results. In practically 
all cases when the discharge has once started a much smaller potential will 
maintain it. 

' 2, The niscHAKOE tubes 

Only external electrodes were used—‘the electrodeless discharge*—and the 
discharge vessels were either spherical or cylindrical with flat ends. Various sizes 
were employed, most of them made of Pyrex glass. A pumping system, gauges 
including a Pirani, and means of admitting gas were attached to the vessel, and 
a liquid air trap was always present to keep mercury and other vapours from the 
bulb. During the first evacuation the bulbs were kept in a furnace for about 6 hr. 
at 500 *^ C. Later one or two other types of bulb were used which will be described 
when the reason for their use becomes apparent. It was sometimes found that when 
the bulbs had been prepared in this way it was difficult to start a discharge at a very 
low pressure, but after a discharge had run for some time the glass ‘cleaned up* 
and thereafter they remained in a condition of easy starting and constancy. 

3. Gases used 

The gases employed were helium, hydrogen, air and mercury vapour. The helium 
was of good purity and the hydrogen was introduced by means of a palladium tube. 
It appeared later that impurities wore of no importance. 

4. Measurement of the starting potentials 

Figure 1 shows the circuit used for the measurement of the peak value of the 
starting jKjtential. 



Fioure 1. Symmetrical circuit for measuring peak values of starting potentials. 

The bulb P was placed between two large circular electrodes A, JS, which formed 
part of the osoillary circuit LC, tuned by the condenser C to any required frequency; 
for the shorter wave-lengths L was a single loop. A generator tuned to the same 
frequency was mounted on a wheeled truck, and as this truck was moved slowly 
towards L the potential across AB gradually rose till a discharge started in P. The 
method of measuring the potential across A P is so simple and convenient that it 
is worth describing in detail. DD are diode valves which must be very small to reduce 
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their capacity, the acorn type (VR 92 ) being most suitable. They must be indirectly 
heated. The anodes are joined to A and B, and both cathodes are joined to one 
terminal Ti of a Ferranti small electrostatic voltmeter F for J 50 or 500 Y. The other 
terminal goes to the midpoint M of two 2 Mt 2 resistances. These resistances are 
suflSoiently large not to disturb the oscillatory circuit but will pass ample current 
to work the voltmeter. The midpoint Jlf is a potential node, and if Esimot is the 
voltage across A B the potentials between and 4 or JS are ± J.® sina>< with peak 
values ± The acorn valves pass current till at the peak there is no voltage across 
the valve which results in the voltmeter reading ^E, It is, of course, essential to 
have all leads arranged so that no e.m.f. is induced in them from either the generator 
or receiver. The voltage range of the instrument can be altered by adding a sub¬ 
sidiary battery voltage V in the line to With polarity one way the peak ^E is 
the voltmeter reading plus K and with polarity the other way is the reading minus V. 
This lost is useful to get the reading on a good part of the scale for small values of 

5. Size of electbodes and infduenc^e of glass walls 

It is obvious that for any theory or calculations a uniform field has great advantages 
over the non-uniform fields with sleeve electrodes or the like which have been 
popular hitherto. Uniformity can be obtained by making the electrodes large 
compared to their distance apart, but if they are made too large the resulting 
capacity increase makes it difficult to obtain high voltages on the shorter wave¬ 
lengths. Preliminary experiments showed that if the electrodes were circles of 
radius r placed a distance d apart sufficient uniformity was obtained if 2r was equal 
to 3d. As for the generator it was found that one using a transmitting valve rated 
at 40 W dissipation gave all the voltage required. If spherical bulbs of small diameter 
are used there is a danger that the refraction of the lines of force will weaken the 
field inside. This is only serious for bulbs of about 1 cm. radius. For flat-ended 
tubes used in all the chief experiments no error arises. 

6. Results of the measurements 

The notation to be used in what foUows is: Z =* the peak value of the high- 
frequency electric field in V/cm., A =* the wave-length of the generator in metres. 
The method of experiment was to measure X for different values of A, the pressure 
being kept constant. It was found that within the range of pressures considered 
(p 1 to Sfi) whatever the size or shape of the bulb the curve relating X and A hod 
the same appearance which is shown in figure 2 for two cylindrical flat-ended tubes 
3 and 6 cm. long respectively, both being 3 cm. in diameter and containing hydrogen 
at pressure l/i. 

In this universal shape for the shorter wave-lengths from A to R it was found 
that the product X . A was almost exactly constant. From B to C there was a slight 
drop in X and at C there was a discontinuity. The wave-length corresponding to C 
will be called the ‘cut-off’ wave-length, and no discharge could be obtained for any 
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longer wav© although values of X up to about 1000 V/cm. were available. There is 
no sign of a cut-off at the short-wave end where the only limitation was the inability 
of the generator to give much power below A = 4 m. The cut-off is discussed in more 
detail in the next section. 
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FiauBK 2. Starting field strength as a function of wave-length for flat-ended cylindrical tubes 
of 3 and 6 cm. length with axes parallel to the electric field, filled with pure hydrogen at a 
pressure of 1.10“* mm. Hg. 



FrGUHB 8. Starting field strength as a function of wave-length in spherical bulbs of 
6 and 17*6 cm. diameter filled with mercury vapour (p a: 1/t; temp. 18® C), 

Altering the pressure from 1 to 8/t slightly reduces the value of X for every A 
and slightly increases the cut-off wave-length, the curve for p «= 4 /e has intermediate 
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values of X and cut-off. If the bulb is made larger X remains much the same for 
points on the left of the rising curve AB but is well below for the region JS to C 
besides extending much farther to the right with an increased cut-off. As an example 
of much larger spherical vessels using mercury the curves (figure 3 ) were obtained. 

7. The cxit-off 

The fact that there is this abrupt change of X at a certain wave-length below which 
a discharge is quite easily started and above which the tube appears to bo a nearly 
perfect insulator is not only most interesting but is also the acid test of any theory. 

The determination of a cut-off is not, however, as accurate as are the other 
measurements. In contrast to d.c. measurements the value of X for high-frequency is 
remarkably accurate. The readings repeat almost exactly even after an interval of 
weeks. The cut-off wave-length is not so precise. If, for instance, it is measured by 
starting with a long wave and gradually reducing the wave-length till a discharge 
can occur the result is not quite the same as that got by starting with a short wave, 
and increasing the wave-length till a discharge will not occur. The difference is not 
large, being of the order of a few }>er cent of the cut-off’, and is most marked for the 
very low pressures. The reason is, as will appear later, that the cut-off depends 
somewhat critically on the condition of a glass surface, and any previous discharge 
alters this slightly. It was found from the Pirani gauge that however carefully the 
tubes had been baked out the pressure always rose slightly after a discharge for p 
less than l/i. Gas might have come from the sides which to that extent are altered. 

A somewhat more subtle reason is that when a discharge Ls stopped it appears 
occasionally to leave charges on the glass. The dry glass being a good insulator some 
time elapses before these charges disappear and the extra field due to these charges 
alters the cut-off. 

The cut-off depends on the pressure, as an instance using a 6 cm. flat-end tube 
with hydrogen the cut-offs were: 

Table 1 

pressure in ft A cut-off in in. 

18 31 

8 

3*6 

1 24 

A very simple law soon became apparent connecting the cut-off with the length 
(or diameter) of the tube; at the same pressure the cut-off is directly proportional 
to the length of the tube. Thus forp = Ip: flat end 3 cm. long, cut-off A = 12*9 m.; 
flat end 6 cm. long, cut-off A = 24*3 m. Remembering the uncertainty of measure¬ 
ment the agreement is reasonable. 

Again for p =* 6p: spherical bulb, internal diameter 6 cm., cut-off A= 26 m.; 
spherical bulb, internal diameter 12-2 cm., cut-off A « 68 m. 

Here ako is reasonable agreement, and it should be noted that the 6 om. spherical 
bulb has the same cut-off as the 6 om. flat end when both are at pressure dp. 
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A variety of experiments with vessels of various sizes always confirmed this law 
and lead to the rough working rule that in hard glass vessels the cut-off wave-length 
in metres is four times the diameter (or length) of the vessel in cm. This suggests 
that the ratio of the average velocity of electrons to the velocity of light is indepen¬ 
dent of the size of the vessel (see § 9 ). 

8. Experihknts with diffebent gases 

In short the result of these experiments was a surprising one that at pressures of 
the order of 1/i, within errors of experiment, all gases gave exactly the same result. 

In the same vessel at a pressure of 1 // helium, hydrogen, air and mercury all gave 
the same X-A curve and the same cut-off. 

The gases had all been carefully purified, and except in the last one liquid air 
traps were always used to freeze out any water or mercury vapour. 

When the discharge had started it gave a spectrum appropriate to the particular 
gas in use. 

The fact that the nature of the gas was unimportant removed the great bugbear 
of gas experiments—the question of purity—^and it was unnecessary to worry about 
the small quantities of gas coming off* the glass when discharges were produced at 
exceptionally low pressures. 


9. SlMPIiK THEORY 

It is convenient at this stage to give a simple theory to account for these results 
because the latter experiments were suggest^^d by the necessity of reconciling the 
theory where it failed to agree with some of the facts. 

To summarize the results so far a theory must: 

(a) lead to curves of the shape of figures 2 or 3; 

(b) account for the cut-off and why the cut-off is pro£X)rtional to the tube size; 

(c) explain why if p is increased slightly X falls slightly ; 

(d) explain why as p is increased the cut-off A increases; 

(e) explain why all gases require identical values of X although giving their proper 
spectrum when the discharge starts. 

The starting of a discharge means that the few electrons initially present have in 
some way been increased by a factor of some hundreds or thousands of millions. In 
a,c. discharges this is done largely by ionization by collision, but this idea presents 
great difficulties at l/i because the mean free path is many times the length of the 
vessel and the vast majority of electrons pass across to the sides without any col¬ 
lision at all. It might be imagined that the oscillatory motion of the electrons in the 
high-frequency field could give them a sufficiently long fi*ee path before they reach 
the side to give each a good chance of an ionizing collision, but a consideration of 
their actual paths for the measured values of X proves this to be impossible. What, 
however, is quite decisive against this idea is the fact that X is independent of the 
gas. If gas ionization was the prime cause of the increase in the number of electrons 
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the ionization potential of the gas would be the determining factor. This is different 
for every gas, and therefore X, which determines the maximum electron velocity, 
should also be different for every gas. To get the enormous increase required in the 
number of electrons initially present in any vessel if gas ionization is ruled out seems 
to leave only secondary emission from the glass as the possible cause. 

Little work has been done on secondary emission from insulators (Bruining 1942). 
Mueller’s results on hard glass are given in figure 4 , which shows the average number 
of electrons released from the glass surface irrespective of the angle of emission as 
a function of the speed of the primaries (Mueller 1945). This shows that for low 
velocities practically none are set free and the primary electron is absorbed on the 
glass. For about 40 eV impact the effect is equivalent to reflexion, each primary 
producing one secondary, a result in good agreement with Salow’s measurements 
(Salow 1940). For faster impact than this the secondaries exceed the primaries in 
number. Salow found that the number of secondaries per primary is larger for soft 
glass than for hard glass at the same velocity of impact. Less reliable data are 
available on the energy distribution of secondaries and the emission angles (Kalkhoflf 
1933). For example, most of the secondaries have speeds of about 20 eV for 500 eV 
electrons impinging on glass (type not specified). No results are given on slower 
primaries. 



Fiourx 4 , Average number of secondary electrons produced by one primary as a function 
of the kinetic energy of primaries for normal incidence on Pyrex and soda glass. (Pyrex: 
Mvicllor }945; soda: Salow 1940.) 

Assuming that the pressure is so low that practically every electron crosses 
the tube without collision with a gas molecule this gives the possibility of an enor¬ 
mous increase (in geometrical progression) in the number of electrons. All that is 
required is that the alternating electric force should take this constantly increasing 
stream of electrons backwards and forwards across the tube hitting the ends always 
with the same velocity. The velocity gained by the electron in its passage across 
depends on the variation of JC in the transit, and therefore in successive movements 
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to and fro X must vary in exactly the same way but must be in the opi)08ite direc¬ 
tion for the two journeys. It is easy to see that tliis is only satisfied if the transit 
time is half the periodic time of the oscillation—or more generally an odd multiple 
of the half-period. 

The phenomenon is thus a species of resonance, and it might appear at first sight 
that only a narrow band of wave-lengths would produce a discharge. The broadness 
of the band will be seen to be due to the fact that electron streams can be found to 
cross in widely varying times according to the phase when they leave the ends. 

If this rapid increase is obtained the number of electrons quickly becomes so large 
that however long the mean free path enough ionizing collisions will take place with 
gas molecules to give a luminous discharge provided only that the electron speed is 
sufficient; and it was found that the speed necessary to give enough secondary emis¬ 
sion was much greater than that required to ionize any gas. 

When the higli-frequency is fir^st applied the few electrons normally present inevery 
gas move to the ends, and arriving at different times may be regarded as giving a 
small supply of electrons ready to leave the ends at ail phases of the first half-period. 

The calculations start from the point when the electrons leave this end taken as 
X — 0 and are done for a flat-ended tube so that all electrons move the same distance 
down the tube. 

Let d = length of tube measured along x, 

X = electric force down tube, 

A = wave-length used, 
e, m electronic charge and mass, 

^0 « component along x of velocity of emission of secondaries assumed to be 
the same for all, 

V *= final velocity when they hit the other end. 
electron = a secondary electron starting at time 

From the preceding discussion it appears that for a discharge to start at wave¬ 
length A it must be possible to find an electron of phase (f> which under a force 
X8in(t)t will obey the conditions; 

(1) it will traverse the tube in a half-period; 

(2) the velocity when it hits the glass must be sufficient to cause more than one 
secondary to be emitted. What this velocity is depends on the nature of the glass, 
so that V has to have some definite fixed valtie and in consequence the x component 
of the velocity of emission is also fixed. At pressure l/i the mean free path is large 
compared with the size of the vessel so that the electrons may be regarded as in a 
vacuum. The equation of motion is mx = eXmiojt, and integrating this for the 
electron which at time t = has x ^ 0 and x = we get for a half-period 
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As V and are both fixed their ratio k = v/v^ is also fixed and 


k 2 eX 
k—l rnu) 


cos^, 




4 " 1 


TT 008^+ 2 sin 


.1 


eX 

ma)^j 


Replacing o) by wave-length A 

XAcos^ = const, x v, 

/fc +1 , 2 sin^\,,.„ ^ . 

— cos 6 H-- IA A^ = const. x d, 

\k--l ^ n ) 


(2) 


( 3 ) 


Actually the curve Xvs.X is a soxtic, and it is better to calculate it by simple 
arithmetic for different values of k. Such a calculation is shown in table 2 for k = 10 , 
using equation ( 3 ). In the second column is shown the factor by which XA^ must, be 
multiplied to give d for different phase electrons, and similarly in the third column 
the factor by which A A must be multiplied to give v. These are both calculated in 
arbitrary units from equation ( 3 ). The absolute values of X and A can be obtained 
from the approximate equations 



V (in eV) = | 

d (in cm.) = | 

( k \*X*A*co8 V 
[jfc-i; 1000 ’ 1 

ik-\-\ , 2 sin0\XA2 

Tablb 2 

roittth 

values 


d/XA^ 

vjXA 

A 

X 

70 

0-99 

0*34 

0*42 

6*9 

so 

M6 

0-60 

0*53 

3*7 

50 

1*22 

0-64 

0*04 

2*42 

40 

1-34 

0*77 

0*70 

1*85 

30 

1*40 

0*78 

0*76 

1 *6() 

20 

1-37 

0-94 

0*84 

1*26 

10 

1*32 

0-98 

0*92 

1*10 

0 

122 

1 

1 

1 

» 10 

1-08 

0-98 

Ml 

0*91 

-20 

0*93 

0*94 

1*24 

0*86 

-30 

0-74 

0*87 

1*44 

0*80 

-40 

0-64 

0-77 

1*74 

0*75 

-60 

0*34 

0*64 

ik= 10 

2*31 

0*67 


These come direct from equation ( 3 ). The derivation of the last three columns can 
be seen from an example. Suppose Aq are the proper values for ^ =5 o and X, A for 
(f> = 70 “. The condition that d must be the same gives 0 ’ 99 AA* = l* 22 Xi) A§, and the 
condition that v is the same gives 0 - 34 XA =* X^A^; these give X « 6 ' 9 Ao and 
A 3= O* 42 A 0 . 
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Tho X-A curve is plotted in arbitrary units (figure 5 ). If a curve is plotted for othoi* 
likely values of k, say k = the general shape is very much the same^ and both 
show a promising resemblance to the experimental results, figures 2 and 3 , except 
that on the left the rise was t(J0 steep and on the right the cut-off is absent. 


t 



FrauKK 5. Starting field strength vs. wave-length (both in ad^bitrary units) 
calculated from simple theory {/r = 10). 

So far as the cut-off is concerned it is evident that equation ( 1 ) is too general, 
because although for large negative values of <]> the electrons can still cover the 
distance d, part of their motion may involve x being negative, which is impossible. 
For negative values of ^ the electric force, up till the time it reverses, is opposing 
the motion of tlie electrons in the x direction. Their initial velocity takes them a 
little distance against this force and they then turn back, accelerating towards x = 0 
until the force reversal decelerates them and turns them finally to the proper direc¬ 
tion (figure 6). The largest admissible value of — ^ is that giving this second turning 
point at a: ~ 0. For larger values the second turning point is for a negative value of 
X which being behind the glass cannot be reached. The electrons in these cases return 
to tho glass with low velocity and are therefore lost. For the limiting case electrons 
for which at time t = — x == 0 and x = must at a later time t == have 

X = 0 and x = 0—corresponding to the second turning point. 

This leads to the conditions 

(^' + ^)co 8<5' — sin^'-f sin^, (5a) 

eX 

Vq = —(oos^i'-oos^), (66) 

and from (1) and (66) (6) 


30-a 
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The limiting ^ thus depepds on k, and by trial and error ( 5 a), (66) and (6) give the 
results shown in table 3 for limiting These limiting values of ^ give the cut-off 
wave-lengths. For k = 10 the limiting ^ is about — 40 °, and referring back to table 2 
it is apparent that the limiting A is 1-74 and the curve of figure 5 should have ended 
at this wave-length. 



Figure 6 . Electronic path for olectrons starting at negative phase angles. 


Table 3 


k 

limiting (f> 

cut-off A 

42 

20 

1-28 

19*2 

30 

1*48 

9‘8 

40 

1*74 

5*8 

60 

2*16 

3*7 

60 

2*76 


The cut-off is very much dependent on what the values v„ and v happen to be. If 
v/v„ is small the limiting angle is large and the band of possible wave-length is 
broad. This can be seen from results calculated from table 3 . In each case the wave¬ 
length corresponding to ^ — 0 is taken as unity (this is approximately where the 
flattened portion of the curve in figure 6 begins). 

The fact that the cut-oft' wave-length is very approximately proportional to the 
length of the tube results from a general similarity theorem. Equation ( 3 ) shows 
that the distance d traversed in the half-iieriod for a given ^ is proportional to XA* 
and the final velocity is constant times XA. Thus if X is replaced by X/n, A by 
mA, the final velocity remains the same but the distance d becomes nd. Hence if 
the tube dimensions are increased by n, the conditions for proper impact velooity v 
and time of transit will be obeyed by increasing A by factor n and decreasing X by 
factor n. This is true for every value of ^ and in particular for the — ^ corresponding 
to the cut-off, which must have the same value in each case, as it depends only on 
Vg and «. 

This similarity theorem is obeyed with considerable exactness for spherical bulbs 
where the dimension is the same in all directions, but the fiat-ended ones compared 
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had the same diameters. The value of 6 (figure 4) has to compensate for losses to 
the sides, and these will not be quite the same for this unequal expansion, and t?, 
which was assumed the same in the above proof, is slightly different in the two flat 
ends. Experiment shows that this leaves the rule reasonably correct fur the wave¬ 
lengths, for according to §7 doubling the length increased the cut-off from 12-9 to 
24‘3m., but the corresponding X at cut-off was only decreased from 28 to 18-7 V/cm. 
instead of being halved. 

The slight variability noted in the cut-off wavo-lengtli is probably due to the fact 
that slight alterations in the glass surfaces due to previous discharges or other reasons 
may make slight differences in i\^. These will not make an appreciable difference in 
the main curve, but the alteration in — ^ gives a measurable change of cut-off'. 

While this paper was in preparation a publication by Alfv 6 n & Cohn-Poters { 1944 ) 
was received in which the starting field strength of a discharge between internal 
metal electrodes in a long glass tube was measured in air at pressures of to 
1mm. of Hg at A 5 in. Its val ue was found to de^iend slightly on the gas pressure, 
and to be independent of the interelectrode distance {X of order 40 V/cm. at p = 5p), 
secondary emission from the metal electrodes being regarded as the cause. The 
discharge extinguishes if the applied field exceeds an upjier critical value. This is 
explained by similar reasoning to the one given here to derive the cut-off wave¬ 
length , 

I'he theory so far gives tlie flattish portion of the curve and also a cut-off, but over 
the left-hand portion the rise is too steep to agree with experiment. It may be noted 
at once that this divergence is irreconcilable. In all the experimental curves over 
this part XA was constant. In the theoretical curve this portion corresponds to 
different values of and in the theoretical curve XAcos^i is constant. This will be 
disouBSod in a later section. 

10. Comparison between theory and experiments 

The resemblance between the theoretical curve figure 5 and the experimental 
figures 2 and 3 has been noted. It remains to calculate the two unknowns Vq and 
One method among several is the following. As XAcos0 is constant, XA comes to 
a minimum for (f> = 0 . For the Ocm. tube as A is decreased this occurs at A = 9m., 
X = 25 V/cm. (though as already noted the theoretical increase of XA for the shorter 
waves is absent). We assume therefore that the — 0 electrons are operative for 
A = 9 m. The cut-off is A =: 24m. and the ratio of these wave-lengths is 2*7 and 
table 4 gives k - 3*7, A check is now possible. 

From equations (4) for the ^ == 0 electron when X: = 3*7 (A = 9 m., X = 25 V/cm.), 
d ^ 5 * 8 cm., V * 93 eV, whence Vq= 7 eV. The value of d agrees well with the actual 
tube length of 6 cm., and the values of v and are reasonable. 

It only remains to calculate the whole curve for those values. These are given in 
table 4 and show good agreement for all wave-lengths exceetling 9 m. Similar cal¬ 
culations for the 3 cm. long tube gives v — 87eV and Vq ^ 5-6 eV. Too much signi¬ 
ficance should not be attached to the actual values thus obtained for Vq and v, mainly 
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because the ^ = 0-wave-length is not very sharply defined, and d is slightly different 
for various types of hard glass. It suffices that they are of the right order. 

Table 4 

6 cm. flat-end tube, hydrogen = l/t, = 7 eV, v “ 93 eV, ^ — 3*7. 


A 

X obs. 

X calc. 

in m. 

in V/cm. 

in V/cm, 

5 

46*8 

100 

a 

39*5 

62 

7 

33*6 

39*6 

8 

28*8 

31 

9 

25*0 

26 

10 

24*1 

23*6 

11 

23*0 

23*0 

12 

22*8 

22*6 

13 

21*5 

22-2 

14 

21*2 

21*8 

16 

21*1 

21 

20 

18*7 

19*7 

24 

cut-off 

cut-off 


What is of importance is that the maximum velocity of the electrons is of the 
order of 90 eV. This is far above the ionization potential of any gas, so that those 
electrons which do collide with gas molecules have a good chance of ionizing any 
gas and the spectrum of this gas then appears. 

So far the theory has been based on the electrons moving in a vacuum. It is 
now desirable to consider briefly the effect of a small gas pressure. 

It has been assumed hitherto that for each initial electron will be in the space 
after n half-periods, $ being the average number of secondaries for each primary. 
If 8 exceeds 1 by an amount however small a great number are rapidly attained, the 
half-periods being of the order of 10 ** to 10" ^ sec. 

This assumes there are no losses and actually there are some. The secondary 
electrons are emitted at all angles and have a velocity component parallel to the 
fiat face, and some of the secondaries therefore are lost to the sides before they i*eaoh 
the other end. 

8 has therefore to be large enough to balance this loss and leave in addition an 
increase; ^ just greater than 1 is not adequate. 

This loss to the sides is shown very clearly by the results in figure 7 for three tubes 
of identical length 3 cm. but of different diameters 2, 4 and 6*6 cm. respectively. 
The losses are proportionately greater the smaller the diameter. Hence the smaller 
this diameter the larger 8 must bo; this means a bigger velocity of impact and 
therefore a larger A. This in turn involves a reduction in the cut-off' A. The three 
curves agree with this. 

The whole theory was worked out for increase by secondary electrons alone, the 
gas ionization being neglected, and this is correct for very low pressures. If, however, 
the pressure is slightly increased the gas ionization becomes appreciable and adds 
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to the growth so that S can be reduced. S depends only on the velocity of impact, 
i.e, on X, so that X is slightly reduced. There is, however, a limit to this argument, 
for if p is so much increased that the average electron has one or more collisions per 
transit, the transit time and the final velocity may be seriously affected. 



0 2 4 6 a 10 r:in 

-> A 


Fiquke 7. l>)pend 0 nce of starting field strength on wavo-length for cylindrical flat- 
endod bulbs of various diainet^^r D and equal length (% 3 cm.); iiydr{)gen, p == 4/i. 

There is a diflerent reason for the increase of cut-off' A with increasing p, which is 
concerned with resonance. 

At wave-length A for the appropriate X and ^ the streams of electrons go from end 
to end continually and always increasing in numbers, and the largest admissible 
value of -{4 gives the longest possible wave-length. For a slightly longer wave¬ 
length than this and the same X the electrons still go to and fro for some time but 
eventually get out of step and lose their velocity—they are slightly *out of tune*. 
The increase in number is therefore limited and not infinite as in the case of resonance. 
At extremely low pressures the chance of an ionizing collision demands an increase 
approximating to infinity, but for a higher pressure with more chance of collision 
the limited number produced out of resonance will suffice. Thus the higher the 
pressure the greater the allowable deviation of wave-length above the resonance 
value. 

11. Further kvidence on the secondary electron eeeecjt 

If the preceding explanation is correct the starting potentials should depend 
on the nature of the ends of the tube. To test this the ends of the 3 cm. hard gloss 
tube were coated with palladium black which is known to be a poor secondary emitter. 
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The effect was pronounced. At a pressure of l/i it was impossible to get a discharge 
at all with the voltages available (iT of the order of 200 V/cm.). The lowest pressure 
at which a discharge could be obtained was 19//. The cut-off was A = 5*8 m.—about 
one-third of the clear glass—and for A = 5 m., X was 80 V/cm., or more than double 
the clear glass, indicating a very large value of v. The pressure was too high for any 
exact calculations. 

Another test seems to be still moi'e convincing. Two interconnected flat-ended 
glass tubes of equal size (3 cm. long, diameter 2 cm.) were used simultaneously, 
one being made of Pyrex, the other of soda glass (A"7). Kgure 8 shows that X for 
the soft glass tube is considerably smaller than for hard glass and that the cut-off 
A is increased, results which could be anticipated from the larger values of S found 
on soda glass (figure 4). 



Figure 8. Starting field strength vs, wavo-lengt.h for Fyrox and soda (X7) glass vessels 
of ecjual size (length 3 cm.; diameter 2 cm.; hydrogen, p = 4/i). ^ 

12. The AA = constant law 

Theory and ex]>eriment are in good agreement from the cut-off down to the wave¬ 
length corresponding to ^ = 0 , that is, for all negative values of <j>, but for shorter 
wave-lengths XA remains constant at the value for ^4 == 0 and disagrees with the 
theoretical values. 

The values of A at ^ 0 must give the proper velocity of impact and also give 

a path length d, where d is the length of the tube. For a smaller A but the same value 
of A the <j) — i) electrons still get up to the propter velocity in a half-period, but it is 
reached in a distance less than d. By the time they have reached distance d they have 
slowed down'and the half-jieriod has been exceeded. If they can find a path length 
less than d between the two ends, the conditions will be satisfied and a discharge 
will occur. 

In a spherical bulb this is always possible. The ^ = 0 electrons use the greatest 
width, i.e. the diameter and the shorter waves use chords parallel to this diameter. 
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X Ib thuB constant for all these shorter waves, but for waves longer than the wave¬ 
length corresponding to ^ = 0 it cannot be constant, as that would involve a path 
length greater than the diameter. In this case the electrons must come into 
operation and the theory must bo satisfied -as it is. 

At first sight, however, it is difficult to apply this explanation to the flat-ended 
tubes whore all paths appear the same length, but it is suggested that the desired 
path lengths can stiO be found because as already mentioned the velocity component 
of the secondaries perpendicular to x causes a proportion of the electrons to hit the 
sides. These collisions are distributed all along the sides, and some will occur at the 
appropriate distance from the ends. The force has, of course, given them the ai)pro- 
priate velocity quite independent of their small transverse velocity. 



Fioxtbic 9. CylindriciU discharge gap with side walls far removed. 

At first this explanation seemed a little farfetched, but experimental confirmation 
was obtained. 

A spherical bulb had flat-ended insertions sealed in to give a discharge tube of 
which figure 0 is a section. The fiat ends were 3 cm. apart and the external electrodes 
were placed as shown. 

This gave in effect a discharge portion without any sides. Unfortunately, this 
involved using electrodes too small for a uniform field, and X could also not be found 
accurately as the acorn valves had to be some distance away from the electrodes. 
Reliable calculations were therefore impossible, but there was no doubt that XX for 
the shorter waves was far from constant and increased much with decreasing A. One 
sot of values is given in table 5 for p = 1//^ (hydrogen). 



Table 5 


A in m. 

X in V/cm. 

XX 

4 

104 

416 

4-5 

68 

304 

5 

53 

265 

6-5 

47 

258 

6 

45 

270 

8*6 

cut-off 

cut-off 
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13. Much shortee wave-lengths 

For the size of tubes and wave-lengths used the electron went from end to end in 
a half-period, but if much larger tubes or shorter wave-lengths are used this is not 
possible. In such cases the conditions for to-and-fro movement with continual 
increase can be satisfied if the time of passage is 3, 5, 7 or any odd number of half- 
periods. One theoretical example is shown in figure 10 calculated for the previous 
case of fc — 10. Unit X and A are the values for ^ 0 for the passage in one half¬ 

period. The limiting — ^4 must be the same in eac;h case and gives as A cut-offs 1*74, 
0*39, 0*22 for transit times of 1, 3, 5 half-periods respectively. The curves are drawn 
for these three transit times and come from equations (2). The first equation is the 
same in all three cases but the second becomes 

Ik - 1 

d ^ I y- nn cos 6-^2 sin 6 
+ 1 

whore n is the number of half-periods. It is of interest that whereas curve (1) in 
figure 10 rises steadily as wave-lengths are reduced below the cut-off, the curves (3) 
and (5) fall for a bit before rising. As exjilainod the discharge usually evades the 
left-hand rise of the theoretical curve and replaces it by XA = constant and this is 
drawn dotted. 

10 


8 


6 

f 

4 


2 


0 I 2 

->A 

FroTJKE 10. Starting field strength wave-length calculated for 
electronic transit times of I, 3 and 5 half-periods (k == 10 ). 
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As the ^ave-length is reduced conditions move up this dotted curve and the tube 
slides successively into the use of successive odd half-periods. Naturally if the 
electrons take several half-periods to cross, the chance of ionization by collision is 
correspondingly increased; this is equivalent to using a higher gas pressure which 
facilitates the start of the discharge. 

14 . Spack-chargk effects and wall charges 

The theory lias been worked out on the assumption that the only force is X sinw^. 
As the electrons increase in number it is necessary to see whether space and wall 
charge forces may not have to be added. 

When the electrons have increased by Q in number as tliey have all come from the 
sides there must be positive charges on the glass at each end. As the Q electrons 
move all together backwards and forwards the effect when they arc at one end is 
as if the glass ends had charges + and when they get to the other the charges 
are T A potential V is thus set up between the ends which in a half-period changes 
to — V. V grows as Q increases. 

If this electric forc<* were comparable to the resonance would be upset, which 
would be serious for the theory. 

To get an idea of the value of V consider the discharge tube 3 cm. long and 3 cm, 
in diameter. The capacity between the ends is e.s.u. Suppose that Q has cached 
one million electrons, which should be ample to produce much gas ionization 
at these low pressures. The maximum equivalent charge on the condenser 
== 10* = 2-4X 10 *e.s.u. This gives V - 12-8 x lO '^e.s.u. == 0’4V. This is an 

electric force of just over 0*1 V/crn. and is negligible. The increase due to socundary 
emission can therefore be enormous without sensible effect on the resonance. 

When the discharge becomes visible, however, except at the lowest pressures 
a different state of aff airs is set up. The value of X to maintain the discharge drops 
to perhaps a half or a third of that necessary to start it. This is due to the positive 
space charge set up in the volume by gas ionization. 

We should like to thank Professor Lord Chorwell, F.R.S., in whose Department 
the research was conductcxl, for providing every facility and encouragement, and 
also the Department of Scientific and Industrial Research for financial assistance. 
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The Kodak Research Laboratories 

By C. E. Kenneth Mees, F.R.S. 

(Lecture delivered 3 July 1947 —Received 15 Septeynljer 1947) 

(Plater 9 and 10] 

In 1880 George Eastman commenced the manufacture and sale of gelatin photo¬ 
graphic dry plates in Rochester, New York. From that undertaking, the Eastman 
Kodak Company, incorporated as an American company in 1902, has developed. 
In 1912 Mr Eastman decided to organize a laboratory, independent of the factory 
laboratories, which should carry out work on both the science and practice of 
photography. He was influenced by his observation of the success of industrial 
research under Dr Whitney’s direction at the research laboratory of the General 
Electric Company in Solienectady, New York, U.S.A. and of the laboratories of 
the great German dye works. He had been particularly impressed by the work 
done by the Bayer Company at Elberfeld. 

In 1906 I had completed my thesis for the doctorate of science at University 
College, London, the subject beitig the theory of the photographic process, and had 
joined the old-established but very small firm of Wratten and Wainwright, Ltd., 
of Croydon as joint managing director. At Croydon both the conduct of research 
on photography and its application to the manufacture of photographic materials 
were continued actively, so that by 1912 many new materials had been introduced, 
especially panchromatic plates and the light filters and dark room safe-lights 
required for their use; and the little firm was flotirishing. 

In January 1912 Mr Eastman invited me to go to Rochester, New York, to 
organize and direct the new laboratory. To enable me to do so, he purchased 
Wratten and Wainwright, Ltd., and transferred its production to the Kodak Works. 
At that time the Eastman Kodak Company had some 7000 employees in Rochester, 
of whom about half were in the film and paper factory of the Kodak Park Works. 
There were about 3000 employees elsewhere, including nearly 2000 in England. 
Besides Kodak Park, the Rochester factories included camera factories, while there 
were film, plate, and paper factories in Toronto, Melbourne and Harrow, and two 
small specialized factories in the United States. 

At the present time the total employees of the Kodak companies number about 
60,000, 44,000 of them being in the United States; of these 32,000 are in Rochester, 
including over 18,000 in the Kodak Park Works. The factories have been increased 
by a great chemical works at Kingsport, Tennessee, producing chiefly cellulose 
acetate and products derived from it, and by a photographic factory at Paris. 
Before the war there were also film and camera factories in Germany. 

The Kodak factories in 1912 and, indeed, ever since were operated by profes¬ 
sionally trained chemists and engineers and were equipped with adequate labora- 
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tones for the control of manufacturing processes, the analysis of raw materials, the 
testing of finished products and the development of improved processes and 
products. The new laboratory was not intended to supersede the works laboratories, 
nor primarily to give service to the factories. It was to study the scientific founda¬ 
tions of the photographic process, to develop if jjossible entirely new photographic 
materials, and to discover now applications of photography. 

It was decided to erect a new building for the laboratory, and the site assigned 
was in the centre of the Kodak Park Works, one of the original buildings of the 
plant being demolished and its site used for the new laboratory. The building 
was a steel structure having three stories and a basement with a total floor area of 
appmximately 25,000 sq.ft. The basement was devoted to the necessary engineering 
equipment and to rooms for the preparation of photograi)hic emulsions. The 
emulsions were made by standard methods and used for the manufactiire of 
colour-sensitive dry plates—the plates that had been made in England by the firm 
of Wrattcn and Wainwright, Ltd. These panchromatic plat^es were thus made for 
the first time in the United States. This association of manufacturing with the new 
laboratory seems now a little curious, but at the time it had the definite advantage 
that the laboratory was able to make its own materials to a considerai)le extent, 
and many advances in the preparation of new types of photographic materials 
came from close association with the manufacturing department. 

The laboratory was completed at the beginning of 1913, and the original staff 
consisted of twenty people, among whom were P. G, Nutting, a physicist who had 
established himself as an authority in physical optics at the Bur eau of Standards, 
and his assistant, L. A. Jones, who on Nutting’s departure in 1917 became chief 
physicist of the laboratory, a position that he still occupies. The head of the 
depart-ment of physical chemistry was S. E. Sheppard, who has continued in that 
position ever since. Others who have been with the laboratory from the beginning 
are J. G. Capstaif, who has been responsible for many of the important photographic 
developments in the laboratory’s history, and J. I. Crabtree, who has been in charge 
of the work on photographic chemistry. 

The growth of the laboratory has been continuous, and in spite of the use of the 
adjoining buildings it was necessary in 1930 to build an entirely new laboratory, 
to which the existing work was transferred in 1931. The old laboratory building 
was converted into a laboratory for research work on photographic emulsions, and 
since the transfer of plate and filter manufacturing to factory departments, the 
whole of this department has been occupied with research related to the production 
of photographic materials. 

In 1937 a new' wing was added to the main laboratory. This building is therefore 
now an L-shaped building having a front of 180 ft. and a wing 200 ft. from front 
to back, both sections being 60 ft. deep. Six stories and a basement fully occupied 
with workrooms provide a total floor space of 152,000 sq.ft. The space is inadequate 
for our present requirements, and it is planned to build a second wing giving an 
increased floor area of approximately 60%. 
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The growth of the laboratory is shown in the following table: 


year 

total floor area 
in sq. ft. 

size of 
staff 

annual cost ($) 

1915 

24,500 

40 

126,746 

1920 

29,500 

88 

338.680 

1925 

39.600 

92 

397,449 

1930 

48.700 

159 

618.503 

1935 

140,100 

210 

952,397 

1940 

205.600 

392 

1,923,223 

1945 

207,100 

413 

2,457,463 


From the beginning, the research laboratory has been independent of the depart¬ 
mental organization of the company, and the director has been responsible only to 
the president and general manager. This was Mr Eastman’s proposal originally, 
and there has been no reason to change it. 1 became responsible for the conduct 
of the whole scientific work of the laboratory, including the preparation of the 
budget and the distribution of the sum allotted to different fields of work, and 
1 was made a director of the company in 192H and a vitje-president in 1934, No 
approval is asked for specific projects, nor is any report made as to the distribution 
of the work. The justification for the exfwnditure has always depended upon the 
results obtained, though it was understood at the beginning that the laboratory 
would not be expected to show any justification of its value for a number of years 
and that it would probably be about 10 years before the results from the laboratory 
were of financial importance to the company. This assumption proved to be correct, 
and after the laboratory had been in operation for about 10 years, the materials 
that it had developed were of considerable importance among the sales of the 
company and have continued to increase in importance until, at the present time, 
almost everything that the company makes has in some way been affected by the 
work of the research laboratory. 

The work of the laboratory can be divided into three main sections. About 25 % 
has been on the fundamental science of photography, the theory of the photo¬ 
graphic process; about 50 % has been on practical photography; and about 25 % 
in the fields of pure chemistry and physics not directly connected with the 
theory of photography. Thus the study of the theory of photography starts 
with the physical chemistry of gelatin—^its colloid structure, the measurement 
of its physical properties, its swelling and slirinking, its adsorption to silver 
halides, and the absorption that it has for other substances. Next, it involves 
the study of the silver halides—their crystalline form and particularly the 
distribution of the sizes of the different crystals formed in precipitating an 
emulsion. The whole subject of the frequency distribution of silver halide grains 
was studied intensively in the years following 1920, and the subject excited 
interest both in England and in Sweden at that time. A practical method of 
determining the frequency distribution of silver halide grains was finally worked 
out. 
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In 1925 S. E. Sheppard discovered that the sensitizing action of gelatin for silver 
bromide, which had always been a mystery, depended upon the presence in the 
gelatin of sulphur compounds, among which were derivatives of mustard oil, 
presumably derived from the food of the animals. Following this discovery, he and 
his collaborators showed that the formation of the latent image depended upon 
the existence of concentration centres, in which the products derived from the 
action of light on the silver halide crystal could be concentrated. The accepted 
theory of the formation of the latent image was developed by Gurney & Mott at 
Bristol, and their work on the latent image was supplemented by a great deal done 
in the Kodak Research Laboratories on the effect in forming the latent image of 
the intensity of light and of the temperature at which the exposure takes place, 

A problem at least os difficult as that of the nature of the latent image has been 
the method by which the silver bromide crystal is converted into silver when it is 
treated with a developer after exposure to light. There existed a number of theories 
on the physical chemistry of development, conflicting in nature and none of them 
with very satisfactory evidence. In 1940-1, however, it became possible to apply 
the electron microscope to the developed silver image of a photographic material. 
The grains of silver are too small for their structure to be seen under the ordinary 
microscope, and it had been generally assumed that they had a coke-like structure. 
The electron microscope showed that their structure is filamentary and thus at 
once changed the whole picture of the nature of development, since it is now clear 
that the filamentary silver is formed in situ from the solid silver bromide crystal 
without any solution of the silver halide. There are still doubtful points in relation 
to the nature of the attack of the developer upon the silver halide crystal, but the 
matter is rapidly being clarified. The process of development in the formation of 
a photographic image is, however, very complicated. A complex solution having 
usually some solvent properties is acting on a fairly thick layer of gelatin containing 
a number of layers, at different depths, of silver halide crystals that have been 
given varying exposures. 

The measurement of the relation between the developed silver and the exposure 
given to light and the optical density obtained after development is the branch 
of photographic study known as sensitometry. Work in this field dates from the 
paper by Hurter & Driffield published in 1890, in which they introduced the use 
of the cimracteristic curve of a photographic material. In this curve (figure 1) the 
optical density, D^log^^ l/T, is plotted against the logarithm of the exposure. 
Through a considerable range of exposures {BC in figure 1) the density is 
proportional to the logarithm of the exposure. Hurter & Driffield termed the 
exposure corresponding to the intercept of this straight-line portion of the curve 
on the exposure axis the inertia and used its reciprocal as a measure of the 
sensitivity of the material. They found that under certain controlled conditions 
this value was independent of the time of development. Thus, for the straight- 
line portion, 


D «7 (log JE-logi), 
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where y is the slope* y, which increases with development to a limit dependent on 
the material, is termed the development factor. In the early days of photographic 
research the determination of the characteristic curve was a slow and laborious 
operation. Improvements in the apparatus used for exposure and development 
and especially the use of automatic photoelectric densitometers have greatly 
lightened the burden. In the Kodak laboratories thousands of sensitometrio curves 
are now plotted each day. 
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Figure 1. Chamcteristic curve of a jihotographic material. 

From the study of the relation between the exposure and development has come 
an investigation of the reproduction of the tones of the original subject effected 
in the picture. The solution generally used is shown in the graphic diagram 
(figure 2) designed by L. A. Jones about 25 years ago. The brightnesses of the 
original subject are laid out on the abscissa, and the sensitometrio curve of the 
negative material is plotted in the lower right-hand quadrant so that the intercepts 
of the perpendiculars on this curve give the translation of the tones of the original 
into the negative. A similar projection on to the sensitometrio curve of the positive 
material—^film or printing paper—which has been plotted in the bottom left-hand 
quadrant gives the densities of the positive material, and these in turn can be 
translated into tlie transparencies of the positive material. Then if these trans¬ 
parencies are projected, using a line in the upper left-hand comer to allow them to 
form intercepts with the projections of the original brightnesses, we obtain a curve 
which, if the tone reproduction were perfect, should be a straight line. The distor¬ 
tion of the tone reproduction that has occurred in the process isf shown by the 
departure of the curve from a straight line. 
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The developed photographic image muBt be considered not only in its reproduc¬ 
tion of the tones of the original subject but in relation to its resolving power, 
sharpness and graininess, all of which are dependent upon the structure of the 



Figube 2. Diagram showing the reproduction of tonee by the photographic process. A, cha¬ 
racteristic curve of the negative material; B, characteristic curve of the positive material; 
D, curve showing the tone reproduction obtained; 1?, curve showing ideal tone reproduction. 
The straight line C is an aid to projwting point-s from B on to D. 

developed image and therefore, in turn, upon the structure of the photographic 
material. The •measurement of resolving power, of sharpness, of granularity, and 
of the subjective graininess of the image has been studied for many years, and 
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though our knowledge of these subjects is increasing, tliere is still much work to 
be done. 

In 192(J the motion-pictm'e industry decided to record sound upon film and to 
print the sound record on the edge of the positive print, whi(jh by scanning with 
a photocell would give a reproduction of the sound. The accuracy of the reproduc¬ 
tion and the distortion introduced by the photographic process at different fre¬ 
quencies involve a new application of* photographic sensitometry and the theory of 
tone reproduction. 

One of the most important fields of photogi'aphic work in the last 40 years has 
related to the sensitiKing of photographic materials by means of dyes. The practical 
work in this field will be discussed shortly, but mention should be made of the study 
of the nature of the colour-sensitizing process. Only a limited number of dyes 
sensitize effectively, and the reason that one dye sensitizes and another does not is 
only now beginning to be understood. The matter is connected with the stiiicture 
of the dye and with the nature of its adsorption to silver halide. A great deal of 
work has been done on this subject, esjx^cially in recent years. 

Let us turn from tliis work on the science of j)hotography, which corresponds to 
about a quarter of the work of the laboratories, to the broad field of practical 
photography, which occupies nearly half the total energy of the laboratory staff. 
The biggest single division of the laboratory is that devot;ed to the iuakiug of 
photographic emulsions, both those used for filn\ and those to be coated upon })aper, 
Pliotographic emulsions are made by dissolving halides—primarily bromide or 
chloride—in a weak solution of gelatin and then running a solution of silver 
nitrate into the mixture until most of the halide is converted into tlie silver salt. 
In the case of paper emulsions, which are generally made of silver chl oride, the 
ojjeration is usually complete after the silver nitrate has been added, and the (juality 
of the printing paper depends upon the choice of the halides and of addition 
compounds and on the rate and temperature at which the j^recipitate is formed. 
In the case of film emulsions it is necessary to remove the greater part of the soluble 
salts from the emulsion in order to prevent crystallization, whi(jh would spoil the 
surface of the coating. To do this sufficient gelatin is added to enable the emulsion 
to set as a jelly, and it is then cut into fine shreds and washed in cold water to 
extract the soluble salts. 

The whole technique of emulsion making is a complicated art, in which practice 
is in advance of knowledge of the chemical and physical conditions which control 
the results. Whereas a great deal has been done to reduce this art to a science, 
nevertheless in a practical industrial laboratory the development of the art 
itself cannot be neglect^ed, and a large pai*t of the work in the Kodak Research 
laboratories has been applied to the advancement of the art. As a result, the 
photographic emulsions both for film and paper have been steadily improved 
throughout the years. The high-speed emulsions particularly have been increased 
in sensitivity and decreased in their graininees and in their tendency to fog—that 
is, to develop black silver in the unexposed portions. The keeping property also of 
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the SilniB has been greatly improved. The emukion laboratories work very cJoseJj 
with tie manufacturing departments, and members of the staff of the laboratories 
are often transferred to the manufacturing departments. 

Associated with the emulsion-making lal)oratorios are those dealing with the 
manufacture of gelatin. Like emulsion making, gelatin making is an art rather than 
a science. The Eastman Kodak Company manufactures the gelatin that it uses, and 
the study of possible improvements in the manufacture of gelatin is carried out in 
association with the emulsion research laboratories. 

The emulsion laboratories also deal with the preparation and application of 
optical sensitizing dyes. In 1016 it became necessary to manufacture dyes tliat had 
previously been purchased from Germany, these dyes belonging to the cyanine 
series and being derived from quinoline. This was accomplished in England by 
W. H. Mills at Cambridge and in Rochester by H. T. Clarke then in the organic 
division of the research laboratory. 

Work on new dyes was carried on after the war, but not much progress was made 
until the structure of these dyes had been elucidated by the work of Mills and his 
collaborators. Pinacyanol, for instance, which had been discovered by Homolka in 
1904, was found to have the structure shown in figure 3, the dye being termed by 
Mills a carbocyanine and having three methine groups in the chain joining the two 
nuclei. Cyanine dyes are known with chains containing 1, 3, 5, 7, 9 and 11 methine 
groups, and they can be formed from many heterocyclic nuclei. After 1929 very 
rapid progress was made in the synthesis of new dyes by F. M. Hamer in our 
Harrow laboratory, L. G. S. Brooker at Rochester, J. D. Kendall in the Ilford 
laboratory, and W. Konig and others in Germany. These new sensitizers were 
superior to the existing dyes both in their sensitizing power and in their 
freedom from detrimental effects upon the emulsion. By means of them it was 
possible to prepare very much improved panchromatic materials, which made an 
almost nwolutionary change in the art of photography, so that the period from 
1925 to 1935 was one of rapid change in the development of photographic materials. 
All this work arose primarily from the discovery of the new sensitizing dyes. 



Fioube 3. Structure of pinacyanol iodide. 


The work of the emulsion research laboratory has been of great value in relation 
to the cinema. In motion-picture photo^aphy, the high-speed panchromatic 
negative film, on which all the motion pictures are taken, arose directly from the 
work of the laboratory on emulsions and on sensitizers. About 1925 the experts in 
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motion-picture photography realized that by the use of panchromatic film it 
should be possible to use tungsten lamps in the studios and thus save a good deal 
of difficulty caused by the lamps then employed. This was definitely of importance 
when sound recording was introduced, though at the present time arc lamps are 
used in studio work, having been improved and silenced to make their use possible. 

The positive pictures projected in tlie theatre used to be printed directly from 
the original negatives. About 15 years ago, a method of making duplicates of these 
negatives was introduced, and at the present time a great deal of the printing is 
from duplicate negatives, the original negative being retained in good condition for 
future use. 

One of the most important introductions into photographic practice has been 
amat/eur cinematography. Work on this was started in 1920. It was decided that 
not only should a small camera and projector be made but that a reversal process 
should be employed so that the film used in the camera was itself transformed into 
the positive for projection. The development of the first film to a negative and the 
printing of a positive wore thus avoided. J. G. Capstaff invented an improved 
reversal process, to which later was added automatic control of the second exposure 
by photocells, os a result of which machines were designed for continuous processing 
of the film and transforming it into a positive ready for projection. 

By 1932 the development of the new sensitizers made possible the design of an 
especially fine-grained panchromatic film, on which pictures could be taken only 
one-fourth the size of the 10 mm. pictures. These little images, having only one- 
twenty-fifth the area of a standard motion picture, give adequate resolving power 
for home use. In* order to diminish the cost of the film and of its processing, two 
pictures are exposed side by side on 16 mm. width film and then slit and the 8 mm. 
w ide films are joined end to end for projection. 

The 16 mm. film originally designed for amateur cinematography has been 
applied to documentary photography and used for the photographing of records. 
During the war, this film was applied to the air mail, and approximately 
1,300,000,000 letters were transmitted to and from the British and American forces 
as images on rolls of film. 

After the synthesis of the new and improved sensitizers, it became possible to 
realize a new system of photography in colour. In colour photography it is 
necessary to take three photographs—one by each of the three primary colours— 
red, green and blue-violet—and to print these photographs in register, using dyes 
of colours complementary to those by which the picture was taken, so that the 
picture taken by red light is printed in a cyan, that is, a blue-green dye, the one 
taken by green light is printed in magenta, and the one taken by blue light is 
printed in yellow. It had been suggested that this result could be obtained by 
coating three emulsion layers superimposed on a film base and then converting 
each image into a dye image by including in the layer a coupler which would form 
a dye with the developer oxidation product formed by the reaction of the developer 
with the silver bromide. 
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The realization of auoh propoaala depended upon the discovery primarily of 
sensitizing dyes which would not wander from the silver bromide to which they 
were attached, so that the coating of a second emulsion on the red-sensitive layer 
would not enable the red sensitizer to leave the silver bromide of that layer and 
wander into other layers. The sensitizing dyes knowii before 1930 wandered badly, 
and only when large nuTnl)er8 of dyes became available could those be selected 
which would stay satisfactorily in their own layers. Work was started in our 
laboratories on the realization of this system of colour pliotography, with the result 
that in 1935 the first multilayer colour film was placed on the market under the 
name Kodachrome, From this has followed a very large and very rapid development 
of materials which make it possible for any photographer to take coloui* photo¬ 
graphs with little more effort than that involved in the taking of black and white 
pictures. 

Special photographic plates for use with X-rays had also been made by Wratteii 
and Wainwright, and one of the first things that the laboratory at Rochester 
did was to introduce similar plates on the American market. The introduction 
of double-coated X-ray film in 1917 transferred the interest of radiographers from 
plates to films, and during the first World War a very great use was made of 
radiography by the military medical authorities. Modern X-ray technique, in 
fact, dates from that period, and in the laboratory work has been done steadily 
throughout the whole of its history on the improvement of X-ray materials, both 
the photographic materials and the intensifying screens. During the second World 
War, the use of X-rays for medical purposes was, of course, very great, but, in 
addition, X-rays of high penetrating power were used for the inspection of manu¬ 
factured i^roducts such as parts of airplanes, shells and a multitude of other 
munitions. 

From the beginning, the laboratory has carried out work on the design and 
computation of lenses. About 10 years ago, work was started on the basic theory 
of lens optics, and a number of scientific papers have been published in this field. 
In connexion with this work, it became obvious that a much greater advance 
could be obtained if new glasses could be found. A suggestion made to us by 
U. W. Morey was followed up and glass is inado with heavy and comparatively 
rare elements, such as lanthanum, tungsten and thorium, with which a much 
higher refractive index for the same dispersion could be obtained than was available 
in the ordinary crown glasses. One of the most useful of these glasses has a refractive 
index of 1*745 and a v value of 46. They were made by a new technique, the 
melts being made in platinum crucibles in the laboratory by 1041, but the demand 
for the production of lenses for aerial photography so stimulated production that 
by 1943 the laboratory was making over 1000 lb. of the rare element glass a month. 
The work was then transferred to a new factory, which raised the production to 
several tons a month. 

Work on optical glasses has been continued and a great number of new glasses 
have been discovered, but the commercial production of them will take several 
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years. The work has shown very clearly, however, that the range of optical glasses 
is by no means limited to those which had previously been conceived. 

In addition to the work on photographic theory and on practical photography, 
the Kodak laboratories have continually strayed into fields of research in applied 
chemistry. Their necessary interest in chemistry revealed fascinating bypaths, and 
owing to the lack of strict control and planning in the laboratory some of those 
bypaths have been pursued far beyond the point which any planned programme 
would have considered justifiable and have led to some rather remarkable develop¬ 
ments. 

In the department of organic chemistry, for instance, experiments were started 
a ntimber of years ago on the treatment of cellulose with nitrogen peroxide. The 
original idea was that treatment with nitrogen peroxide might serve to facilitate 
the nitration of cellulose, a matter of considerable importance to our company, 
which makes its own nitrocellulose for film base. Actually, however, it was found 
that nitrogen peroxide does not nitrate cellulose to m\y appreciable extent. 
Instead, it oxidizes the material and produces a carboxyl group in the structure. 
This, of course, makes the cellulose soluble in weak alkali. Oxidized cellulose made 
in this way has some interest for our photograpliic applications, but by far its most 
important use is for surgical dressings, since the oxidized cellulose is soluble in 
blood plasma and can therefore be left in a wound or used for dressings for burns, 
from which it can be detached without difficulty after .the wound begins to heal. 
The production of oxidized cellulose for those applications has now’ been under¬ 
taken on a commercial scale. 

In 1918 we were greatly troubled by our inability to get synthetic organic 
chemicals for laboratory use, most of the chemicals used in America having been 
previously obtained from Germany. After discussing the matter witli a number of 
chemical firms, we decided that it would be a useful service for the research 
laboratory to manufacture synthetic organic chemicals in small quantities and to 
sell them. This operation has been very successful. The original laboratories have 
grown into a large department, and the whole undertaking is now on a profitable 
commercial basis. Incidentally, the possession of an active department of synthetic 
chemistry capable of manufacturing quantities of chemicals has been of the greatest 
value in recent years, The department makes all the imusual chemicals required 
both for photographic manufacturing and, particularly, for colour photography. 
The special developers and dye couplers as well as dyes themselves are synthesized, 
and many tons of these complex chemicals ore made each year. The original 
oonoeption was right. It was a desirable service to make available the synthetic 
chemicals that the research men needed, but the unexpected profit from the 
undertaking in the availability of chemicals for our own use has proved most 
gratifying. 

The production of synthetic organic chemicals is by no means the only way in 
which the Kodak Research Laboratories have been able to repay some of the debt 
that industry owes to the scientific investigators. As soon as the emulsion research 
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laboratory was organized, it undertook to prepare a series of special plates for use 
in spectroscopy and astronomy, and these Eastman Spectroscopic Plates, as they 
are called, have been of the greatest value in astronomical photography. Ijlore 
recently, a series of special plates has been made for recording the tracks of nuclear 
particles. Some years ago the concentration of the rare stable isotopes of nitrogen 
and carbon, N*® and was undertaken, and chemicals containing high concen¬ 
trations of these isotopes are now being supplied for use as tracers. 

One application of the chemical work of the laboratories has resulted in the 
development of a very considerable industry. This was in the production of 
cellulose acetate, on which the laboratories started active work in 1926 and in 
co-operation with the factory made great improvements in the process. In 1932 
the company decided to transfer its manufacture of cellulose acetate to the 
Tennessee Eastman Corporation, an associated company which had been organized 
in 1920 at Kingsjwrt, Tennessee, its original work being the distillation of wood for 
the preparation of organic solvents. The Tennessee Eastman Corporation sincse 1932 
has developed a major indvistry in cellulose acetate yam and plastics, in acids and 
solvents, in the manufacture of hydroquinone and chemicals derived from it and of 
acetate dyes. In order to assist in this important development, the Tennessee 
Eastman Corporation since 1933 has maintained a special section in the laboratory 
at Rochester from which have come many of the developments now in production 
in Tennessee. The head of that department has now transferred to Kingsport as 
director of research for the Tennessee Eastman Corporation. 

One most unexpected development from the research laboratories arose from an 
attempt to dry film after packing by the use of a high vacuum. K. C. D. Hickman, 
who undertook this work, became interested in the efficiency of the vacuum pumps 
and of the gauges that he was using, and he finally drifted o3 into the study of 
distillation in high vacua, in which work he was unknowingly duplicating that done 
by Burch at the Metro-Viokers Laboratory. From this has come an entirely 
new industry, in which vegetable and animal oils and, particularly, fish oils con¬ 
taining vitamin A and vegetable oils containing vitamin E, are stripped of 
their vitamins by very large centrifugal stills in a high vacuum. This work, which 
started a little more than 10 years ago in the laboratories, is now operated by 
a flourishing company in Rochester, known as Distillation Products, Inc. The 
company also manufactures a considerable range of apparatus for work in high 
vacuum. 

Our latest deviation from the fields of photography—one undertaken entirely in 
the hope that ‘something may turn up’ and without any definite plan of work, like 
the work on synthetic chemicals or on high vacua, is a study of the properties of 
phosphors. Phosphors behave in a manner parallel in many respects to the silver 
halides. They are of interest in connexion with the properties of solids, and we have 
recently started a long-term study of these materials. 

The research work of the Eastman Kodak Company has never been confined to 
the central laboratories at Rooheeter. The expenditure, in fact, on the central 
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laboratories is only about a quarter of the total expenditure on research, experiment 
and development throughout the companies. Before the research laboratory was 
established, the works laboratories were engaged in a good deal of experimental 
work, and this has continued. Each department of the works has facilities not only 
for the control of its product, but for the development of new products and even 
for a certain amount of scientific research. 

The same policy of decentralization applies to the research done by the Kodak 
companies throughout the world. The Harrow Works, for instance, maintains a 
large research laboratory, in which the work parallels and competes with that of 
the Rochester laboratory. The same statement for a somewhat smaller scale applies 
to the French laboratory at Vincennes. Scientific papers from both these labora¬ 
tories are published in the same way as those from Rochester and are incorporated 
in our total of published communications. A laboratory at Melbourne, Australia, 
is also active. Among the various minor laboratories, a tropical research station in 
Panama is worthy of jnention. 

Since the purpose of the laboratory from the beginning was the production of 
scientific knowledge, the policies of the laboratory have always been directed toward 
that end. No attempt is made to anticipate scientific discoveries that may be made 
or to regulate or organize the direction which the work may take. When the 
scientist selects a field of work, he is left free to exploit it as he sees fit, in consulta¬ 
tion primarily with the immediate head of his department, much as a graduate 
student works in collaboration with a professor; but, since our scientists are skilled 
in research, with much less direction than is usual in the case of research students. 
There are many conferences, but they are scientific conferences for the exchange of 
ideas and are not primarily for the direction of the work. Finally, the results of the 
work are published as communications in the scientific journals to which they are 
appropriate. We do not publish a special journal. In the beginning it was decided 
that the issue of special journals by industrial laboratories would inflict an in¬ 
tolerable burden upon bibliographers. Chemical papers are published in the 
journals of the chemical societies, optical papers in the physical or optical journals. 
For the photographic papers, we have, e8i)ecially in the United States, been 
dependent upon the services of certain journals that have been hospitable to ua, 
notably the Journal of the Franklin Institute. To prevent this distribution of papers 
from producing a dispersion which could not be controlled, we publish annually 
a volume containing abridgements, of about half their length, of all our scientific 
publications, and these abridgements, which now include well over a thousand 
communications, form a convenient reference system. 

In addition to the scientific communications, the laboratories publish abstract 
journals dealing with the whole current photographic literature and have been 
responsible for a number of books. 

The policies pursued in the conduct of our research, vague as they must seem to 
those who beUeve in systematic planning and in organization, have been enor- 
tCGUsly profitable. Over the years the cost of the central laboratory has been less 
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than 4 % of the net proiite of the company after taxea* Many major developments 
have been evolved with but a triflmg cost for research, though naturally the later 
cost for development and commercial exploitation has been very considerable. 
The result of a lifetime spent on industrial research has convinced me that the 
research cost is of no great importance. The commercial success of research and 
development de|)ends upon the choice of the researches to be developed com¬ 
mercially, and this choice is enormously^ more important than any limitation of the 
research work itself*. Developnient to the commercial stage costs at least ten times 
as much as the scientific work in the laboratory, and it is particularly important 
that directors of research laboratories should not be so biased by their own interest 
in the results that they select the subjects for commercial exploitation without 
sufficient attention to the commercial factors involved. Nor can they escape this 
responsibility by leaving it to the commercial direction of the company, since in 
the case of new products it is almost impossible for anybody except the research 
men to foresee the available markets. The research department must, therefore, be 
fully and intimately allied with the commercial side of the business, and if the 
director is to be successful he must be fully acquainted with the whole enterprise 
section of the management. This is why small companies can do research so 
profitably. In small companies the research director can be an active part of the 
management to a far greater extent than is possible in a big organisation. As 
examples of the actual cost of some of our work, the research that produced the 
system of amateur cinematography on Iff mm. film now used throughout the world 
on a vast scale cost about £50,000 over a term of approximately 12 years. Our 
research on colour photography, though it has been far more expensive than that 
on amateur cinematography, has cost less than 5 % of the sale of colour materials 
up to date. The total cost of the research that led to the organization of Distillation 
Products, Inc., was much less than the present annual budget for research and 
development of that company. 

In addition to the new materials and new methods that the laboratory has 
produced, it has been our constant practice to train men for the operating staff 
of the company. Members of the laboratory staff leave it each yeax to go to other 
departments of the company. Many of the technical leaders of the company to-day 
in factories, in sales, and in general management have had some training in the 
research laboratory and often were originally employed on the staff of the labora- 
lory and transferred when it was realized that their interests were practical and 
administrative rather than scientific. This is not an easy thing to do. The men who 
are transferred are not those who are ineffective in research. No one whose heart 
is in science is asked to become an administrator, but the men who are transferred 
are in many cases the most capable and energetic and valuable men on the labora¬ 
tory staff. To put these men elsewhere involves a considerable amount of resolution 
and even sacrifice, but the operation has been incomparably successful. The 
" graduates * of the laboratory ore not only its best friends in the company; they are 
also the most capable managers that the company can obtain. 
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The Kodak Research Laboratories 

Mr Eastman’s vision was correct. The research laboratory, which he founded, 
has had much influence on the prosperity of his company and, what is more, it has 
been able to advance the science and art of photography to the benefit of mankind. 

Refkrenob 

Hiirtor, F. Sc Drififield, V« C. 1890 J. Soc. Chem, Ind. 9, 465. 

Dkscbiption of Plates 9 and 10 

Plate 9 

Top, Main rescartjh laboratory building, Kodak Park, Rochester, N.Y., U.S.A, 

BoUom. Five-foot diameter centrifugal ‘molecular’ still. Distillation Products, Inc., 
RoohesUir, N.Y., U.S.A. 

The still opeiat/cs in a v-'acuum of a few microns. The condensation pumps can be 
seen at the side. 

Pl^TE 10 

Left* Automatic recording densitometer. Tliis plots the points of the characteristic curvt^. 
Hight, Experimental machine for coating photographic paj)er. 


Kinetics of the base-catalyzed broniination of ethyl 
cyclopentanone 2-carboxylate 

By R. P. Bell, P.R.S., R. D. Smith and L. A. Woodward 

{Received 16 August 1947) 


The kineticss of the brornination of ethyl cyclopentanone 2-carboxylate in the presenoe of a 
number of basic catalysts have been investigatcfl in aqueous solution at 26'^ C. Under the 
conditions chosen the brornination proceeds to completion and ite rate is indejiendent of the 
bromine concentration, being determined by the rate of transfer of a proton to the catalyzing 
si^eoies. Since only one bromine atom is introduced, the kinetics are free from complications 
due to successive stekges. No detectable acid catalysis occurs. Values of the catalytic constantH 
f)f seven baaio species have been deterniinod from measurements in buffer solutions and in 
hydrochloric acid solutions. 

The relation between the catalytic constants of the four oarboxylate anions studied is 
accurately expressed by an equation of the form due to Br 6 rmtod. The ion does not 

obey this equation. In its general kinetic behaviour the brominatiofi of ethyl cyclopentanone 
2 -oarboxylate is found to conform to the regularities previously shown in the ionization of 
related substrates. 


Introduction 

The ester used in this work bears a close straotural relationship to ethyl aoetoaoetate, 
the base-oatalyzed ionization of which has been previously investigated (Pedersen 
1933, ^934^)* advantage that in its brornination only one bromine atom, 
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instead of two, is introduced into the molecule. Thus there can be no complication 
of the kinetics on account of successive stages of substitution, such m were encoun¬ 
tered in the earlier work. It was hoped that this circumstance, together with the 
adoption of an accurate analytical procedure for following the course of the reaction, 
would lead to a higher precision than is usual for this type of measurement. 

The work forms an extension of previous investigations of the base-catalyzed 
ionization of substituted ketones (Beil & Lidwell 1940) and malonio ester (Bell, 
Everett & Longuet-Higgins 1946). 

Expebimbisttal 

Materials 

Commercial samples of ethyl cyclopentanone 2-carboxylate (hereafter called the 
substrate) were distilled under reduced pressure, the fractions used boiling at 103 to 
105'" G/12mm. and 101*6to 103-6° C 711 mm. (cf. Haller& Cornubert 1926; Comubert 
& Borrel 1930; Linstead & Meade 1934). For convenience in making up reaction 
mixtures an approximately 0*04M-aqueou8 solution of the substrate was prepared, 
and in order to avoid possible hydrolysis this w as not stored for more than a few days. 
As the measurements indicated (see below) that the samples thus distilled probably 
contained small amounts (up to 3-6 %) of inactive impurity, control experiments 
were carried out upon a sample which had been subjected to the chemical puri¬ 
fication described in Organic Syntheses (Collective vol. 2, p. 116), The resulting 
product was distilled under reduced pressure and the fraction boiling at 116 to 
117° C/20 mm, was used. 

The catalysts studied were water and the anions of acetic, monochloracetic, 
trimethylacetic, glyeollio and phosphoric acids. Buffer solutions were made up by 
adding sodium hydroxide solution (free from carbonate and standardized against 
constant-boiling hydrochloric acid) to solutions of the respective carboxylic acids 
which had been directly standardized against the sodium hydroxide. Analar acetic 
and monochloracetic acids were used without special purification. The trimethyl¬ 
acetic acid was obtained by distilling a commercial sami>le under reduced pressure. 
The fraction collected boiled at 76-6 to 78-6° C/20 mm. and melted at 34 to 36° C. 
The glyeollio acid was a commercial sample which, after drying over sulphuric acid, 
melted at 78° C. Phosphate buffers were prepared by the addition of hydrochloric 
acid to solutions of Analar potassium dihydrogen phosphate made up by weighing. 

Measurement of reaction velocities 

All measurements were carried out at 26 ± 0*02° C. Preliminary experiments 
showed that it Avould be necessary to deal with reaction times ranging from a few 
seconds up to a few minutes. For each determination, 10 c.c. of a mixture containing 
approximately 2 x lO^ ^g.mol of substrate, together with the buffer and sufficient 
sodium chloride to make the ionic strength of the final reaction mixture up to 0-1, 
were placed in a small tubular glass reaction vessel, the bottom of which had an 
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inward projection. Passing through the stopper of this vessel was a glass tube with 
a fragile bulb at its lower end containing 1 c.c. of a solution of bromine and potassium 
bromide (each 0 * 1m). After allowing sufficient time for the solutions to reach reaction 
temperature in the thermostat, the reaction was suddenly started by plunging the 
bulb down on to the projection at the bottom of the reaction vessel and so breaking 
it, while at the same instant all the bromine was ejected by compression of an 
attached rubber teat and a stop-watch was started. The reaction was stopped at 
will by the rapid addition of about 1 c.c, of a 4 % solution of allyl alcohol with 
stirring. Finally, the sides of the reaction vessel were washed with allyl alcohol 
solution to remove possible residual traces of bromine. 

Difficulty was encountered in finding a suitable method for estimating the amount 
of brorno-compound formed. The method used by Bell et al. ( 1946 ) for malonic ester 
consisted in determining by a series of titrations the iodine liberated slowly by the 
bromo-compound from potassium iodide in presence of a suitable acetic acid-acetate 
buffbr. This was found to be inapplicable, because the substrate used in the present 
work iodinates more completely than malonic eater. Thus, writing i?H for the sub¬ 
strata? and AM for the iodo-oompound, the equilibrium AH-f + lies 

so far over to the right that, under otherwise suitable conditions for the deter¬ 
mination of the bromo-compound by its reac.tion with potassium iodide, an appreci- 
abk? amount of the iodo-comp()und is present f?ven when the iodine corujentration 
is so low as not to affect the starch indicator. The iodination equilibrium can be 
displaced to the left by raising the concentration of either iodide or hydrogen ion; 
but then there is a considerable amount of atmospheric oxidation of the iodide in 
the long time (about 8 hr.) required for the completion of the reaction with the 
bromo-compound. 

It was eventually discovered that a satisfactory and quite quick estimation could 
be based upon the reaction of the bromo-compound with a mixture of potassium 
iodide and excess of sodium thiosulphate. The procedure may be exemplified by 
reference to the measurements of reaction velocities in presence of acetate buffers. 
Aft<?r stopping the bromination reaction with allyl alcohol, as described above, 

I o.c. of a fresh 10 % solution of potassium iodide was added to the reaction tube, 
followed by 5 c.c. of a standard sodium thiosulphate solution (approx. 0-01 n). 
After thorough stirring the mixture was left for 15 to 20 min. in the thermostat. 
(lOmin. was shown to be sufficient; blank experiments showed that in 20min. there 
was no perceptible atmospheric oxidation of the iodide.) Then 1 c.c. N-hydrochloric 
acid was added, the tube was removed from the thermostat and its contents titrated 
with standard potassium iodate ( 0*01 n) using a microburette. The acid concen¬ 
tration was more than sufficient to reverse the iodination of the substrate, but was 
found to sharpen the starch end-point without causing measurable atmospheric 
oxidation during the short time of titration. This method was shown to give an 
accurate determination of the bromo-compound, one molecule corresponding to 
the conversion of two molecules of thiosulphate to tetrathionate. The evidence was 
based upon experiments in which the bromination of the chemically purified 
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substrate (see above) was allowed to proceed for at least nine times the half-life 
period in presence of an acetate buffer, a trimethylacetate buffer or hydrochloric 
acid, in no case did the amount of thiosulphate disappearing by reaction with the 
brorno-compound differ by more than 0*015c.c. of O-OI solution from the amount 
calculated from the original weight of substrate on the assumption of complete 
bromination. As this calculated amount (hereafter referred to as the eternity value) 
was in the neighbourhood of 4c.c. of 0*01 N-thiosulphate, the method is accurate 
to well within 0*5 % and the completeness of the bromination reaction is confirmed. 
Under the conditions used, no evidence could be obtained for any loss of the active 
bromo-compound of the kind encountered in previous work with acetyl acetone 
(Boll & Lidwell 1940), acetoacetic acid (Pedersen i934/>) and acotoacetic ester 
(Pedersen 1933, I934tt). 

As mentioned above, most of the kinetic measurements were carried out upon 
samples of the substrate that had not been subjected to special oheniioal purification, 
but simply to fractional distillation. It was found that the observed eternity values 
for different samples wore slightly lower than those calculated from the weiglits of 
substrate taken (maximum difference 3*6%). These discrepancies were attributed 
to the presence of inactive impurity in the substrate aruJ in treating the kinetic 
measurements the appropriate observed c^ternity values have been mod throughout. 
This procedure is justified by the good agreement between values of the 'water 
velocity’, as given by measurements in presence of hydrochloric acid, using on the 
one hand the specially purified substrate and on the other hand samples that had 
only been fractionated. The use of observed eternity values, rather than those cal- 
culate^d from the amounts of substrate taken, does not in any case seriously affect 
the values of velocities and catalytic constants deduced from the measurements. 

Treatment of results 

For each run, seven samples were brominated for measured times, and an eighth 
to completion to obtain the eternity value. Writing x for the amount of thiosulphate 
corresponding to the brorno-compound formed in t min. and a for the eternity value, 
values of were plotted against t. The plots were always good straight 

lines, showing that the reaction is of the first order with respect to the substrate. 
Owing to the increasing experimental error in the values of log^^ {a - x) in the later 
stages, attention was confined to the initial two-thirds of the reaction. 

The point corresponding tot ^ 0, obtained by assuming x = 0, always lay slightly 
above the straight line through the other points, and was neglected in calculating 
velocities. This effect is probably due to the presence in the substrate of 1 to 2 % of 
a species which brominates relatively very rapidly. From measurements with reac¬ 
tion times of only a few seconds in presence of hydrochloric acid, where the reaction 
velocities were relatively slow, some evidence was obtained that the bromination 
of this species is not immeasurably fast; but the accuracy obtainable with such short 
reaction times was not sufficiently high for reliable deductions to be drawn. It 
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appears probable that the species concerned is the enol-form of the substrate. 
Solutions of the substrate did in fact give an immediate blue colour with ferric 
chloride. It is certain that the rate of hromination of the species in question, if 
not instantaneous, is very fast indeed, so that conclusions as to the kinetics of 
hromination of the keto-form are not affected. 

The reaction velocities v in the following tables are the slopes of the linear plots 
referred to above. The catalytic constant Jkf, for any particular anion is calculated 
from the usual equation : 

total velocity == water velocity-f (anion concentration), 

in which the concentration of the catalyst is expressed in gram -ions per litre and the 
water velocity is determined from measurements in presence of hydrochloric acid 
(see below). Values of?; and kf, must be multiplied by 2-303 to obtain values in min.^^ 
and g.mol.“i x min.~^ respectively. 

In the following tables the values of the uncorrecied carboxylate anion con¬ 
centrations c are derived from the amounts of sodium hydroxide used in the pre¬ 
paration of the buffer solutions. For the phosphate buffers the meaning of c is 
analogous. The values of c (con*.), to be used in the calculation of catalytic constants, 
are obtained by applying the following corrections (cf. Bell e( al. 1946 ): 

(i) For the carboxylate anions the value of [H~^] for the buffer was calculated, 
using the appropriates thermodynamic dissociation (constant of the acid and the 
value«= 0-8 for the activity coefficient at -- (M (Larsson & Adell 1931 ). This 
value of [11^] was added to c. The case of the phosphate buffers is dealt with 
separately below. 

(ii) The hromination reaction produces one molecule of strong acid for each 
molecule of substrate brorninated, tlms causing a small diminution of the concentra¬ 
tion of catalyzing anion. In order to take this effect into account the concentration 
of acid formed at a time half-way between the earliest and latest points on the 
plot was subtracted from c. 

(iii) A third correction was applied for the strong acid produced by the hydrolysis 

of the bromine according to the e(juation Brg^ -f HOBr. The value 

5-8 X 10 "® (Liebhafsky 1935 ) was used for the constant J [Br""] [HOBrJ/fBr^J 
at 25° C. Account was taken of the mean loss of bromine and production of bromide 
ion by reaction with the substrate and also the Brs equilibrium, for which the 
constant [BrgJlBr J/fBra] = 0*062 was used (Lewis & Randall 1916 ). A correction 
equal to [HOBr] was subtract^ed from c. 

All these corrections are small, and so, although they mutually affect one another, 
it is justifiable to apply them independently in obtaining c (corr.). 

Each determination of v was carried out twice. In the majority of cases the results 
agreed within 1 %, the maximum difference being 4 The recorded values are 
the means. 
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Results in solutions of hydkochlorio acid 

These measurements were carried out in order to determine the water velocity. 
Since there is here no reason for maintaining a known ionic strength, sodium chloride 
was not added to the reaction mixtures. Slight modifications were necessary in the 
method for determining the bromo-compound, because in these acid solutions 
appreciable atmospheric oxidation of the iodide would have occurred during the 
16 to 20 min. allowed for reaction of the bromo-compound with the mixture of iodide 
and thiosulphate. This reaction was therefore allowed to occur in presence of a 1:1 
acetic acid-acetate buffer added before the potassium iodide, and a suitable quantity 
of K'hydrochloric acid was added just before the iodate titration. 

The results obtained with substrate which had not been subjected to special 
chemical purification are given in table 1 . 

Table 1. Measurements in solutions of hydrouhlork^ acid 

[H+] (initial) 0-0009 0-004 0*02 0*07 

10»v (obs.) 60-3 o9-9 59-8 60-0 

The values of ?^(obs.) are identical within experimental error, the mean being 
fiO'Ox lO-*"*. As a control three corresponding determinations (initial [H"^] 0 * 002 ) 
were made upon the sample of substrate that had been specially purified by the 
method referred to above. The mean of the concordant values of v(ob 8 .) was in 
excellent agreement with that of table 1 . This justifies the procedure, generally 
adopted throughout the work, of using observed eternity values in the derivation of 
velocities. The fact that v{oh&.) shows no increase with increasing [H^] indicates 
the absence of acid catalysis and makes it reasonable to conclude that the velocity 
observed is that due to basic catalysis by water. 

Results in buffer solutions 

All the results recorded below were obtained with the distilled, but not chemically 
purified, substrate. The symbol r in the tables is the stoichiometric ratio of acid to 
sodium salt in the buffers, as given by the amount of sodium hydroxide (or for the 
phosphate buffers, hydrochloric acid) used in their preparation. 

Acetate buffers 

Using an acetate buffer (r = 0*98, c = 161 x 10 “"*) experiments were carried out 
with different initial bromine concentrations ranging from 0*003 to 0*016 g.mol./l. 
The values of obtained were identical within the limits of experimental error, 
showing that the velocity of reaction is independent of bromine concentration in 
the range investigated. In all the experiments reported below the initial bromine 
concentration was 0*0087 m. In calculating c (corr.) the thermodynamic dissociation 
constant of acetic acid was taken to be 1*76 x 10 ”* (Hamed & Ehlers 1933 )• 
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The results of measurements in two acetate buff ers of different r-values are given 
in table 2 . In computing t?(calc.) here and in all the subsequent tables, the value 
of the water velocity was taken to be 60*0 x 10 ^^, as determined from the experi¬ 
ments in hydrochloric acid (table 1 ). Thus the values of ^;(calc.) in table 2 arc 
obtained from the expression 60-0 x 18-3^^ (corr,). The good agreement with 

V (oba.) for both buffer ratios confirms the absence of acid catalysis. Extrapolation 
of the values of ?;(obs.) to zero anion concentration gives 01 x 10 “'*, which is in 
agreement with the value of the water velocity determined from the ex[)eriments 
in liydrochloric acid and indicates that there can be* no serious contribution from 
hypobromite catalysis (cf. Bell et al. 1946 ). 

Table 2. Measurements tn ac^etate buffers 




r = 0-9H 

h, 18-3 


r == 2-97 



75-6 


227-2 

75-6 

151-5 

227-2 

(corr.) 

fU'O 

139-5 

214-7 

56-1 

141-3 

217-5 

l(Fv {ob8.) 

nci 

321 

457 

176 

315 

454 

y (calc.) 

J77 

315 

453 

181 

319 

458 


Monoehloracetate btiffers 

With the buffer ratio r ~ 9*50 used it was necessary, in order to avoid atmospheric 
oxidation of the iodide in the determinations of the bromo-compound, to adopt the 
modifications described above for the exjwriments in hydrochloric acid. In cal¬ 
culating c(corr.) the thermodynamic dissociation of monochloracetic acid was 
taken to be lv38x 10 ® (Wright 1934 }. The correction for bromine hydrolysis is 
inappreciable in these buffers. The results obtained are given in ta ble 3. 

Table 3. MeAvSURements in monoculukacetate buffers 


T = 0-50, h = 


10‘c 

151-9 

304-3 

456-4 

608-6 

760-7 

10 * 1 ) (corr.) 

154 

306 

450 

611 

763 

10»t! (ob«.) 

82 

106 

128 

151 

175 

10*t> (ualc.) 

83 

106 

128 

151 

174 


TrimethylaceUite buffers 

In calculating c (corr.) the thermodynamic dissociation constant of trimethylacetic 
acid was taken to be 9-35 x 10 ^ (Everett & Pinsent, unpublished work). The results 
are given in table 4. 

Table 4. Measurements in tbimethvlaoetate buffers 

1-76. = 26-5 


10*c 

68-5 

102-7 

171-2 

239-7 

10*c (corr.) 

58-2 

91-9 

160-2 

228-6 

HPv (obs.) 

210 

303 

483 

674 

lO^v (calc,) 

214 

304 

485 

666 
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Glycollaie buffers 

The method of determining the bromo-compound was that described above for 
the experiments with hydrochloric acid and chloracetate buifei^. In calculating 
c (corr.) the thermodynamic dissociation constant of glycollic acid was taken to be 
1-475 X 10“^ (Nims 1936). The results are given in table 5 . 


Table 5. Measurements in glycoli^ate buffers 
r = 0-60, it*, = 5-12 


lO^c 

162-2 

304-4 

608*8 

706-9 

10*c (corr.) 

144 

29« 

600 

762 

10®r (obs.) 

134 

213 

367 

442 

10®v (calc.) 

134 

212 

367 

446 


Phosphate buffers 

Phosphoric acid being relatively strong, the correction (i), especially at the higher 
of the two r values studied, is larger than for the carboxylate buffers considered 
above. The value used for the first dissociation constant of phosphoric acid was 
8-71 X 10^® in terms of concentrations at /i = 0-1 and 25 ^ 0 (Bjerrum & Unmack 
1929). The effect of the second stage of dissociation upon the concentration of 
H2OP4 is negligible in the buffers used, as is also the effect of bromine hydrolysis. 
The results obtained are given in table 6. 


Table 6. Measurements in phosphate buffers 
^h,po '4 ^ 1*33, ^Hpor neglected 




r = 

1-00 



r = 

0-20 


J0*c 

113-4 

227-3 

341-0 

464-6 

189-8 

380-4 

670^4 

760-7 

10*c (corr.) 

149 

275 

396 

513 

196 

386 

576 

767 

(obs.) 

82 

98 

112 

126 

87 

113 

137 

162 

10®t) (calo.) 

80 

97 

113 

128 

86 

in 

137 

162 


The values of v(oalc.) given in the table are obtained using AjHiPor =* 
neglecting any possible catalysis by HPO4. Although the latter anion is present only 
in very low concentration, its catalytic constant will be relatively high on account 
of its high basic strength. An upper limit can be set to the value of k^po^ by arbi¬ 
trarily ascribing different values to it, working out the corresponding values of 
V (calc.) and noting when the lack of agreement with v (obs.) becomes greater than 
the experimental error. This procedure requires a knowledge of [HPO4 ] and in 
obtaining this the dissociation constant of HaP04 was taken to be 1*79x10"’^ 
(Bjerrum & Unmack 1929) in terms of concentrations at = 0-1 and 25 '* C. To obtain 
optimum agreement with v (obs.), a lower value of ytn.por has to be chosen for each 
increase in the assumed value of ^Hpor* The calculations showed that it is probably 
over-estimating ^HPor if equal to lO®; for then the agreement of «;(oalc.) 
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with ^(obs.) is definitely impaired, using the corresponding optimum value of 1-27 

for Hence it may be concluded that the value 1-33 for 

table h, although possibly too high, is not in error by more than one or two per cent. 

Discttssion of results 

The measurements reported above demonstrate that the rate of bromination of 
ethyl cycloj^entanone 2-'Carboxylate is determined by the rate of transfer of the 
proton from the OH group to the basic species acting as catalyst. The agreement 
between observed and calculated velocities is good, and the experimental accuracy 
shows an improvement on that of earlier work of a similar kind. 

The observed catalytic constants of the different basic species an*, collected in 
table 7 together with the thermodynamic dissociation constants p of tlie con¬ 
jugate acids. Literature references for the values of for the carboxylic acids 
have been given above. The values for the acids conjugate to H 2 PO 4 and HPO^ are 
taken from the work of Nims ( 1933 , 1934 )* The case of water is considered further 
below. 

Table 7. Summary of catalytic constants 


(satalyst 


(obH.) 


ki, (cttlo.) 

(CH,),(:.coc) 

9*35 X 10 « 

26-5 


26*3 

CHj.COO 

1*75 X 10- s 

18-3 


18*3 

CHjOH.COO 

1-475X iO-* 

5-12 


5*30 

CH,Cl.COO~ 

1*38 X 

l-4» 


1*45 

H.POr 

7*52 X 

1-33 \ 

f (i) 
t(>i) 

0*54 

1*03 

HPo; 

6*2 X 10'» 

< 1()> 1 

1 0) 
K'i) 

4*8 X 102 
8*5 X 102 

H,0 

/55*5 

!-()8x 10-» 


2*3 X 10-‘* 

\ 0*13 

4 « X IO-‘ 


7*8 X 10-* 


When the values of log,o (obs.) for the four carboxylate ions are plotted against 
logi^Ajjjj for the conjugate acids an excellent stiaight line is obtained, showing 
that a Bronsted relation of the form kf, — GK g J is closely obeyed. The best values 
of a and O, obtained by the method of least squares applied to the logarithmic plot, 
are 0*68 and 0*0318 respectively. The values of fc^(calc.) given in table 7 are those 
of the expression 0*(J318iffi^®®. 

The agreement between ^^^(obs.) and kf,(oeAc.) for the four carboxylate anions 
is very satisfactory and probably within the limits of experimental error. 

For each of the phosphate ions two values of ^^(calc.) are given. The first of 
these, marked (i), is obtained from the above Bronsted relation without any allow¬ 
ance for statistical differences from the carboxylate ions. If a base has q equivalent 
positions for the acceptance of a proton and if its conjugate acid has p equivalent 
positions from which a proton may be lost, then the proper form of the Bronsted 
relation becomes kjq = G'{qK^Jp)''^ (Bronsted 1928 ), The statistical factors p 
and q have been neglected in dealing with the carboxylate anions above, since they 
are the same for all. Inserting the values p ^ I and q ^2, obtain the modified 
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Bromted relation kf^jq = as the proper form for use with the 

phosphate ions. The values of (calc.) marked (ii) in table 7 are calculated from this 
general equation using p 3, g = 2 for H 2 PO 4 and p = 2 , ^ - 3 for HPO 7 . It is 
seen that the agreement with kf^ (obs.) is improved for HgPO^, while for HPOJ it is 
impossible to draw any conclusion. The difference between calculated and observed 
values of A?n,Por remains outside the limits of experimental error; but no special 
emphasis is to be laid upon this fact, as the Bronsted relation is not expected to hold 
exactly for bases of such different structural types as H^PCl^ and carboxylate. In 
this connexion it is interesting to note that the agreement with the Bronsted 
relation for carboxylate ions was likewise improved for nitramide by the inclusion 
of statistical factors (Bell 1941 ), whereas for malonic ester (Bell et al. 1946 ) the reverse 
was the case. 

Coming lastly to the results for water, a further uncertainty detracts from the 
usefulness of a comparison between the observed and calculated values of the 
catalytic constant, namely, the doubt as to the value to be taken for the dissociation 
constant of HgO. On the conventional scale this is equal to the concentration of 
HgO molecules, and in tabh? 7 the results for two assumed values are given. The 
first of these, 55-5, is simply the number of formular weights of HgO per litre arid is 
certainly too high: the second, 0 * 13, is the value suggested by Bell ( 1943 ). In working 
out both values of kf, (calc.) the statistical factors for water have been taken to be 
p = 1 and g - I, 

It is of interest to compare the rate of ionization of ethyl cycjlopentanono 2-car- 
boxylate with those of other substrates of similar structure. For this purjrose it is 
convenient to define a rate of ionization R as the calculated catalytic constant at 
25^ C of the anion of a hypothetical monocarboxylic acid for which is equal to 
10"^ (cf. Bell & Lidwell 1940 ), due accoimt being taken of statistical differences 
between the substrates. The value of R found in this way for the substrate used in 
the pre^sent work is 15-3 (expressed in The values of logj^ii ^ 1-18 and of 

the exponent a = 0»58 fit well into the series of substrates previously studied (Bell 
1943 ) between acctoacetic ester (log^pi? = 1-02, a = 0*59) and acetylaoetone 
(logiQ R = 1*83, a 0*52). The rate of ionization of ethyl cyclopentanone 2-oarboxy- 
late is higher than that of ethyl aeetoacetate; but, as was to be expected from their 
structural similarity, the difference is comparatively small. 

Ethyl cyclopentanone 2-carboxylate conforms as closely as do other substrates 
to the empirical equation log^^R ^ 2*16-f-2*92cotproposed by Bell { 1943 ) to 
express approximately the fall of a with increasing i?. 
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Infra-red spectra and the solid state: measurements 
with polarized radiation 

By J. Mann and H. W. Thomj’SON, F.R.S. 

I'he Physical Chemistry Laboratory, Oxford 

(Received 26 August 1947) 


The abHorption Hptsetra of some (Tystallino and oriented 8olid« Imvo been measured using plane- 
polarized infra-rod radiation.'The sample was €?xamined suoeessivoly with the dirt'ction of 
orientation of the crystals parallel or perjjendicular to the directioii of vibration of the electric 
vector in the polarized incident boom. Differences in rtdative intensity of the absorption bonds 
have bean found with many substances os tlie sample is rotated. These cJiairges are particularly 
marked with vibration bands of polar linkages such as C—t), N— H or O — H, and in such ca8e.s 
wdien? a particular absorptioii haiid can Iw^ anaignecl to some link or group it may be possible 
from rnoasuroinents on the variation of intensities to determine the geometrical structure 
within the molecule. The method therefore promises to he a supplement to crystal analysis, or 
alternatively, if the molecular and crystal structure is ktiow'n to help in the assignment of 
molecular vibration frequencies. 


Pleocliroism of chemical compounds towards infra-red radiation has been little 
investigated, mainly perhaps because of the experimental difficulties in the 
measurements required. On both experimental and theoretical grounds it seemed 
now opportune to explore this phenomenon further. On the one hand there have 
been many improvements in the relevant technique, particularly in methods for 
measuring the feeble infra-red radiation; and on the other, the molecular arrange¬ 
ment in solid aggregates of polymers and fibrous molecules has become a matter of 
great interest. Moreover, the use of polarized radiation forms one aspect of a wider 
investigation now in progress into the correlation of vibrational spectra with the 
structure of solids. 
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Pleochroism in the infra-red has a distinctive feature in that some of the absorp¬ 
tion bands may be associated with vibrations which are essentially localized in 
particular linkages, and with a crystalline or ordered structure the study of how 
the relative intensities of these absorption bands are affected by a change of 
orieiitation of the sample with respect to the plane of polarization of the incident 
beam of radiation may give a direct indication of the relative orientation of tlie 
linkages or groups. Its use as an adjunct to crystal analysis by X-rays is therefore 
obvious. 

The reflexion of polarized infra-red radiation by crystals of inorgatiic salts was 
studied by Nyswander (1909), and by Schaeffer & Schubert (1916, 1921). Alteration 
in the spectral reflectivity as the direction of the electric vector was arranged 
successively parallel to the different crystal axes was found with carbonates, 
nitrates, sulphates, silicates, and other ionic crystals, and the results have been 
summarized by Schaeffer & Matossi (1930). Until recently the only measurements 
with organic crystals appear to have been those of Ellis & Bath (1939), who 
measured the infra-red absorption of pentaerythritol and diketopiperazine between 
1 and 2*6/z using polarized radiation, and found some evidence of pleochroism. 
Work in this restrict>ed spectral region suffers from the disadvantage, however, 
that only overtones or combinations of the highest fundamental frequencies due to 
stretching of CH, NH or OH links occur, whereas some of the most important 
effects are to be expected at longer wave-lengths. In the present work the measure¬ 
ments are extended to 14 //. so as to include most of the fundamentals. A few years 
ago, oriented polythene was examined with polarized radiation (Thompson & 
Torkington 1945a) but no definite result was obtained, although with such a non¬ 
polar substance we might not expect it to be very marked. The measurements have 
now been extended to a number of organic crystals of simple molecules, and to 
some polymers, rubbers and protein-type structures, with more illuminating results. 
Crooks (1947) also baa recently described similar investigations, and their corre¬ 
lation with the X-ray analysis of several molecules. 

Expeeimentau method 

At present the most satisfactory way of obtaining polarized radiation of wave¬ 
length greater than 3 /i is by reflexion. We have used plane selenium mirrors with 
an angle of incidence of 7 U as first suggested by Pfund (1906), and later described 
by Czerny (1923). Measurements with sodium yellow light and Niool prism 
indicated 97 % plane polarization. The mirrors were made by pouring selenium in 
the sticky state just above the melting-point on to a clean glass plate and pressing 
another thick glass plate above it. After cooling, the upper plate is removed and 
leaves a bright blue-grey flat mirror. After some practice it was possible to make 
rectangular mirrors about 3 x 7 in. in size and ^ in. thick. The mirrors seem to 
vary as regards retention of surface polish and general quality, probably due to 
interconversion of allotropic forms, but we have obtained some which have 
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retained their full efficiency for nearly a year. An alternative method m to use a 
thin film of selenium obtained by evaporation in vacuo on to a glass surface. This 
method has recently been developed by Pfund, and was used by Ambrose & 
Elliott (1947). 

In the preliminary work we tried another method for obtaining the polarization 
using reflexion or transmission by a pile of flat sheets of silver chloride. This can be 
used'successfully, but in our experience that with a selenium mirror is simpler and 
better as regards the intensity of radiation obtainable. 

The infra-rod spectrometer was a single-beam automatically recording instru¬ 
ment with rock-salt prism for work between 1 and (Whiffen & Thompson 
1945). The arrangement of the external optical path and spectrometer is shown 
diagrammatically in figure 1, in which is the selenium polarizer and all the 
other mirrors marked M are aluminized glass surfaces, ilfg could be replaced by an 
aluminium mirror as required. The sample at C is rotated about a horizontal axis 
lying in the direction of the incident beam. In order to obtain the required 
intensity, rather wide slits were used, their effective widths being about 10 cm,"^ 
between 9 and 14//, about 15 cm.^^ between 5 and 9/fr and rather greater at shorter 
wave-lengths. 



The specimens were prepared os follows. A small amount of the solid was melted 
between a paii’ of rock -salt plates. A cold metal rod was then drawn slowly across 
the plate so as to induce os for os possible the crystallization in oriented linear 
fashion. The process was not always successful, and in most cases only partial 
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orientation could be achieved, but this was sufficient to obtain the changes described 
below. Films of rubbers, pol 3 rmers and peptide materials were either cold drawn, 
or stretched whilst gently heated* 

ResuXjTS ano discussion 

Home typical absorption curves are shown in figures 2 , 3 and 4. Two curves are 
shown for each substance, corresponding to settings of the crystals which differed 
by a rotation of the sample through 90'\ Curves A were obtained with the direction 
of orientation of the crystals parallel to the electric vector of the incident beam, 
and curves B with a perpendicular arrangement. It can be seen that with all these 
substances the curves A and B show marked differences. When an aluminium 
mirror replaces the selenium polarizer, all the bands which appear in the separate 
cases appear together. These differences betw^een curves A and appear super¬ 
ficially to be of three kinds, namely (a) a given band, whilst remaining at the same 
frequency, alters in intensity on passing from A to B, (h) a band which is intense 
in either A or B is absent entirely in the other case, and (c) some bands seem to be 
slightly displaced in wave-length on passing from A to B. All those may in reality, 
however, arise from the same cause, and as regards (a) and {h) at least may only be 
differences of degree. It is clear also that unless the direction of the changing 
electric moment during a particular vibration coincides with one of the two 
principal directions named above, the maximum effect of the rotation through 90'' 
will not be realized. This may also, in part, account for the comparatively small 
changes in spectrum sometimes found. More detailed measurements are now in 
progress in which the spectrum of the oriented crystals is measured at successive 
rotations of a small angle with respect to the direction of tlie incident light vector, 
through the entire 360^\ In this way by plotting the variation of intensity of each 
band as a function of azimuthal angle, it should be possible to derive much informa¬ 
tion about the angles betw^een important bonds. 

Figure 2 shows the results for three amides: acetanilide (CH3.CO.NH.CeH5), 
phenylaoetamido methyl cyanide (CeHg.CHg.CO.NH.CHg.CN) and benzamide 
(CeH 5 .CO.NH 2 ). In order to understand the full significance of the differences 
in each case between A and B, we need to know the nature of the vibration asso¬ 
ciated with each of the absorption bands. This complete assignment of bands to 
normal modes cannot yet be carried out, but a few definite correlations are possible. 
With acetanilide, there are alterations in intensity of the N—H stretching vibration 
near 3350 cm.“\ of the C-—0 stretching mode near 1650 cm. of the band near 
1550 cm which has been attributed to the N—H bending mode (Richards & 
Thompson 1947 ), and of the strong band near 760 om.“^ which is due to an ‘ out-of¬ 
plane' deformation of the C—H bonds of the substituted aromatic nucleus 
(Thompson & Torkington 19456 ; Whiffen & Thompson 1945 ). Other differences 
occur in the region 1200 to 1450 where deformations of the C—^H linkages 

usually occur, and also between 900 and 1000 While it might be possible to 

estimate from the observed changes in relative intensity of some of the identifiable 
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bonds the approximate values of some bond angles, this wll not be done at present, 
since it is possible that the effective thickness of the sample may have altered 
slightly during rotation. This calculation will be more convincing when results are 
available for more azimuthal angles of rotation, and the intensity of a given band 
can be related more satisfactorily to those of other bancLs in the spectrum. One 
point of immediate interest concerns the vibrations of the —CO—NH— grouping, 
for it is seen that when the stretching vibrations of the G—0 and N—H bonds are 
strong, the band due to the N—H deformation is weak, and vice versa. If, as is 
now believed, the amide linkages in different molecules are associated together 
through hydrogen bridges of the type shown below, 


this would be easily explained. Conversely, we may use the result to support the 
assignment of th(^ band at about 1550 cm.~* to the N—H deformation. 

Similar changes are found with the phenylacetamido methyl cyanide, with which 
the intensities of the ("---O and N—H groups appear to behave as above, though 
the effect is perhaps not so clearly marked. Again there are variations in the bands 
between 850 and 1450 cm.~\ but these vibrations cannot be definitely assigned. It 
may be noted that the intensity of the stretching vibration band of the C“i=N link 
near 2300 cm.“^, not shown in the diagram, alters as the sample is rotated. 

Benzamide shows many marked changes on passing from A to B, though few 
specific assignments can be made. In this case the key vibrations of the carbonyl 
and N -H linkages show alterations of intensity, but are not apparently in quite 
tlie same relationships as with acetanilide. This might well arise from a different 
directional disposition of the two bonds. It is evident that a few examples are 
required in which the crystal structure has been established by X'lay analysis, so 
that application of the principles outlined can be tested before being used for 
purposcjs of prediction in other coses. 

With diphenyl acetylene and benzil (figure 3) curves A and B show many changes 
of intensity, but the results suggest that either the orientation was incomplete, or 
the maximum differences may not have been achieved owing to the directions of 
cliange of electric moment being oblique to the two principal directions of measure¬ 
ment. 

Figure 4 shows two organic acids and one ester. With methyl cinnamate, rotation 
causes the intensity of the C=C stretching vibration band near 1650 cm.to 
change relative to that of the ester carbonyl group near 1720 cm. and there are 
sharp changes in the intensity of the bands between 1150 and 1350 om."^ which 
may in part be associated with the ester group. With oinhamic acid the biggest 
changes api)ear to be in the regions 900 to 1000 and 2600 to 3000 cm."S in both 
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ca^es primarily a» 80 ciated with bonded hydroxyl groups. The ab8or|)tion of the 
hydroxyl group deformational mode near 950 cm.~^ is strong when the broad 
'association' stretching vibration band between 2(500 to 2900 cm."^ is weak, and 
vice versa. Other marked changes occur in the region between 1150 and 1300 crn."^. 
With adipic acid there are analogous changes of the bands of the hydroxyl groups 
near 950 and 2700 cm. ^ but variations between 1200 and 1450 cm.~^ also occur 
which are probably connected with defernuitional modes of C—H bonds. 



Other acids examined, such as sticcinic acid, show similar alt/cratioms of intensity 
of the bands due to the bonded hydroxyl groups, and this is being more carefully 
explored with a series of acids and phenolic derivatives. In all these cases it is 
evident that more detailed Trieasurornents may, if used together with a knowledge 
of the crystal structure, assist in the assignment of vibrational frequencies. With 
2.4. 6 -trichlorophenol there are very marked changes in intensity of the bands near 
804, 1150 and 1410 cm.“^ 

We have also remeasured the spectra of some compounds of high molecular 
weight (Thompson & Torkington 1945 a, 6 ). The main difficulty here is to obtain the 
substances in an oriented condition. With stretched crepe rubber, rotation of the 
sample appears to alto the relative intensities of bands between 1100 and 1250 cm." ^ 
and near 1600 Stretched polyvinyl alcohol also shows a few such variations. 

We have also examined the variations with some compounds of the i)eptide type, 
such as nylon and myosin. In the latter case it seems likely that information may 
be obtained bearing upon the question of orientation of molecules in muscle fibre. 
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Figure 4. 1, methyl ciimarnate; 2, cinnamic acid; 3, adipic acid. 
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While therefore more quantitative deductions about the molecular geometry 
must await further detailed measurements, it seems certain that this new ijaethod 
forms an important supplement to crystal analysis and the study of molecular 
structure. 

We thank the Government Grant Committee of the Royal Society for a grant in 
aid of equipment, and we are also much indebted to the Hydrocarbon Research 
Group of the Institute of Petroleum for assistance in obtaining some of the materials. 
One of xis (J.M.) expresses appreciation to the Research Association of British 
Rubber Manufacturers for enabling him to carry out the work. 
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Intensities of vibration bands 

I. Bending vibrations of benzene derivatives and the 
dipole of the C-H link 

By R. P. Bell, F.R.S., H. W. Thompson, F.R.S. and Eva E. Vago 

The Phydcal Vhsmisiry Laboratory, Oxford 

{Received 25 August 1947) 


A Bimplified poU;iitia1 energy function has been applied to calculate the frequencies and 
relative amplitudesof out-of-plane vibrations of benzono and its mono-, di- and trisubstituted 
derivatives. The frequencies and extinction coefficients of the infra-red absorption bonds 
corresponding to the most intense mode of this class havi^ been measured for twenty com- 
potmds in which the substituents were (CH*) or a halogen. The observed and calculated 
frequencies show satisfact()ry agreement. The relative intensities calculated for the methyl 
derivatives are in atjcord with tl»o»e predicted from the calculated amplitudes. By applying 
the same treatment to corapoundfl containing one or more halogen substituents, an estimate 
has been motle of the magnitude and dimction of the dipole moment of tlie C-H link. It is 
shown unequivocally that the positive end of the dipole is the hyiirogen atom, and the mean 
values is close to 0-42D. 


iNTBODtrCTlON 

The intensity of vibrational infra-red absorption bands is determined by the 
variation of the dipole moment of the molecule during vibration, and this variation 
ifl to a first approximation composed of changes associated with the stretching and 
bending of individual bonds. So far, however, little has been done towards any 
quantitative correlation of theory and experiment in this field. It has been shown 
by Wolkenstein ( 1945 ) that the principle of additive bond contributions is in accord 
with the qualitative statements made about absorption intensities for a number of 
simple molecules.'More recently Thorndike, Wells & Wilson ( 1947 ) have made 
absolute intensity measurements for ethylene and nitrous oxide, and have derived 
dipole values to represent the contribution of the stretching and bending of the 
separate bonds. It is not yet possible, however, to check these values by comparison 
with other molecules, and in several instances the sign of the dipole moment or of its 
variation cannot be derived directly from the infra-refi data. 

There is little theoretical basis for predicting the variation of dipole moment 
associated with the stretching of a bond, and even for the simplest molecules the 
sign of dyjdR can only be derived by indirect arguments (Bell 1942 ). On the other 
hand, the bending of a bond presents a more amenable problem, since on a simple 
picture the moment along the bond is unchanged by bending, and hence the in¬ 
tensities are calculable directly from the bond moments and the displacements of 
the atoms. In planar molecules vibrations perpendicular to the plane of the molecule 
constitute a separate class involving only the bending of bonds, and the present 
paper describes theoretical and experimental work on the out-of-plane vibrations 
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of substituted benzenes. It was hoped in particular to test a simple system of force 
constants for these vibrations, and to obtain information about the magnitude 
and direction of the moment of the C-H bond, about which there has been some 
controversy. 


CaMULATION of FREQUMNOIKS and AMPLITITDKS 

The most complete theoretical treatment of the out-of-plane vibrations of benzene 
is that of Bak (1945), based upon the earlier work of Manneback 1(1935). gives 

excellent agreement with the observed frequencies for benzene and the deutero- 
benzenes, but it involves eight force constants and would be too cumbrous to use 
in the present problem. We have therefore used a treatment involving only two 
force constants, suggested by Wilson {1934) and modified by Bell (1945). In its 
modified form this treatment accounts to within 10% for the six observed fre¬ 
quencies, and it has also been applied with success by Ingold & Leeke (1946) to the 
excited states of and C^D^. It has been found by Thompson & Torkington 
(1945) that the effect of substituents on the frequency of the intense out-of-plane 
vibration of benzene (671 crn^ in benzene itself) depends mainly on the number and 
position of the substituents, and much less on their nature. This suggests that the 
eftect of substituents depends mainly on the replacement of the light hydrogen 
atoms by heavy groujis, rather than on any change in the interatomic forces. We 
have therefore carried out the calculations with the same two force constants 
throughout, and in our model the substituents X are represented by infinite point- 
masses which do not move during the vibrations. As a further simplification, the 
distance C-X has been taken throughout equal to the C-C distance in the benzene 
ring. The calculated frequencies and amplitudes will then be characteristic of the 
number and position of the substituents, and the dependence of the intensities 
upon the nature of the substituents can be expressed in terms of the moments of 
the C-H and C-X bonds. 

The force field employed will now be defined. Figure la defines the dimensions 
of the benzene ring. Figure 16 represents the deformation of valencies about a 
carbon atom, where the distance e may be either a or d, according to whether the 
substituent is X or H. x, y, z and w represent small displacements perpendicular to 
the plane of the diagram. An angle of deformation can then be defined by 

// = {x-w)jt-^(y^z-2w)la. ( 1 ) 

Similarly, figure Ic represents twisting about a C-C bond, where the distances e 
and / can each be either a or d. An angle of twist is defined by 

« w^x(a--e)le--y{a-f)lf-z--rale^qalf. ( 2 ) 

The potential energy of the whole molecule is then given by 

F = (3) 

where the force constants h and Q refer respectively to bonding and twisting, and 
the summations extend over all the carbon atoms and all the C-C bonds. The 
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numerical values employed were A = 2-44 x 10* dynes/cm., Q = 0*239x 10 *dyneB/om., 

d — 1-08 A, a = = 1-39 A. These values are identical with those given by Bell 

3 


( 1945 ), except that a lower value of Q has been taken. The value of Q derived by 
Bell was chosen to give an approximate fit with the observed frequencies 400, 685, 
849, 986 and 1061 of which the first two involve essentially bending of the 

carbon skeleton, and the last three C-H bending. In the present work, we are con¬ 
cerned with C-H bending, and have therefore taken the lower value of Q, which gives 
calculated values of 796, 993 and 1061 cm.'~^ for the last three frequencies. The 
use of the higher value of Q for the calculations on the substituted benzenes gives 
slightly worse agreement with the experimental frequencies, but essentially the 
same picture for the amplitudes. 





(a) 


Fioue® 1 


Equations ( 1 ), ( 2 ) and ( 3 ) were used to set up the secular determinants for mono-, 
di- and trisubstituted benzenes, only those symmetry classes being treated which 
contain vibrations active in the infra-red. The determinants (of the second to ninth 
order) were solved numerically by the matrix iteration method of Frazer, Duncan 
& Collar ( 1938 ),* which also gives the relative amplitudes, and has the advantage 
that a numerical error in working cannot lead to an incorrect result, though it may 
delay convergence to the correct value. In this method the frequencies are obtained 
successively in decreasing order of magnitude, and this process was stopped when 
all the frequencies consisting essentially of C-H and C-X bending had been obtained. 
The lower frequencies, corresponding to bending of the carbon skeleton, are not of 
interest in the present context. 

The frequencies and amplitudes obtained are shown in figure 2 . The amplitude 
of the carbon atoms in benzene itself is taken arbitrarily as unity, and the amplitudes 
for the substituted benzenes are adjusted so as to represent a classical vibration of 
energy proportional to the frequency. Inspection shows that for each type of sub¬ 
stitution the lowest frequency corresponds to a vibration in which all the hydjrogen 
atoms are displaced in the same sense. (This would be expected on physical grounds, 

* For a simple account of this method, see K4rmin & Biot, Mathematios in Engineering. 
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since the amount of twisting is a minimum in this type of vibration.) These vibra¬ 
tions will therefore correspond to the intense absorption bands observed experi¬ 
mentally in this region, and the calculated frequencies are collected in table 3. 





As a check on the system of force constants employed, it was used to calculate 
the relative amplitudes of carbon and hydrogen in four other out-of-plane vibrations 
of benzene itself. These have been calculated by Pitzer & Scott (1943) on the basis 


of the more complete system of force constants given by Manneback (1935). The 
results are as follows: 

firequency: 

ratio of amplitudes: 


B„(1016) 

^,«(400) 


(a) Pitzer 


l:- 7-8 

1:20 

1 :-6*1 

(6) preaetit work 


l:- 5-8 

1 :2-0 

l:-6*0 


The agreement is sufficiently good to warrant the use of the simple treatment for 
the present purpose. 










502 


R, P. BeU, H, W. Thompson and E. E. Vago 

Experimental determination op frequencies and intensities 

The vibrational spectra were measured with an automatically recording spectro¬ 
meter having a rock-salt prism {WhifFen & Thompson 1945 ), the significant spectral 
range being 12 to 14/f. The effective slit widths were close to 4cm.”^. While from 
a theoretical point of view it might be preferable to make these measurements in 
the gaseous phase, the vapour pressures of some of the compounds might be incon¬ 
veniently low. The measurements were therefore made in solution, which has the 
advantage at least that complications due to rotational contour are eliminated. 
Since the out-of-plane mode involved is particularly intense, it was possible to use 
dilute solutions, thus minimizing any complications due to association. After trials 
in several solvents, bromoform was selected since it has clear transmission, is suitable 
as regards solubility of the substances used, and is unlikely to lead to complications 
through interm olecular interactions. The absorption cell was made by ^separating 
a pair of rock-salt plates by a washer about ()•! mm. in thickness. 

The solutes chosen were the methyl and halogen derivatives of benzene, since 
(i) there should be a marked contrast in passing from the essentially non-polar to 
the more polar type, (ii) those substituents simulate the point-masses assumed in 
the theoretical treatment. The hydrocarbons were from a collection of specially 
purified samples, and the other substances were commercial samples repurified by 
crystallization. 



Ficutiuc 3. 0, chlorobenzene; x , fluorobenzene; #, toluene; metaxylene; and 

3, mesitylene. 

It was at first hoped to use the percentage absorption at the peaks in obtaining 
a measure of the optical densities, log /q//, at a series of concentrations for each solute, 
but this procedure is only valid if the bands are all of the same shape. It was then 
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found that with some solutes, such as trichlorobenzene or mesitylene, the breadths 
of the bands (16 to 17 cm.at the base) were noticeably smaller than with others 
such as the phenyl halides (21 to 22 cm."^). Integrated band areas were therefore 
used. The area of the band was obtained from a plot of optical density against wave 
number. Values of the area were plotted, for each solute, against concentration 
(g.moL/L), the slope being taken as a measure of the extinction coefficient. Some 
examples are shown in figure 3. Although individual values of these extinction 
coefficients are probably only reliable to within 10 %, their variation over the 
range of solutes taken is about threefold. 

The results are collected in table 2 , which also gives the positions (cm. of the 
bands. 


Discussion 

Table 1 shows that there is good general agreement between the observed and 
calculated frequencies for the substituted benzenes, thus justifying the use of the 
simplified model on which the theoretical calculations have been based. The only 
considerable discrepancy is for the 1.3.5-trimethyl benzene. It is not removed by 
any reasonable variations in the force constants and distances assumed, and the 
reason for it is unknown, though it may be significant that the discrepancy is less 
in the case of 1.3. 6 -tri-isopropyl benzene and other compounds whore the sub¬ 
stituent group is heavier. 

In comparing the observed extinction coefficients with the calculated amj)litude 8 
it is convenient to consider first the methyl benzenes. The moment between the 
methyl group and the ring is certainly a small one, and since the hydrogen atoms 
have considerably larger amplitudes than the carbon atoms, it is probably a good 
first fi^proximation to neglect the C-CH 3 moment. The effective moment for infra¬ 
red absorption is then given by where //qh is the moment 

of the C-H link, x represents the amplitude of a classical vibration of energy hv, 
and the summation is taken over all the OH groups in the molecule. We can 
therefore write for the measured extinction coefficients of the methyl benzene.s, 


e == An%a (♦) 

where ft is measured in Debyes, v in cm.~*, x in the arbitrary units of figure 2, and 
^ is a constant for all our measurements. In this series of compounds we should 
therefore find a direct proportionality between e and independent of 

any assumption about the magnitude or direction of the C-H moment. Table 1 
gives the ratio of these two quantities, i.e. the value of for the five compounds 

investigated. The values under (a) are derived from the observed frequencies of tho 
individual compounds, and those in column (6) from the calculated frequencies of 
the group type given in figure 2. The constancy is in each case satisfactory, and there 
is no progressive change with the number of methyl groups as would be produced 
by an appreciable C-CH, moment. 
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Tabi^k 1 


froquencies values of x 10“ 


substance 

observed 

calculated 

(a) 

{h) 

toluene 

736 

739 

9*33 

9-29 

0-xylene 

749 

736 

9-67 

9*85 

m-xylene 

773 

786 

12-10 

11*90 

p-xylene 

800 

831 

10-36 

9*96 

rnesitylene 

830 

935 

10*23 

9*08 


If the benzene ring has substituents X other than methyl groups, the extinction 
coefficients will be given by 

A li^x^ -- xo) ^on + - ^c) (5) 

where A has the same value as in (4). It would be possible to test equation (5) by 
assuming values for /Iqx and and comparing the observed and calculated 
extinction coefficients. However, although fairly reliable values can be given for 
the moments of the carbon-halogen bonds, values ranging from 0*1 to 0 * 8 D have 
been suggested for the C-H moment. Moreover, although the direction of the 

_ 4. 

latter dipole has usually been taken as C—H (cf. Smyth 1937 ) recent theoretical 
work (Coulson 1942 ) has suggested the reverse direction. In view of these un¬ 
certainties we have preferred to use equation (5) in the following form: 

e = .4/4 h -^c) + S(a;x -*c)^j • (6) 

The value of A/Iqji has already been obtained from the data for the methyl ben¬ 
zenes, and it is therefore possible to calculate the value of/I qxIM'Ch. from the observed 
extinction coefficients, the calculated amplitudes, and the observed or calculated 
frequencies. Since the second term in equation ( 6 ) is usually much smaller than the 
first, the procedure is very sensitive to small uncertainties in e, u or ^{x^‘^XQ)y 
but it has the advantage of being independent of any prior assumption about the 
magnitude or direction of the moments. Inserting the amplitudes from figure 2 
we get the following equations for the different classes of substitution: 


benzene 

e = A/ilnvm, 

1 -substitution 

e = , 


\ /*ch/ 

1 . 2 - 8 ubstitution 

e = Auln vi 682 - 2 - 36 ^\*, 


V 

1 .3-sub.stitution 



\ /ten/ 

1 .4-Bubstitution 

€ = Aficn 62 ' 1 - 3 ‘ 34 ^^) , 


\ /»OH/ 
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1.2, 3 -substitution 

\ ;«ch/ 

1.2. 4 - 8 ubstitution 

e = J/i?,Hv(38-9-2-97^^)* 

V /*CH / 

1 . 3 . 5 - 8 ubstitution 

e = ^/t?,Hi'(39-9-4-32^-^y 
\ /^ch/ 


These apply when the substituents are identical; the analogous ones for different 
substituents are easily written down. 


Tablb 2 


vibration 
frequency (cm."^) 


solute 

obeervetl 

calculated 

toluene 

736 

739 

fluorol>enz:eue 

757 

739 

<^hlorol>enzene 

744 

739 

bromobenzene 

730 

739 

iodobeiizene 

735 

739 

0 -xylene 

749 

736 

o-fiuorotoluene 

758 

736 

o-diohlorobenzene 

763 

736 

m-xylene 

773 

786 

w-fluorotoluene 

780 

786 

m-dichlorobenzeno 

780 

786 

p-xylene 

800 

831 

p-fiuorotoluene 

820 

831 

p-cliloro toluene 

809 

831 

JO-bromotokieno 

806 

831 

p-iodotolueno 

820 

831 

p -dichlorobenzene 

823 

831 

p-dibromol>enzeno 

813 

831 

mesitylone 

830 

936 

1 .2.4*trichlorobenzene 

815 

836 


Mean values of with probable error: 

(a) 0-50 ± 0*07, (6) 0*42 ± 0*04 


observed 
extinc¬ 
tion 6 


(calculated) 


X 10’» 

(a) 

{b) 

(«) 

id) 

27 

— 



— 

31*6 

3*8 

0*67 

1*16 

0'56 

40 

0*34 

0-24 

0*30 

0*23 

36 

0*69 

0-35 

0*49 

0-34 

29 

-2*8 

1*05 

-27*8 

1*23 

24*6 

— 

„„ 

— 


30 

0*40 

0-26 

0-28 

0*27 

27 

4*6 

1*19 

1*48 

1*3 

18 

— 


— 


22 

0*23 

0*44 

1*37 

1*2 

37 

0*18 

0*23 

0-«8 

0*63 

22*6 

— 

— 

— 

— 

29*5 

0-30 

0-30 

0*26 

0*24 

24 

1*67 

1-64 

1*41 

115 

24 

1*36 

l-3» 

0*37 

0*37 

26 

0-85 

0-86 

0*56 

0*63 

34*5 

0'40 

0-40 

0*21 

0*42 

30 

0*57 

0-61 

0*18 

0*23 

13*6 

— 

— 

— 


29 0-21 

, (c) 0-41 ± 0*05, 

(d) 0-39 ±0-04. 

0*21 



The last four columns of table 2 give values of the C-H moment calculated from 
these equations, assuming = — 1 * 26 D, = — 1 ‘ 4 D, /<cBr = ~ 1'3D, and 

(101 = - 1-lD, where the negative sign implies that the negative end of the dipole 
is the halogen atom. The four columns correspond to slightly different assumptions, 
as follows: 

(а) Observed frequencies used throughout, with AidM= 10 ‘ 33 xl 0 -* (mean 
value for the methyl benzenes). 

(б) Observed frequencies used throughout, with individual values of Afi^a for 
each type of substitution (column (o) in table 1). 
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(c) Calculated frequencies used throughout, with Afi%^ = lO-Ol x 10“* (mean 
value for the methyl benzenes). 

(d) Calculated frequencies used throughout, with individual values of ^/«ch 
each type of substitution (column (6) in table 1), 

The individual values of /i^ji vary widely, but not more than would be expected 

from the estimated uncertainty of the experimental data. Of the fifteen compounds 

— ^ 

used, fourteen give a positive sign for (corresponding to C—H) by all methods 
of calculation, the only exception being iodobenzene by methods (a) and (c). More* 
over, most of the values are of the expected order of magnitude. The mean values 
and their probable errors have been calculated in terms of 1 //^ohj ^^inoe this is the 
quantity derived directly from the experimental data, and this procedure avoids 
giving undue weight to the small number of large values of Altliough the 
different assumptions of (a), (6), (c) and (d) lead to considerably different individual 
values, it is satisfactory to find that the mean values are essentially the same. 
The adoption of individual values of (6) and (d) gives somewhat greater 

consistency, probably because the procedure allows for some of the cross^terms 
neglected in the theoretical treatment. 

The general conclusion to be drawn from the above computations is that the 
bending moment of the C-H bond at right angles to the benzene ring is about 0*42D, 
with a probable error of not more than 0*08D. There are no previotis values for this 
quantity in benzene, but earlier spectroscopic work has given 0’3D for C-H bending 
in methane (Rollefson & Havens 1940), 0*67D in HCN (Foley 1946) and 0*77, 0-52 
and 0-37D for different types of bending in ethylene (Thorndike et ah 1947). None 
of these earlier measurements gives any direct evidence as to the direction of the 

moment, whereas our own work points unequivocally to the polarity C—This 
agrees with the generally accepted view, but it is at variance with the calculations 
of Coulson (1942) which give the reverse polarity for the moment of an undistorted 
C-H bond. However, the contradiction may well be apparent rather than real. 
While the bending moment has a clear physical significance, the definition of a bond 
moment in an undistorted polyatomic molecule is necessarily somewhat artificial, 
and the quantity thus defined may not be so closely related to the bending moment. 
For example, the negative C-H moment obtained by Coulson is due mainly to the 
non-spherioal nature of the hybrid atomic orbitals of carbon, and it is doubtful how 
far this part of the moment should be taken into account when the molecule is bent. 
It should be mentioned that Walsh (1947) considers that the moment of the C-H 
bond varies considerably (and may even change sign) with the hybridization of the 
carbon atom and the nature of the atoms attached to it, though this is at variance 
with Coulson’s calculations on tetrahedral, trigonal and digonal carbon. It is clear 
that more experimental evidence is needed and that caution is necessary in com¬ 
paring bending moments derived from infira-red data with bond moments obtained 
by analyzing dipole moment data or by theoretical calculation. 
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There are a number of ways in which the present work could be extended and 
improved. For example, it would be desirable to use a more exact potential function 
and to take into account the finite masses and varying sizes of the substituents. 
Similarly, it may be possible to allow for the C-CHg moment and the effect of sub¬ 
stituents upon the C-H moment. However, the present experimental accuracy and 
the existing uncertainty in the carbon-halogen moments hardly justifies such 
refinements, and we do not believe that they would modify our general conclusions. 
It would also be particularly interesting to make measurements with benzene itself, 
partly for comparison with the above data, and partly for obtaining absolute extinc¬ 
tion coefficients of the vapour. We intend now to make such measurements, and also 
to extend the above by including a much larger number of multi-substituted 
benzenes for which the intensities of the band in question will vary over a greater 
range. These measurements will be made with the higher resolving power of a grating 
spectrometer, and also extended to other planar moleciSles such as the vinyl halides. 
The vibrational spectra of the latter class of molecules have been measured earlier 
(Thompson & Torkington 1944 ) and a satisfactory assignment of frequencies has 
been made, using which Torkington has carried out a force-constant treatment to 
calculate the appropriate amplitudes (Torkington 1947 ). 

We are grateful to the Government Grant Committee of the Royal Society for 
a grant in aid of equipment, and to the Hydrocarbon Research Group of the Institute 
of Petroleum for a maintenance grant to one of us (E.Fi.V.). 
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The softening of radiation by multiple Compton scattering 
By S. Chandrasekhar, F.R.S., Yerkea Observatory 
{Received 26 August 1947) 

The problem of the softening of radiation by multiple Compton scattering in an atmosphere 
of free electrons is considered. An idealised problem in plane^parallel atmospheres is formu¬ 
lated and the appropriate equation of tranrfer is approximately solved. The modified dis- 
tribtitions with wave-length of the radiation emergent after transmission throtigh 
various optical thicknesses of an incident monochromatic flux of radiation are tabulated. The 
calculations show that there is a relatively high probability for quite large shifts after 
transmission through optical tViicknesses of order e\'en unity. 


1. Introduction 

A problem of some intereBt which arises in certain astrophysical and other contexts 
relates to the manner in which radiation of a particular wave-length gets modified 
by multiple Compton scattering in transmission through an atmosphere of free 
electrons. In considering this problem we shall suppose that an infinite plane surface 
radiates uniformly in the outward directions with a known spectral distribution 
and that above such a radiating surface there is an atmosphere of free electrons. 
It is required to find the modified distribution in wave-length of the emergent 
radiation. In this paper will be shown how, with certain simplifying assumptions, 
this problem can be solved. On the mathematical side the novelty of the problem 
arises from the somewhat unusual type of boundary value problem in elliptic 
equations to which it leads. 


2. Thk equation ojt transfer and its atproximatk forms 


As has already been indicated, we shall consider an atmosphere of free electrons 
stratified in parallel planes, in which all the properties are constant over the planes 
z = constant. We shall further suppose that, for the wave-lengths which come under 
discussion, it is an adequate approximation to consider the coefficient of scattering 
as independent of wave-length and as having the classical (Thomson) value 


(X sss 


8 w c* „ 


( 1 ) 


where e denotes the charge on the electron, m its mass, c the velocity of light and 
the number of electrons per unit mass. However, it is in the essence of this problem 
that we do not ignore the change of wave-length, ^A, on scattering. We shall suppose 
that this is given by , 

AA = —(1 —008 0), (2) 

where 0 is the angle of scattering and h is Planck's constant. This last assumption 
implies that the thermal motions of the electrons can be neglected (cf. Dirac 1925). 

[ 508 ] 
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Under the assumptions stated in the preceding paragraph, the equation of transfer 
governing the radiation field is 

+ ^ —[l-cos0])8in^'d^'#', (3) 

p(TVZ 47rJoJo 

where p is the density and A) is the specific intensity of the radiation of wave¬ 
length A at height z and in the direction# to the outward normal. Also in equation (3) 

COS0 == cos # cos#'-hsin# sin#' cos^'. (4) 

The form for the source function represented by the second term on the right-hand 
side of equation ( 3 ) arises from the fact that in accordance with eqtialion ( 2 ) we 
must consider radiation of wave-length 

A —~~ (1 “CO 8 0) 
me 

in the direction (#', ^') in order that when scattered in the direction (#, 0) it may have 
the wave-leiigth A considered. 

It will be noticed that in writing the equation of transfer in the form (3) we have 
assumed that the radiation is scattered isotropically by the electrons. It might be 
considered an improvement to allow’ for an anisotropy of the scattered radiation 
according to the ‘phase function’ 

1(1 -1-008*0)^. 

477’ 

But to allow in this manner for the anisotropy of the scattered radiation without at 
the same time allowing for the partial polarization of the scattered radiation is not 
a strictly justifiable procedure (cf. Chandrasekhar 1946 ). However, these are 
refinements which do not make any difference in the ‘ first approximation ’ in which 
we shall solve the equation of transfer. 

Writing p ^ cos# and introducing the optical thickness 

/*oo 

T = J padz, (6) 

the equation of transfer becomes 

^ A)- ^-A -r[l -co80J)d/#', ( 6 ) 

where y = —= 0'024A (7) 

' me 

is the Compton wave-length. 

We shall now suppose that /(t,///, A-y[l -co80]) can be expanded as a Taylor 
series in the form 

/(T,/,A-y[l -OO8 0J) « /(t, /<', A) - y( 1 - cos 0) -h..., 


( 8 ) 
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and that it is suiBoient to retain only the first two terms in the expansion. (The 
limitations on the solution implied by this assumption will become apparent later.) 
We therefore replace equation ( 6 ) by 




dl{T,n,X) 

dr 


Hr,/i,X)- i j [/(T,/, A) - y(I - wi') dji'. 


(9) 


In solving equation (9) we shall adopt the method of approximation which the 
writer has developed in recent years for solving the various problems of radiative 
transfer in the theory of stellar atmospheres, (For a general account of these 
investigations see Chandrasekhar 1947 .) The essence of this method is to replace 
the integrals which occur in the equations of transfer by sums according to Gauss’s 
formula for numerical quadratures. Thus, in the nth approximation, we replace 
equation (9) by the system of 2n equations 

+ (i = ± 1 ,..., ±n), 

^ ’ (10) 


where the are the zeroes of the Legendre polynomial P 2 „ (/*) and the a/n {a^ = 

andj «= ± 1,..., ± n) are the appropriateGaussianweights. Further, in equation (10), 
we have written /^(r, A) for A). 

In subsequent work we shall restrict ourselves to the first approximation. In this 
approximation 






1 and = - 


V3- 


( 11 ) 


Equation ( 10 ) now leads to the following pair of equations: 


73 ar’ ^ dX aX‘ - Hx), (12) 

It is convenient to introduce the variables 


a: = |T and j/ = ^(A-A<,), (14) 

where Aq is some suitably chosen constant wave-length. In terms of the variables 
X and y equations ( 12 ) and (13) become 


73a4,_i^,_^t 

2 ax 2 ay dy 


Hi), 


(16) 


and 


^^J=iJJ±lA^Hi 

2 dx dy ^ 2 dy 


UHi-Hi), 


( 16 ) 
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According to the remarks in § 1 it is necessary to solve equations (15) and (16) 
with the boundary conditions 

— a known function of y 

= ir{y) (say) (17) 

and /^i( 0 ,y) = 0 , (B) 

specifying respectively the known spectral distribution of the outward radiation 
at the base of the atmosphere At x ^ Xi and the absence of any radiation incident 
on the atmosphere at ar = 0 . 


3. The reduction to a boundary-value problem 


Subtracting equation (16) from (15) we have 



^ _/ \ — 4./ ) 

2 i-l)- 25 y( 4 i + ^-l)- 

(19) 

We can therefore write 

r r i^^S(x,y) 

(20) 

and 

r , ^ ^S{x,y) 

1,1 +. 

(21) 


The conservation of the net integrated flux of radiation retidily follows from 
equation (20). 

Next, adding equations (15) and (16), we have 




( 22 ) 


or, substituting for + and according to equations ( 20 ) and ( 21 ) 

3a:*^9y* “Sp' 

Now put 8 = e?’f(x,y). (24) 

Equation ( 22 ) then reduces to the standard elliptic equation in two variables. We have 


Returning to equations ( 20 ), ( 21 ) and (24), we find that 

/-.(».») - ‘"[I-Vs(/+|)]- 


(26) 


(26) 


and 


(27) 
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The boundary conditions (17) and (18) are therefore equivalent to 

Our problem then is to solve the elliptic equation (25) with the boundary con¬ 
ditions (28) and (29). It is of interest to recall in this connexion that in an analogous 
problem in the theory of differentially moving atmospheres, we are led to a similar 
boundary value problem in hyperbolic equations (cf. Chandrasekhar 1945 ). 


4. The solution of the boundary-value problem 


It will now bo shown how the boundary-value problem formulated in § 3 can be 
solved. The method of solution is based on Green’s theorem. 

Now Green’s theorem as applied to equation (25) is that the integral 

around any closed contour vanishes if / and v are any two functions which satisfy 
equation (25). In applying this theorem to our problem we shall let / stand for the 
solution satisfying the boundary conditions (28) and (29) and choose v to satisfy 
certain other conditions to be specified later. We shall further suppose that / tends 
to zero sufficiently rapidly for y->±oo, for the various integrals which occur in 
Green’s theorem to converge when taken round the closed contour consisting of the 
pair of infinite lines x ^ 0 and x = Xi extending from —00 to 4*00 and described in 
the opposite directions. (It will later become apparent that for }/r(y) tending to zero 
sufficiently rapidly for y ± 00 , this will indeed be the case.) Green’s theorem applied 
to such a contour gives 



dx^ 


‘'S'- 


On the other hand, according to equation (29) 


(30) 



(31) 


Inserting this value for (9//0a:)i_o I'he integral on the left-hand side of equation 
(30), we find, after an integration by parts, that 





(32) 


Similarly, using equation (28) we find that 


T'*'”/ 0f 0»A r+* 

J-. ('S - “J.. »(*..») 


dxj, 


dy. (33) 
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Combining equations (30), (32) and (33) we have 






This is our basic formula. 


Let t> be so chosen that 


2 J v{x^,y)e-vifr{y)dy. (34) 


(a) Determination of /(O, y) 


Then equation (34) becomes 

J ^/(0,y)!^V3(*’-^)-^J ^dy==2j ^v{xi,y)e-vt/r{y)dy. (30) 
To determine v satisfying the condition (35), we first observe that 

where is an arbitrary constant, satisfies equation (25). We shall accordingly 
assume that 

V = coshX./(I+/?*) +.B8inhx.y/(1+^)], (37) 

where A and JB are two constants. For v of this form 

|^^3 |'t> - (v 3. (1 — i/?) cosh ouq + a sinh oxj 

+ ByS .(I —i/9) sinh ox, + a cosh (xx,}], (38) 

where for the sake of brevity we have written 

a*V(l+y^)- (39) 

From equation (38) it follows that with the choice 

.(4 = .>/3.(l-»/f)8inhaXi + acoshax, | 
and B = -^3 .(l—ifi) cosh ox, - a sinh ox,, j 

V given by equation (37) will satisfy the required condition (36). 

For V chosen in the manner described, it is readily verified that 

u(x„y) = a€<A‘', (41) 

and = 2( 1 - tyff) fi*^[(2 - ifi) sinh ox, + ^3.a cosh ox,]. (42) 


Vol. i<>i A. 


34 





614 S. Chandrasekhar 

Equation ( 36 ) therefore becomes 

r + <o 

(1 - i/i) [(2 - ifi) sinh ocxi + a /3 . a cosh axj] J e*^*'/( 0 , y) dy 


= a J e*^e~^ijf(y) dy. 


Letting 


T(^) = e'five-vxl,(y)dy. 


\ ^4® 

we have ;/( 2 w)J ^ J') 


M^(/?) V(1+/?*) 


where 

and 


p = v'{ 3 (l +/?«)} cosh a;iV(l +/?*) +2 sinh a:, ^(1 


q ~ 8 inha;i^(l +/?*). 

Finally, inverting equation ( 45 ) we have 

4-®e-<A»q ^(y?)V(l +/y^) 
(i -iP)\p-iPq) 


I 




dp. 


V(27r) 

Alternatively, we can also write 

• + ® e-m>V(p) [(p -p^q) + iP{p + 7 )] 




dp. 


( 43 ) 

( 44 ) 
( 46 ) 

( 46 ) 

( 47 ) 

( 48 ) 


(?>*+W)V(i+/^) 

Equation ( 48 ) determines / along the line x = 0 . The derivative ( 9 // 9 j’)j_o then 
follows from equation ( 29 ). 

( 6 ) The determiTuUion of f(Xi,y) 

Let V be now so chosen that 


Equation ( 34 ) then gives 

A solution of equation ( 26 ) which satisfies the condition ( 49 ) is seen to be 
v{x, y) =! e}fy[x coshaa: + • (I — ip) sinhaa:j. 

For V given by this equation 


and 


1 


v(*i. y) [p + (1 - 3tytf) g] 


( 49 ) 

( 60 ) 

( 51 ) 

( 62 ) 

( 53 ) 
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where p and q have the same meanings as in equations (46), Combining equations 
(60), (52) and (63) we therefore have 


\ 

:j(2n) 


/• + 0O 

J-J 




JL ^ Q _ \y/ a\ 

V3(l -i/}){p-ih) ’ 


where T(yff) is defined as in equation (44), 
And now inverting equation (54) we have 


(54) 


f(^vy) 


\/(fi^)J-co (l-ifi)(p-ijSq) 


(55) 


Equation (55) determines/(Xj,y) and the derivative then follows from 

equation (28). 

With our knowledge of/ and its derivatives along a: = 0 and x — completed in 
this manner, the value of/ at any interior point of the infinite strip bounded by the 
lines = 0 and x = Xj can be determined by a simple application of Green's/ormwZa/ 
(cf. Frank & von Mises 1943 ). 


5. The spectral niSTRiBUTtoN of the emergent radiation 

From the linearity of the equation of transfer and more particularly of the 
reduced equation (25) it follows that the solution for an arbitrary continuous 
function \/r{y) can be derived simply from the solution for the case 

tip) = %)* 

where S{y) is the ^-function of Dirac. Thus, if / 4 i( 0 , y; S) denotes the solution for the 
emergent radiation for the case when the surface at x = Xj mdieiteHmonochromaticaUy 
at a wave-length Aq (cf. equation (14)), the solution when the surface radiates with 
a spectral distribution corresponding to an assigned ^(y), is given by 

j ^ i+ii^>y-v. ^)fin)dv- (^ 7 ) 

It might be thought that the assumption of monochromatic emission by the 
radiating surface is incompatible with our earlier expansion of /(t,/y, A) in a Taylor 
series (cf. equation ( 8 )), But this is not the case. For, the manner of deriving the 
solution for an arbitrary ^ in terms of the solution for the case (56) is a mathematical 
statement strictly concerning the solution of the boundary value problem for¬ 
mulated in § 3 which has no bearing on what has gon5 before. However, our earlier 
assumption concerning /(t,//.,A) means now, that physically significant solutions 
are obtained only after ‘smearing’ ./^i( 0 ,y;<y) by a relatively smooth function 
^(y) according to equation ( 57 ). With this understanding we proceed to consider 
the basic solution /^,i( 0 , y; d) of our problem. 

For ^(y) “ S(y) it is apparent that (cf. equation (44)) 


. 14-2 
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and equation (4S) reduces to 


1 C'^ 


I C+'°erifii>[(p-fl*q) + ifi(p+q)] 




dfi. 


or, equivalently 


/(o. y) 


I {p~^(l)cosfy+(p + q)Psmfy 


'f 


dfi. 


m 


(60) 


,0 (P* + 9WV(1+/^) 

We are, of course, particularly interested in the distribution with wave-length of 


the emergent radiation. According to equation (26) 

or, using equation (29) we have 


(61) 


(62) 


Now substituting for/(0, y) according to equation (60) we find, after some minor 
rearranging of the terms, that 


/ (0 y. s\ _ ^ev f”(p co8/?y-t/?gsi n/ yy)V(l 

where it may be recalled that p and q are given by equations (46). 


(63) 


Table 1. The spectral distribtttion /+i(0, y \ S) or the radiation emeroent 

AIITER TRANSMISSION THROUGH VARIOUS OPTICAL THICKNESSES OF AN INCIDENT 


MONOCHROMATIC FLUX 

i+l(0, y; S) 


y 

Ti-J 

- 1-00 

0-0141 

« 0*50 

0-0685 

0 

0-2041 

•f 0-25 

0-2636 

4- 0-50 

0-2840 

+ 0*76 

0-2693 

-f 1-00 

0-2361 

-f V6 

0-1626 

+ 2-0 

0-1061 

+ 2’5 

•0-0681 

+ 3*0 

0-0437 

+ 3*6 

0-0287 

4- 4*0 

0-0181 

-f 4*5 

0*0116 

+ 6*0 

0-0069 

4- 6-0 

— 

4- 7-0 

— 

+ 8-0 

— 

4-10-0 

— 

4-12-5 



il 

Ti = 2 

0-0218 

_ 

0-0448 

001267 

0-0900 

0-02906 

0-0957 


0-0914 

0-04210 

0-0707 

0-04566 

0-0501 

0-04245 

0-0346 

_ 

0-0239 

0-03036 

0-0173 

— 

0-0126 

0-02002 

— 

0-01333 

— 

0-00678 
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For any given and y, the emergent intensity can therefore be found by evalu¬ 
ating the integral (63). In this manner Mrs Frances H. Breen and the writer have 
evaluated S) for various values of y and for values oi \, 2 and 3. The 

results of the calculations are summarized in table 1 and further illustrated in 
figure 1. In examining these result.s it should be remembered that y measures the 
wave-length shifts in units of f the Compton wave-length (— 0*616 A). Anfl the 
values of for which the calculations have been made correspond to optical 
thicknesses equal to | and 2, respectivel3^ 



Figure 1. The sjjectra] distribution. y; S)t of the radiiition oinergent after trangmis- 

gion through various optical tliicknegses of an inciilont rnonocliroTnatic flux of radiation. 
The abscisstie denote the wave-length shifts in units of jj Compton wave-length (= 0*01CA) 
and tlie onlinatos the emergent intensities in units of the integrated outward intensity at the 
base of the atmosphere. 

From table 1 and figure 1, we observe that the calculated distributions predict 
finite intensities to the violet as well. An exact solution of the equation of transfer 
(3) will not, of course, predict this. The error in our treatment was clearly introduced 
in passing from equation (3) to (9). Indeed, the art^a to the left of y 0 may be 
regarded as a measure of the inaccuracy introduced by our approximative treatment 
of the equation of transfer (3). It is therefore gratifying to note that even for - |, 
the contribution to the violet in the total intensity is less than 15%. A further 
point to which attention may be drawn in this connexion is that the derived 
spectral distributions (table 1 and figure 1) are probably less affected by the 
passage from the exact equation (3) to the approximate equatioii (9), in the region 
of large wave-length shifts than in the region of small shifts; for, as r becomes 
different from the circumstances become more favourable for the use of the 
Taylor expansion (8) when SA/y is large than when dA/y is small. 

One somewhat unexpected result which emerges from the calculations is the 
relatively high probability of quite large shifts after transmission through optical 
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thicknesses of order even unity. (According to the remarks in the preceding 
paragraph, this result is probably not dependent on our approximate method of 
solution of the equation of transfer.) This result has some interesting astrophysioal 
applications. But it will take us too far outside the scope of this paper to go into 
them here. 

The writer is indebted to Mrs Frances H. Breen for valuable assistance with the 
numerical work. 
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The oxi(Jation of gaseous formaldehyde 

By D. W. E. Axkord and R. G. W. Nobrish, F.R.S. 

Dejxirtmeni of Physical Chemistry, University of Cambridge 

(Meceived 24 September 1947 —Read 11 March 1948) 


The oxidation of gaseous formaldehyde at temperatures in the region of 340^’ C has been 
studied inanoinetrically and analytically. The observations made by previous mvestigators 
on the reaction liave in general been confirmed, but, in addition, certain new kinetic data 
have been obtained. In particular, the effect of diameter on the rate has been shown to bo 
much less profound than had been reix>rt©<l previously, and the coupled decomposition of 
formaldehyde, induced by the presence of only very small amounts of oxygen—a fact pre¬ 
viously noted by Style & Summers—has been confirmed. 

In order to explain this new data and to provide a more satisfactory alternative to the 
reaction schomee already proposed for this reaction, a mechanism based on the oxidation of 
hydrogen and hydrogtm^arbon monoxide mixtures, to which formaldehyde may be regarded 
as analogous, and involving H and O atoms and OH and HO* radicals lias been developed 
which will accoimt for the observed facts satisfactorily, and does not involve the postulation 
of the rather cumbersome intermediates previously put forward. 


Since the oxidation of many organic compounds, particularly hydrocarbons, pro¬ 
duces formaldehyde as an intermediate, a knowledge of the mechanism by which 
formaldehyde is itself oxidized is of importance in placing the kinetics of such 
oxidations on a sound [footing. This reaction has been studied on five previous 
occasions, by Askey ( 1930 ), Fort & Hinshelwood ( 1930 ), Bone k Gardner ( 1936 ), 
Spence ( 1936 ), and Snowdon & Style ( 1939 ). Only in the last two investigations have 
reaction schemes been proposed, and we consider that these cannot be regarded as 
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satisfactory in view of the largo number of ad hoc assumptions which have been made 
to account for the observed facts. 

All previous workers are agreed that the chief overall reactions involved in the 
oxidation are 

CHaO + Og- COa-fHA (1) 

CH204*|0a- CO + HaO. (2) 

Askey and Fort & Hinshelwood have shown that the velocity is practically inde¬ 
pendent of the oxygen concentration but very dependent on the formaldehyde 
concentration, and Askey states that the CO/COa ratio decreases as the temperature 
is raised. Bone & (Gardner studied the velocity of reaction of 2:1 and 1:1 mixtures 
of fortnaldehyde and oxygen at total pressures considerably higher than those 
employed by other workers, and obtained evidence of the formation, in the early 
stages of the reaction, of formic acid and peroxides. They also stated that an increase 
in the surface/volume ratio retarded the reaction considerably. 

iSpcnce studied the reaction more comprehensively and supplemented pressure 
measurements with analyses. He showed that in the presence of an ext/cnsive surface 
of powdered glass oxidation according to ( 1 ) is almost complete and occurs het/cro- 
geneously, and stated that an increase of vessel diameter increased the rate of 
production of carbon monoxide. Spence obtained a value of 17*6 kcal. for the overall 
activation energy determined from the variation of the initial rate with temperature, 
which differs somewhat from the value of 20kcal. given by Fort & Hinshelwood, 
determined from the times of half-reaction at different temperatures. Spence was 
unable to confirm Askey’s observation that the CO 2 ICO ratio increases as the 
temperature is raised. He puts forward a reaction scheme, based on that proposed 
by Baokstrom for the oxidation of aldehydes in the liquid phase, which involves the 
peroxidio H 2 CO 3 and activated formaldehyde and formic acid molecules eventually 
leading to the following equation for the disappearance of formaldehyde: 

- = /fc'[HCHOf-r[HCHO] + r', 

at 

which fits his results quite well. 

Snowdon & Style reinvestigated the reaction supplementing pressure measure¬ 
ments with gas analyses and also with a spectrophotometric method of determining 
formaldehyde. They found that, except for a short initial period of acceleration, 
their results could be expressed by the formula 

- = A,[HCH0] ([HCHO] - C), 

dt 

which they showed also to fit Spence’s results satisfactorily, and they were able tO' 
derive this equation from a modified form of Spence’s scheme. Both Spence and 
.Snowdon & Style refer to a variability in the results due apparently to changes in 
the activity of the surface. 
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It occurred to us that, in view of the fact that formaldehyde readily decomposes 
to CO and Hg and that its ignition temperature at pressures below atmospheric is 
of the same order as that of hydrogen/oxygen mixtures (Kane, Chamberlain & 
Townend 1937 ), the mechanism might well be represented by a modification of that 
which has been employed successfully in the oxidation of hydrogen and hydrogen/ 
carbon monoxide mixtures (Lewis & v. Elbe 1938 ; Buckler & Norrish 1938 ). On the 
basis of the previous work and the additional results presented in this paper, we have 
been able to show that the oxidation of formaldehyde can be described by a mech¬ 
anism involving hydrogen atoms along the same lines as the hydrogen/oxygen 
reaction. 

At temperatures below the ignition region, the kinetics of the process show that 
it is one involving straight chains dependent on the surface in a secondary way, 
and that the surface is not a primary factor controlling the rate, taking control only 
at low diameters. 

We have concerned ourselves with conditions under which the oxidation is homo¬ 
geneous and have coupled rate measurements with analysis of the products at 
different stages of the reaction. The results indicate that both reactions ( 1 ) and ( 2 ) 
occur concurrently in the gas phase, reaction ( 2 ) predominating, and that these 
reactions are coiipled with an induced decomposition (already noted by Style & 
Summers ( 1946 )) 

HjjtX) = H2 + C0, (3) 

which becomes relatively more important as the oxygen concentration becomes very 
small. This observation is not explained by the mechanisms already proposed but 
is readily interpreted by the more simple scheme now proposed. 

Experimental method 
(a) Reaction system 

The general arrangement of the apparatus is shown in figure 1 . The cylindrical 
pyrex reaction vessel (i?.K) of length ten inches was supported horizontally in an 
electric furnace F of length twenty-four inches, the temperature of which was 
measured and maintained constant to within ± I'" C by moans of a ohromel-alumel 
thermocouple T, enclosed in a silica sheath and connected to a Cambridge regulator. 
The thermocouple was calibrated by using the melting-points of tin, lead, zinc 
and antimony, and the boiling-point of water as fixed points. The reaction vessel 
was joined to the rest of the apparatus through the ground joint O, which was 
constructed so that it could be sealed with mercury. The main line was evacuated 
by a mercury vapour pump backed by a Hyvac pump, and various leads were 
attached to it through which the pure reactants and any other gases required could 
be admitted. 

Formaldehyde vapour polymerizes rapidly at room temperature, and it was 
therefore necessary to make arrangements to obviate this as completely os possible. 
The spoon gauge (Foord 1934 ) used for following the progress of the reaction was 
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therefore modified by fitting it with a mercury-sealed ground joint between the 
spoon of the gauge and the inner jacket, and the outer jacket was then wound with 
22 8 .w.g. nichrome wire and asbestos string. Two small regions were left imwound, 
one for inspecting the ground joint and the other to allow for the beam of light 
employed in following the movements of the mirror. A thermocouple was inserted 
between the inner and outer jackets so that the temperature of the gauge could be 
kept approximately constant at KXf'C. All connecting tubing which came into 
contact with formaldehyde vapour was wound with 22 8 .w.g. nichrome wire and 
heated electrically to lOO'^ C. After the reactants had been admitted to the reaction 
vessel they came into contact only with the tap It was found that polymeriziation 
still occurred to some extent at this tap, and so a mercury seal similar to that 
described by Carruthers & Norrish ( 1936 ) was used. 



manometer 

FiotTEB 1. Experimental set-up. 


The mixing vessel in which mixtures were made up prior to admission to the 
reaction vessel was maintained at 100 ® C by means of a steam jacket; and the 
mercury manometer, used in making up mixtures and calibrating the spoon gauge, 
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was also wound with 22 B.w.g. nichrome wire and protected with an outer glass 
sheath and heated electrically to 100 ° C. 

Capillary tubing was used to connect the mixing vessel and spoon gauge to the 
reaction vessel in order to reduce the dead space as much as possible. The dead space 
was measured and was approximately 8 % of the volume of the reaction vessel. 
The vacuum obtained in the apparatus was measured by a McLeod gauge. 

Ordinary tap grease proves unsatisfactory for use in heated taps, which stick very 
quickly after regreasing. This difficulty was overcome by using ordinary tap grease 
stiffened with aluminium stearate as recommended by Puddington ( 1943 ). 

(h) Preparation of gases 

Formaldehyde, Formaldehyde was prepared by the method given by Spence & 
Wild ( 1935 a). Paraformaldehyde was heated to 100 ° C in a distillation vessel joined 
to a separator vessel made by folding 10 mm. glass tubing into three U-tubes. The 
upper part of this separator vessel was wound with nichrome wire and heated to 
approximately 100 ° C, while the lower half was immersed in C 02 -ether. The system 
was thoroughly pumped out before starting the preparation, and all condensing 
walls flamed. The formaldehyde was condensed by liquid air in a trap where it was 
stored for use. 

Oxygen. Oxygen was prepared by the electrolysis of 10 % sodium hydroxide 
solution saturated with barium hydroxide and stored over water. Before use it w as 
passed over platinized asbestos at 350° C, and then over soda-lime and phosphorus 
pentoxide, and finally passed to the pump-line through a liquid-air trap. 

Nitrogen. Nitrogen was taken from a cylinder and stored over water. Before use 
it was passed over reduced copper gauze at 700° C, and then over soda-lime and 
phosphorus pentoxide. 

Carbon monoxide. Carbon monoxide was obtained by dropping pure formic acid 
on to concentrated sulphuric acid heated to 150° C in an oil-bath. The carbon mon¬ 
oxide was purified by passing it through concentrated potassium hydroxide solution 
and then through tubes containing solid potassium hydroxide. It then passed 
through a trap cooled in COa-ether to a further trap in which it was condensed in 
liquid air. The first third of the condensate was pumped off and the middle third 
allowed to evaporate into an evacuated 21 . bulb where it was stored for use. 

Carbon dioxide. Carbon dioxide was obtained by allowing ‘dry-ice*, previously 
cooled in liquid air, to evaporate into a bulb where it was stored for use. 

(c) Analysis of prodwts 

Though the rate of oxidation of gaseous formaldehyde may conveniently be 
followed by the change in pressure accompanying the reaction, it is essential to 
have a knowledge of the amounts of reaction products in order that these pressure/ 
time curves may be correctly interpreted. Previous workers have shown that the 
main products are COj, CO, and HgO. Their analyses were invariably carried out 
using the Bone & Wheeler apparatus, and in order to deduce the partial pressures of 
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the products in the reaction vessel, they assumed that the above substances were the 
only products of the reaction, though small amounts of formic acid and peroxide 
have also been shown to be formed. 

The method of analysis used in the present study was devised so that the amounts 
of the principal products could be determined directly by measuring the pressure 
they exert in a known volume. In this way errors of determination associated with 
liquid reagents are eliminated. By freezing out with liquid air, it was possible to 
separate the carbon monoxide and hydrogen from the water, carbon dioxide and 
formaldehyde. These were then oxidized by means of a red-hot platinum spiral 
in the vessel JS, so constructed that the pressure could be increased by admitting 
mercury from a reservoir. In this way complete oxidation was obtained in a reason¬ 
able space of time. The carbon dioxide and water produced were frozen out in a 
special thimble D attached by a side arm, and the pressures exerted by them mea¬ 
sured on a sensitive spoon gauge of the pointer type, the movement of the pointer 
being observed by a travelling microscope. A check was made on the accuracy of the 
method by placing known amounts of carbon monoxide and hydrogen in the reaction 
vessel and performing a test estimation. 

The reaction products which had been frozen out in liquid air consisted almost 
entirely of COg, HgO and unchanged formaldehyde. Attempts to remove formalde¬ 
hyde by decomposing it on a red-hot spiral before measuring the pressure of COg 
were unsuccessful as the water-gas equilibrium was set up. However, at — llO'^ C, 
formaldehyde has a vapour pressure of only 0*95 mm. (Spence & Wild 1935 /^), while 
carbon dioxide has a vapour pressure of some 35 mm. Hg, so the carbon dioxide was 
measured with the liquid air replaced by melting ethyl iodide at — 110® ('. Tests 
made on mixtures of formaldehyde and carbon dioxide of known composition gave 
satisfactory results. The experimental procedure was as follows: The contents of the 
reaction vessel after a fixed time were shared with the vessel B which was about 
200 c.c. in volume. Its contents were then frozen out in the narrow tube at the 
bottom with liquid air, and the non-oondensed gases shared with C, after which 
B was pumped out. The tube at the bottom of B was then surrounded with melting 
ethyl iodide in place of liquid air, and the pressure of carbon dioxide measured on 
the spoon gauge mentioned above (correction wets made for the small finite vapour 
pressure of formaldehyde at this temperature). Prom a knowledge of the sharing 
ratio between B and the reaction vessel, the partial pressure of carbon dioxide 
initially in the reaction vessel could be calculated. The carbon monoxide and 
hydrogen were oxidized in C by means of the platinum spiral at bright red-heat, 
after increasing the pressure in C by letting mercury in from the bottom in order to 
get complete combustion of carbon monoxide and hydrogen. The mercury was later 
sucked down to its original level by means of a water pump. After the combustion, 
the carbon dioxide and water produced were frozen out by placing liquid air in the 
small thimble D. The pressure of carbon dioxide in C was then obtained by replacing 
the liquid air by COg-ether and noting the pressure change on the gauge, and the 
pressure of water by allowing the thimble to warm to room temperature and again 
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noting the increase in pressure. Care was, of course, taken that the pressure of water 
vapour in G was never greater than the saturation vapour pressure of water at room 
temperature. 

(d) Method of carrying o%d runs 

Mixtures of formaldehyde and oxygen {and any added gases) of the desired 
composition and total pressiire were made up in the mixing vessel and allowed to 
stand for some 10 min. in order to become completely mixed. The mixture was then 
allowed to enter the reaction vessel through taps Tj and Tg, and was then closed. 
A thread of mercury was immediately let up to act as a seal. The pressure was noted 
immediately, and readings of the gauge taken at suitable intervals. 

In performing the analyses of the reaction products, a series of runs with the same 
concentrations of reactants was performed, the gases in the reaction vessel being 
shared with B after a desired reaction time had elapsed. 

Experimental results 

The kinetic results showed some tendency to vary, probably duo to variations in 
the surface, though the reaction is almost independent of the surface/volume ratio 
as will be seen later, and later runs did not with a given mixture, always give the 
same rate as earlier ones. Provided, however, that the reaction vessel was not 
allowed to stand for a prolonged period of time, or to cool between runs, the results 
were quite accurately reproducible. Each set of results is therefore consistent in 
itself, though the rates are not always the same as those obtained in earlier or 
later ones. 



Figure 2. Reaction veseel = 23*6 nun. diamettir. Temp. = 337” C. Initial pr^isure of formalde¬ 
hyde = 100 mm. Hg. (a) = 200 mm. Hg. (6) = 1^0 mm. Hg, (c) Po, = 100 mm. Hg, 

{d) 60 mm. Hg. * 
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(a) Effect of varying oxygen concentration 
A series of formaldehyde/oxygen mixtures was made up with a constant pressure 
of formaldehyde, but with varying amounts of oxygen. The results are shown 
graphically in figure 2, and the initial rates in the various cases are listed in table 1. 
These results confirm the results of previous workers on the effect of oxygen con¬ 
centration on the initial rate. It is noticeable that there is a trend towards a faster 
rate in the lat^r stages of reaction as the oxygen concentration is increased. 

Table 1 

Reaction vessel = 23*6 mm. diameter. Vol. = 80 o.c. Temp. = 337° C. 

initial pressure initial pressure 

of CH|0 of Oj initial rate 

(mm. Hg) (mm. Hg) (mm./min.) 

100 60 40 

100 100 3*8 

100 160 4*0 

100 200 3*9 

(6) Effect of varying formaldehyde concentration 

A series of runs was performed with mixtures containing varying amounts of 
formaldehyde. The results are plotted in figure 3, and tabulated in table 2. They 
show that the initial rate is almost, if not quite exactly, proportional to the square 
of the formaldehyde concentration. Spence’s results when plotted in the same w^ay 
also give a good straight line; one point (at PoH,o ” 263 mm.) has been omitted 
from this plot as, from inspection of his table, it is apparently anomalous. 



10 20 30 2 4 6 8 10 

(;>oK.o)Vio* (PCH.O)V10* 


FtotTBE 3. (1) Data from table 2, (2) Spence's data. 
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Table 2 


Reaction vesBel = 23*6 mm. diameter. Vol. = 80 c.c. Temp. = 337® C. 


initial pressure 
of CRfi 
(mm. Hg) 

initial pressure 
of 0, 

(mm. Hg) 

initial rate 
(mm./min.) 

P0H,0 

initial rate/pca,< 

51-4 

100-0 

1-5 

2,642 

6*68 X 10-* 

63-4 

100*0 

1*5 

2,862 

6*26 X 10 ”* 

68-5 

67-6 

2*6 

4,692 

5*33 X 10”* 

101-0 

100-0 

4*0 

10,200 

3*92 X 10“* 

1290 

72-0 

9*0 

16,640 

6-41 X 10”* 

1660 

100-0 

11*0 

24*030 

4*58 X 10”* 

1820 

100-0 

13*0 

33,120 

3-93 X 10”* 

183-0 

02*0 

16-0 

33,490 

4-78 X 10”* 


{c) The course of the. reaction 

The progress of the reaction in a mixture of 100 mm. of formaldehyde 4- 100 mm. 
of oxygen was also followed analytically, the amounts of carbon monoxide, carbon 
dioxide, and hydrogen formed being determined. The results are given in table 3. 
The values of Ap calculated are those obtained by assuming that the overall reactions 

occurring are CH,0 + 0,->C0.+H*0. 

CH,0 + iOjj^CO + HaO, 

CHiO->CO + Hj. 

Here, again, the results confirm previous observations that the main overall reaction 
is that corresponding to 

CHjO + iOj-^CO + HjO. 

As with Spence, we find that the CO/CO, ratio falls as the reaction proceeds. The 
amount of hydrogen present appears to increase as the reaction proceeds. From these 
results it can be calculated that the ratio of pressure change to amount of formalde¬ 
hyde consumed is approximately 2*0 initially and rises to 2*2 at 46 min., and analy¬ 
tical results show this to hold for other mixtures so that to a first approximation the 
rate of pressure change measures the rate of disappearance of formaldehyde. 


Table 3 


time from 
start of 
reaction 
(min.) 

6*88 

11-42 

22-42 

31-33 

45-42 


Pouto = Po, “100 mm, Hg. Reaction vessel 23-6 mm, diameter. 
Vol. = 80 c.o. Temp. 


partial preaaures in 
reaction vessel (mm. Hg) 


Poo. 

Poo 


2*0 

27*7 

2-5 

3*5 

34*8 

1*96 

3*9 

46*3 

2*2 

6*8 

47*1 

4-4 

6*6 

47-3 

3*4 


337® C. 


Ap 

observed 

Ap 

calculated 

CO/00, 

(mm. Hg) 

(mm. Hg) 

ratio 

14*6 

16*1 

14*0 

18*76 

18*4 

10*0 

22*5 

24-2 

11-7 

23*2 

25*7 

8*2 

24*0 

25*2 

8*3 
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(d) The actiixUion energy of the reaction 

The overall activation energy of the reaction has been determined from the 
variation of the initial rates with temperature of mixtures of 100 mm. formaldehyde 
and 100 mm. oxygen over the range 325 to 370° C. The results are shown graphically 
in figure 4. The activation energy, deduced from the slope of this line, is found to be 
equal to 21'0koal. This value differs somewhat from the value given by Spence 
(17-6 kcal.) but agrees better with Fort & Hinshelwood’s value of 20-0koal. deter¬ 
mined, in their case, from the variation of the time for half-reaction with tem¬ 
perature. Snowdon & Style state that the activation energy associated with the 
constant K in their equation for the rate d[HCHO]/d« = A'[HCHO] ([HCHO]-C), 
is equal to 25koal. It is difficult to reconcile this high value with the other results. 
Analysis of the products of reaction after 46 min. from a mixture of 100 mm. oxygen 
+ 100 mm. formaldeh 3 'de at 307° C gave a CO/CO* ratio of 8-9, which is much the 
same as that obtained in the same mixture at 337° 0. We differ here from Askey, 
who reported a decrease in the CO/COa ratio as the temperature was raised. 



Fiouaic 4. Vsiriation of initial rate with temperature. Reaction 
vessel s= 23>6 mm. diameter. Pch.o —Po, — 10® mm. Hg. 

(e) The rate at very low oxygen concentrations 

A series of runs was performed in which the initial pressure of oxygen was reduced 
to very small values. This caused little variation in the initial rate until the oxygen 
pressure was reduced to below about 7 mm. Below this value the initial rate began 
to fall off quite markedly as the pressure was reduced. It is apparent that, at initial 
pressures of Og below 7 mm,, as shown in figure 6, the pressure change after 46min. 
is greater than would be expected even if aU the oxygen had been used up in the 
reaction CHjO + JO* » CO + HjO. Several runs with initial pressures of oxygen of 
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this order were therefore followed for long periode of time (up to S hr.)* found 
that eventually a steady rate of pressure inorease of about 1 mm. in 30 min. was 
obtained, though this was sometimes preceded by an induction period of as much as 
40 min. after the normal oxidation was over. jp*igure 6 shows a t 3 rpioa) run of this 
sort in which no induction period occurred. Analysis of these runs showed that this 



Figure 6. Reaction vessel 23*6 mm. diameter. Temp. = 337® C. Pch,o — mm, Hg. 
(a)po,-5h7 mm. Hg» (6) Po, = 28-l mm.Hg, (c) 12-3 mm. Hg, (d) mm.Hg. 



Figure 6. Reaction vessel 23-6 mm. diameter. Temp. = 837® C. 
PcH,o = Hg. jOo, = ^’2 mm. Hg, 


steady rate must have been due to an induced decomposition of formaldehyde; for 
example, in the run shown in figure 6, analyais of the products after 170 min. showed 
that 0*8 mm. of COj, 17*7 mm. of CO and 7*2 mm. of Hj had been formed. Assuming 
that practically all the oxygen is used up this would lead to 10*8 mm. of CO produced 
in addition to 0*8 mm. of CO^. The residual amount of 6*9 mm. of CO produced must 
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have oome from the decomposition of formaldehyde and it will be noted that it 
agrees well with the figure of 7 • 2 mm. obtained for the hydrogen* (Pure formaldehyde 
could be kept at 337^ C in the reaction vegsel for long periods of time without any 
pressure change occurring.) 

In view of these facts, attempts were made to induce decomposition of formalde¬ 
hyde by the addition of even smaller amounts of oxygen (of the order of 1 mm, Hg), 
and a few runs were performed in which 100 mm. of formaldehyde were added to 
1 mm. of oxygen already present in the reaction vessel. The results were extremely 
variable. Though there was sometimes no pressure change at all, in others a steady 
pressure increase of approximately the same rate as that obtained before (i.e. about 
1 mm. in 30min.) was observed. The total pressure change after 2 hr. was of the 
order of 3 mm. and still increasing, and was greater than could be accounted for by 
oxidation. 

It appears that the oxidation of formaldehyde produces intc^rmediates which can 
catalyze the decomposition of formaldehyde and that the hydrogen found in 
oxidation experiments would most probably arise from this decomposition. 


(/) The effect of vessel diameter 

The sensitivity of the reaction to changes in vessel surface reduces the value of 
results obtained in different vessels, but, nevertheless, any profound effect should 
be noticeable. To test this, the rates of reaction in a series of pyrex reaction vessels 
of 2 - 8 , 5-0 and IM mm. diameter as used by Norrish & Roagh ( 1940 ) (constructed 
by joining together lengths of pyrex tubing of the appropriate diameter in parallel 
in groups of three and interleaving them with each other) and approximately the 
same volume ('^ 80c.c.) were measured. The amounts of products formed after a 
given time are given in table 4. These values are the results obtained after several 
runs had been performed in each vessel so that a reproducible rate was obtained. 

The above results show that, though there may be a slight retardation in the rate 
with decrease in vessel diameter, it is very small. This result is not, however, at 
serious variance with Spence; since over this range, he also finds relatively little 
variation. For example, from the reaction of 200 mm. of CHjO and 100 mm. of Og 
in 25 min., 153 mm. of CO are produced in a 161 ml. bulb, compared with 136 mm. 
of CO in a 4 mm. cylindrical vessel. Thus after 26min. only 17 mm. more CO was 
produced by a change in diameter from 4 to 08 mm. (assuming his bulb to be 
spherical). 4 


reaction 100 inm. of CH*0-f 100 nim. O* for 46 min. at 337“ C. 


vessel 

diameter 

Ap 

initial rote 

(mm.) 

(mm. Hg) 

(mm./min.) 

23-6 

27-6 

6-8 

IM 

29-6 

e-4 

60 

27-2 

4*0 

2-8 

24-5 

52 


partial pressures of products 
in reaction vessel (mm.) 


Pco. 

PCQ 

Ph. 

6-0 

63*2 

61 

10-6 

68-3 

61 

9-2 

64*9 

4-9 

3*4 

67-3 

7*0 


Vol. tg 9 > A, 


35 
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{g) Effect of added gases 

\ 

(i) Nitrogen. In order to determine any inert gas effect, the rate of pressure in¬ 
crease in mixtures of lOOmm. of CHjjO-f lOOmm. of O 2 together with 100 and 
200 mm. of nitrogen added was observed. The results are shown in figure 7. There 
is an appreciable reduction in the initial rates which is greater, the greater the amount 
of inert gas adde<l; nor does the reaction proceed so far after 46 min. 



Figdrjbj 7. Keaction vessels = 23'S mm. diameter. Temp.» 337® C. PoutO^Po^— 1^0 mm. Hg. 

(a) No added nitrogen. (6) 100 mm. of nitrogen added, (c) 200 mm. of nitrogen added. 

(il) Carbon monoxide and carbon dioxide. The effect of adding 60 mm. of each of 
these products of the reaction separately to mixtures of 100 mm. of CHgO -f 100 mm. 
of O 2 in a reaction vessel of 23*6 mm. diameter at 337° C was studied to see whether 
they exert any specific, inhibiting effect. There was no marked effect, any slight 
retardation being explicable as inert gas effect. No attempt was made to study 
these gases as inert gases, as in the case of nitrogen. 

(A) The shape of the pressurejtime curves 

The operation of the mercury seal meant that the first fifteen seconds or so of 
reaction was not observed. In order to find whether there is an appreciable induction 
period or not, some runs were performed in which the mercury seal was not dsed. 
Polymerization is slow enough not to affect materially the pressure change occurring 
in the first 10 min. of reaction. In general, the curves did not exhibit concavity 
toward the time axis and no induction period was observed, but in one or two 
exceptional cases quite an appreciable concavity was noted and the maximum rate 
was not attained until 2 or 3 min. after admitting the mixture to the reaction vessel. 
This effect did not appear to be normal and we are inclined to ascribe its rather 
rare and haphazard occurrence as due to some variation in the surface. 
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Discussion 

The experimental work described above confirms the results of previous workers 
as regards the main course of the reaction and the slight influence of oxygen con¬ 
centration on the rate. It has been shown that the initial rate is proportional to the 
square of the formaldehyde concentration, and that the hydrogen produced probably 
arises from an induced decomposition of formaldehyde. The value obtained for the 
activation energy agrees more closely with the value originally obtained by Fort & 
Hinshelwood than with the values given by Spence and Snowdon & Style. 

The results with vessels of different diameters ranging from about 3 mm. upwards 
show that, contrary to previous statements, the rate of the reaction is almost, if not 
quite, indejMjndent of this parameter which appears to have a second order effect 
only. Spence’s results also support this conclusion since he finds that increase of 
diameter beyond approximately 4 mm. produces only a relatively small increase in 
the amount of CO produced. Snowdon & Style state that the value of the constant 
C in their equation for the rate 

- = ifc[HCHO] ([HCHO] - C) 

is increased by a decrease in the diameter, but the values for C which they give show 
such a spread that this is doubtful, particularly as the experiments were performed 
at different temperatures. It would appear that the rate is, therefore, almost in¬ 
dependent of reaction vessel diameter down to a value of about 3 mm. below which 
inhibition of the formation of carbon monoxide begins to be marked. 

Spence has put forward a reaction scheme for the oxidation based on a theory of 
aldehyde oxidation in solution originally proposed by Backstrom ( 1930 ). His scheme 
involves the peroxidic HCHO3 together with activated formaldehyde and formic 
acid molecules, and comprises a branching reaction. The scheme leads to the rate 

equation z/rH PHOT 

- - *'[HCHO]*-r[HCHO]-f r. 

It is important to note, however, that this scheme does not indicate the nature of 
the initiation process, nor does there seem to be any experimental evidence such as 
inhibition or induction periods which warrants the introduction of a branching 
reaction at this temperature. Further, the intermediates chosen for this scheme 
cannot be regarded as the most likely ones in the light of more recent work on 
reactions involving organic molecules, such as the photolysis and photo-oxidation 
of formaldehyde, and the choice has no fundamental basis other than an ad hoc 
convenience. We shall hope to show that a simpler choice will explain the results os 
well, if not better. 

As a result of their reinvestigation of the reaction, Snowdon & Style state that 
their results can be represented by an equation of the form 

_ == jfc[HCHO] ([HCHO] - C), 

35-a 
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which is the same as the expression deduced by Spence without the constant term. 
In order to derive this expression, Snowdon & Style have adopted a modification of 


the Spence scheme, and write the following equations: 

CH 2 O 3 + CHjO -- 2 CH 2 O 2 , (4) 

CHgOj + CO + HgO + CHaOj, (5) 

2CH202—2C0 + 2H,0, ( 6 ) 

CHA+?-^C!Oj+.... (7) 


From this scheme they claim to deduce an expression of the above form. This, 
however, cannot be done unless oxygen does not enter as a kinetic factor in equation 
( 5 ) and the precise significance of the oxygen in this step, as they have represented 
it, becomes obscure. Snowdon & Style, too, make no suggestion as to the initiation 
mechanism, except to state that it probably occurs on the surface, but if this is so 
it is difficult to see how the rate of reaction can bo independent of surface, since the 
effect of inert gas in reducing the velocity suggests that termination occurs in the 
gas phase. 

In order to obtain a reaction scheme involving a more probable choice of inter¬ 
mediates, a consideration of related reactions is of value. Work on the photolysis 
and photo-oxidation of formaldehyde has led to the suggestion that the reactions 

H + HCHO Hg + CHO, O + HCHO OH + CHO, 

are involved, and these therefore may well be concerned in the thermal reaction. 
There is some doubt as to the stability of the formyl radical; Akeroyd & Norrish 
{ 1936 ) and Leermakers ( 1934 ) have both concluded from their results tliat it is 
unstable at temperatures above 100 ® C and decomposes giving CO and H. This is 
not in conflict with the views of Burton ( 1938 ) who deduces a measure of stability 
below 100 ® C and indeed it appears probable that it is due to this change in stability 
that the photolytic decomposition of formaldehyde changes into a chain reaction 
of ever increasing quantum yield at temperatures above 100® (1 The dissociation of 
CHO into CO and H is approximately thermoneutral and we have therefore assumed 
that at elevated temperatures it will split rapidly to give CO and H. 

If tliis is so, the above reactions can be written: 

H + HCHO-^Hj + CO + H, 0-f HCHO->OH-f CO + H. 

The decomposition of formaldehyde itself is approximately thermoneutral, its heat 
of formation from carbon monoxide and hydrogen being exothermic to the extent 
of only 1*1 kcal. Formaldehyde is readily decomposed, and gives a system similar 
to that of mixtures of carbon monoxide and hydrogen, the kinetics of oxidation of 
which are controlled by the same reactions as operate in the hydrogen/oxygen 
reaction. It is therefore suggest^ed that the same radicals are involved in the for¬ 
maldehyde oxidation, and that a scheme involving H, OH, and HO^ can be set up 
which will explain the kinetic results. This has indeed proved to be the case as will 
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be seen from the kinetic equations deduced from the following scheme. We shall 
postulate, therefore, the following reactions (F = CHjO): 


(I) 

0, + J’ = HjCOj + O, 

h 

[ initiation. 

(11) 

0 + i^ = OH + H + (X), 

^ 2 . 

I 

(III) 

H + .P’ = Hj+CO + H, 


propagation (decomposition) 

(IV) 

OH-i-i?’ - HaO-t-CO + H, 

^4| 


(V) 

H + Oa + F = HjO 4- CO + OH, 


► propagation (oxidation). 

(VI) 

H + Oj + = HaO + COa + H, 

^oJ 


(VII) 

H + Oa + Oa = HOg + Oa, 

^7 


(VIII) 

H + 0 .a + X = HOa+X, 


► termination. 

(IX) 

H + Oa-l-wall = HOa, 




With reference to reaction (I), the initiation step, it has been shown (Bowen & 
Tietz 1930 ) that at low temperatures, formaldehyde n^adily reacts with oxygen to 
give performic acid, and it is reasonable to suppose that at the higher temperatures 
involved here this peracid is not formed but that the normal acid and an oxygen 
atom are formed instead (Norrish 1935 ). 

Reactions V, VI, VII and VIII are shown as ternary processes, but we prefer 
rather to regard the collision between H and Og in the nature of a ‘sticky’ collision 
in which a highly energized HOg complex of short life results, and dissociates 
unless stabilized by collision with another molecule; if, however, in the course of 
its brief existence the energized complex encounters a formaldehyde molecule, 
reaction ensues and the chain is propagated. Thus, reactions V, VI, VII and VIII 
from this point of view are not true ternary collisions, but represent reactions of 
the short-lived energized HOg complex. From the kinetic point of view, on the 
other hand, they can be conveniently represented as shown without in any way 
affecting the mathematical analysis. With the stabilization of HOj, its reactivity, 
according to this conception, is lost and thus reactions VII and VIII involve chain 
termination. All this is in accord with the fact that in the analogous hydrogen/ 
oxygen reaction the formation of HOg is concluded by Lewis & von Elbe ( 1938 ) to be 
the effective chain ending process at the second limit, and that according to 
Willboum & Hinshelwood { 1946 ) the reactions 


HOg + H 


^HO+OH 


only become effective in the region approaching the third limit at SSO” C. It may 
be suggested here that even in this case the chain is propagated by the short-lived 
energized complex, rather than the stabilized HO, radical, since the above 
propagating reactions only become effective at the high pressmres of H, approaching 
the third limit—i.e. when reaction with H, can compete effectively with stabilizing 
processes. 
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The experiments described in this paper relate to a region some 200 ® lower— 
circa 350° C, and it is further in accord with our view expressed above that 
Lewis & von Elbe have concluded that reaction between HO, and hydrogen does 
not occur in this temperature range. 

It should be noted in connexion with the above scheme that the four propagation 
reactions add up to the overall reactions: 

CH*0 + 0ji- C0j+H,0, 

2CH,0 + Ojj = 2CO + 2H,0, 

CHgO = CO + H„ 

and that initiation and termination do not affect the final stoichiometric result. 
For the equilibrium of (0) atoms we have 

fc,( 0 ,)(F) = I-j( 0 )(F). (i) 

Also, since the chains are started by (I) and terminated only by (VII), (VIII), and 
(IX), we have 

kiiO^) {F) = *,(H) (0,)2 + A-«(H) (O*) (X) + I*,(H) (0«) (S)ld (ii) 

(for cylindrical vessels the ratio of area/volume = 1 /d, approximately, so that if 
((S') represents the surface activity per sq.cm., then (S)ld equals the surface activity 
per unit volume). This gives 

__ 

' +ifcgrx) +\(S)/d • 

For the equilibrium of OH radicals, we have 

k,(0) (F) + k,iU) (O,) (F) = k.iOU) (F). (iii) 

Substituting (i) and the expression for (H) just obtained, we have 


The rate of disappearance of formaldehyde is given by 

= k,(0,)(F) + k,{0)(F) + k^m){F) + (k, + K){U){0,){F) + k,{H){F). 
Using equation (i) and substituting for (OH) and (H), this becomes 


d(F) 

(it 


3*i(0,)(F) 


h^{0^) - k^{X) + k,{8)jd i,( 0 ,) + k^iX) + k,{8)/d ’ 


(iv) 


The first term of this expression concerns initiation only and may be neglected in 
comparison with the second involving propagation, while the third is concerned 
solely with the induced decomposition of HCHO, which is also small. 

Thus, approximately, 


(v) 


d{F) ^i(Oa) (F)* + kf} 

dt “ 1 : 7 ( 6 *)+Jks(X)+i,(«)/d' 
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We shall suppose that above diameters of about 4 mm. k^(S)ld is small and may be 
neglected, so that, with the absence of inert gases and of products which can behave 
in the same way as they do, the equation reduces to 


d(F) ^ 
dt k^ 


(2k^^k^)F^ 


(vi) 


for the disappearance of formaldehyde in the early stages of the reaction in accord¬ 
ance with the experimental evidence on the effect of formaldehyde and oxygen 
concentrations on the initial rates. 

Only with the surface increased to a very large value will any marked reduction 
in the rate take place, a result which is in accord with our results and those obtained 
by Spence, and it is because of this that we have introduced the reaction (IX) into 
the scheme, though under normal conditions it can be omitted for practical purposes. 

It has been shown earlier that nitrogen exerts a retarding effect on the reaction, 
and it should be possible to check equation (v) against its observed effect. This 
reduces to k^(0^)F^ 

"di ~ 


{2k^ *+* ^e) 


in the case when surface is unimportant and inert gas has been added. In the cases 
shown in figure 5, with mixtures of 100 mm. O 2 +100 mm. CHgO alone and with 
100 and 200 mrn. of added nitrogen, the initial rates were respectively in the ratio 
of 1 : 0*8 ; 0 * 6 . If the ratio k^jk^ is given the value i.e, if it is assumed that when 
X = Ng, then reaction (VII) is four times as probable as reaction (VIII), then the 
rates would be predicted to be in the ratio of 1 : 0 * 8 : 0*00 in fair agre^ement with 
the observed effect of nitrogen on the initial rates. 

It has already been pointed out that although the initial rates are independent of 
oxygen concentration, the later portions of the curves show a distinct trend towards 
a higher rate, the higher the concentration of oxygen. Choosing a point when an 
equal amount of reaction has taken place (in this case when a pressure change of 
22*5mm. has occurred) the rates are in the ratio of 7*8: 6*0 : 3*5: 2*0 for oxygen 
concentrations of 200,150, 100 and 60 mm. respectively. Now if we suppose that CO 
and COa can also act as the stabilizing agent X in HOa formation, it should be possible 
again to predict the variation in rates. Assuming the amounts of products for a given 
pressure change to be the same in all cases, then when a pressure change of 22*6 mm. 
has occurred, there will be some 45 mm. of CO and 6 mm. of COg formed and some 
27*6 0 . 0 . of Oj will have been used up. If Ajy is of the same magnitude as A;*,, then the 
predicted values of the fraction { 02 )/{ 02 ) + (X) are in the ratio 7*8: 7*1: 5*9:3*1. 
Thus the form of the equation will certainly allow a qualitative explanation of the 
effect of oxygen on the later stages of the reaction, a fact which is not explained by 
the schemes previously advanced. Moreover, since the initial rates are independent 
of oxygen, it is approximately true that after, say, 6 min. the same amounts of 
products win have been formed even at low oxygen concentrations. At low oxygen 
concentrations the term fe8(-2r) will become comparable with A: 2 ( 02 ) at a much earlier 
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stage in the reaction ^ and so the effect on the later stages of the pressure/time curves 
of varying the oxygen concentration would be expected to be much more appreciable, 
as can be seen to be the case in figure 5, ^ 

A strong argument in favour of the present mechanism is to be foimd in the 
existence of the coupled induced decomposition which is predicted from the theory, 
and proved experimentally above. From equation (iv) above, the term involving 

k^F)^ 


decomposition has the form 


As long as thermal decom- 


k>j(0^) 4* k^{X ) 4 - k^(S)ld 
position remains small in comparison with oxidation, this term is insufficient to 
cause any appreciable modification of the reaction rate with oxygen. But as we have 
seen, when the oxygen concentration approaches small values, the coupled induced 
decomposition term takes on greater relative importance until finally with a partial 
pressure of formaldehyde of 100 mm. and oxygen concentrations of the order of 
I mm., steady reaction can be sensitized in which the decomposition of the formalde¬ 
hyde is greater than could be accoimted for by the oxidation reaction. It need 
hardly be pointed out that earlier theories proposed have no provision for this 
reaction which is on the other hand predicted naturally by the scheme put forward 
here, and that at the temperatures at which the experiments were carried out 
formaldehyde is completely stable. For this reason, as weU as the fact that it will 
accommodate all the other kinetic data, we consider the mechanism given above 
to be preferable to those already advanced. 

Referring back to the equation 


this equation may be further simplified since, as the main products are CO and HjO, 
reaction V must predominate, hence, approximately 


dt 




The energy of activation is therefore equal to JS, + , where Ey and are the 

activation energies associated with the velocity constants ky and k^, kj being assumed 
to have a negligible activation energy. 

Now, the reaction O, + H ,00 =» H 2 CO, + 0 is exothermic to the extent of 
2-3 kcal. An overall activation energy of 21 kcal. is therefore very reasonable. 

It has already been pointed out, that Kane et al. have obtained ignitions in mix¬ 
tures of formaldehyde and oxygen containing 8 and 16% of formaldehyde at 
pressures of about ^atm. when the temperature is raised to 650° C; i.e. in the 
pressure/temperature region where hydrogen/oxygen mixtures ignite. This would 
easily be interpreted on the above reaction scheme by assuming that the branching 
reaction H -f 0^ -•>■ OH + 0 comes into play as the temperature is raised. 
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Fatigue of mineral- glass under static and cyclic loading 
By C. Gubney anp S. Peabson 

(Communicated by A. A. Griffith, F.R.8.—Received 24 April 1946— 

Revised 24 August 1947) 

Round soda-glass rods were broken in four-point bonding. In one series of experiments, the 
load was increased at a constant rate until fracture occurred, and in aiiotlier series, the times 
to fracture under a range of constant loads wore determined, Ti&ste in each aeries wore made 
under three different test conditions—non-rotating, rotating at 14 r.p.m. and rotating at 
10,000 r.p.m. 

It is concluded from the experiments that glass does not fatigue under cyclic loading 
appreciably faster than it does under static loading. This was in accord with expectations, if 
the static fatigue of glass is due to the spread of cracks rather than to deterioration of the 
inlierent strength of flawless material. 

As fracture of glass imder static conditions is not preceded by flow and work hardening 
as it is for metals, the difference in fatigue behaviour of glass and metals is an indirect indica¬ 
tion that the fatigue of metals is associated with flow and work hardening, and thus agrees 
with more direct evidence on the nature of fatigue in tnetals. 

1 . Intboduction 

In connexion with metaU, ‘fatigue’ has come to be used to denote deterioration in 
strength caused by cyclic loading with or without mean stress, whereas in experi¬ 
ments with glass, ‘fatigue’ usually denotes deterioration under static loading in a 
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oomtant direction relative to the test piece. Both t 3 rpes of loading are discussed in 
the present paper. Failure of polycrystalline metals under cyclic loading has been 
the subject of many investigations, and it is well established that it is accompanied 
by flow and work hardening of the type occurring during comparatively rapid static 
loading, and that the formation of cracks is preceded by changes in the inherent 
structure of the metal (Gough & Wood 1936 ). As flow and work hardening are not 
apparent during static tests of mineral glass, it would be expected that glass would 
not fatigue due to cyclic loading to a degree comparable with metals. Glass, however, 
is known to fatigue under static loading (Holland & Turner, 1940 ; Preston 1942 , 
1946 ), so that unless compressive stresses undo the damage caused by tension stresses, 
fatigue will occur under cyclic loading, but it would be expected to be a function of 
time of loading rather than of the number of cycles of load. As no experiments in 
which glass had been subjected to a cyclic loading were known, the present in¬ 
vestigation was made. 

2 . Material 

The material tested was annealed soda-glass rod of Jin. diameter having the 
following percentage analyses: 


Silica 

68-78 

Alumina 

2-76 

Iron as ferric oxide 

0-061 

Lime 

6-67 

Titania 

0-080 

Magnesia 

3-17 

Boric oxide 

0-43 

Soda 

17-95 

Potash 

0-48 


It was received in lengths of 5 ft., the rods being laid in the packing case parallel 
to each other and in contact along their lengths. It was stored in the laboratory in 
which it was tested for about 3 months before the experiments reported here were 
started. The rods were broken into test pieces 10 in. long, and these were tested 
without any heat treatment. Photoelastic measurements indicated that the internal 
stress remaining after annealing had a mean value of about lOOOlb./sq.in. with 
a standard deviation of SOOlb./sq.in. More thorough annealing was not attempted 
as it was most important for the cyclical loading tests that the rods should be straight. 
The presence of internal stress and of possible surface scratches due to packing and 
handling does not in any way invalidate the comparisons made in this paper; 
although the extra variability introduced by these factors necessitated more 
repetitions of each experiment than would otherwise have been necessary. The 
advantage of readily available test pieces, however, was considered to more than 
offset the work involved in doing a larger number of tests. During preliminary high¬ 
speed cyclic loading tests, the test pieces became smeared with oil which was thrown 
out of the ball bearings of adjacent machines. As contamination of the surface of 
the glass with oil may possibly affect its strength, all test pieces, however tested, 
were wiped with an oily rag before testing. 

3. AyPARATtTS 

Six four-point loading rotating-bend fatigue machines were made specially for 
the present experiments. The bending arm was 2 in. and the length subjected 
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to uniform bending moment waa 3 in. The available speed range was 14 to 
12,000 np.m. 

The teat pieces were supported in methyl methacrylate oonical-ended bushes 
containing overlapping saw cuts to make them springy. At each end of the bushes 
were metal sleeves, internally bevelled to fit them. These were pressed against the 
bushes by knurled nuts which were screwed on a metal tube which was a push fit 
in the self alining ball races. The i)ressure caused the bushes to grip the test pieces 
which were coupled to the motor by soft rubber tubing. Beneath the central span 
of the test piece was a flanged metal plate attached by wire at each end to the 
housings of the central bearings. Load, in the form of a can containing lead shot, 
was applied to the centre of this metal plate through a rubber band and length of 
string. Mounted immediately below each flanged plate wore two switches which 
interrupted the current when the plate fell on them due to the test piece breaking. 
One of these switches stopped the motor, and the other the electric clock which 
indicated the duration of the test. The number of cycles of loading was estimated 
from the duration of the test and the speed of rotation of the test piece which was 
measured by a flashing neon lamp type of tachometer. Great care was taken when 
sotting up the test pieces which were run at high speed. The test piece was rotated 
relative to the bushes until the extreme vertical movement of the central bearings, 
as measured by a dial gauge during slow rotation, did not exceed O-OOl in. Owing to 
cxirvature and to the cross-sections of some of the rods being slightly oval, it was not 
possible to set up all test pieces to the required accuracy, and such test pieces wei-e 
rejected. The apparatus had a critical speed of about SOOOr.p.m. and tests could 
not be made on the glass test pieces near this speed. In the present experiments, 
high-speed tests were made at 10,000 r.p.m. only. In order to obtain information 
about possible inertia forces at this high speed, concave mirrors were mounted on 
the free ends of the test pieces and the movement of reflexions of a point source of 
light measured on a scale. This arrangement was not very convenient, as unless very 
great care was taken in the fixing of the mirror, the image on the scale described 
a circle at low speeds which was altered to an ellipse by any inertia forces occiu'ring 
at high speeds. It was found by experiment that a mirror fixed to the ball-race 
housing gave the same indication of inertia forces as did the mirror attached to the 
rotating test piece. Mirrors were therefore attached to the outer ball-race housing 
of each machine, and the test pieces were adjusted until the inertia force as indicated 
by the spot of light on the scale corresponded to a stress of less than ± 5 % of the 
stress due to the weight of the lead shot and can. Test pieces which could not be so 
adjusted were rejected, 

4. Experiments 

All experiments were made at laboratory temperature and relative humidity. 
A record of atmospheric conditions was taken and the extremes of temperature were 
60 and 74® F and those of relative humidity were 38 and 60 %, 

Two distinct series of experiments were made. In the first, the time to fracture 
under constant maximum stress was measured. Tests were made in which the test 
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pieces were (a) not rotated, (6) rotated at 14r.p.m., (c) rotated at 10,000r.p.m. For 
the cyclic loading tests twelve test pieces were broken under nominally identical 
conditions at six different constant stresses, making seventy-two tests to a set. 
For the non-rotating tests twelve test pieces were broken at five of the stresses at 
which tests were made in the rotating tests, and in addition sets of tests were made at 



Figurk 1 . Cyclic and static fatigue tests on soda glass, (a) static tests, (b) teste at 14 r.p.m. 
(o) tests at 10,000 r.p.m. O-*’ indicates that less than half of test pieces broke. 

6000, 10,000, 10,700 and 12,6001b./sq.in. No undue proportion of test pieces failed 
at the supports. The results of the tests are shown in figure la (static), 16 (rotating 
at 14r.p.m.) and Ic (rotating at 10,000r.p.m.), in each of which stress is plotted 
against the logarithm of the time to fracture in seconds. The points shown are 
median points (half the test pieces broke in less time), and the line drawn is meant 
to be a fair curve through these points. The median point was chosen to represent 
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the reeults, as its position could be fixed without waiting for all test pieces to break* 
For a normal population, the standard error of the median is about 1*25 times that 
of the mean, so that the median is not a greatly worse statistic than the mean. 

In the second series of experiments, tests were made in which lead shot was poured 
into the cans at an approximately constant rate until fracture occurred. Sixty 
nominally identical tests comprised a set (ten tests being made on each of the six 

Table 1. Nok-cvcuc bend tests at constant rate of i.*oADiNa. Stress rate 
, 10,000 lb./sq.in./min. Ten tests made on each of six machines 


standard 



max. stress 

min. stress 

mean 

deviation 

coeff. of 

machine 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

variation 

1 

16,500 

7,100 

13,500 

2,660 

0*190 

2 

16,000 

11,200 

13,500 

1,830 

0*135 

3 

16.4(K) 

8,600 

13,400 

2,060 

0*154 

4 

17,300 

8,600 

13,100 

2,660 

0*194 

6 

17,000 

9,600 

13,300 

2,400 

0*180 

6 

16,900 

10.300 

13,600 

2,460 

0*182 

results of 

17,300 

7,100 

13,400 

2,230 

0*167 

60 tests 

Table 2. 

Cyclic bend ' 

lESTS AT 14 

K.p.M. Constant bate of loading. Stress 

BATE 

10,000 lb./sq.in./min. Ten tests made on bach of six machines 

standard 


max. stress 

min. stress 

mean 

deviation 

coeff. of 

machine 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

variation 

1 

J5,2(X) 

8,800 

12,700 

1,840 

0*146 

2 

16.700 

7,400 

12,(H>0 

2,680 

0*216 

3 

16,700 

7,200 

12,800 

3,160 

0*247 

4 

16,800 

9,800 

13,000 

2,240 

0-172 

5 

16.100 

8,400 

11.4(K) 

2,170 

0*140 

6 

14,700 

9,600 

11,700 

1,640 

0*140 

results of 

16,700 

7,200 

12,300 

2,300 

0*187 

60 tests 

Table 3. 

Cyclic bend 

TESTS AT ; 

10,000 B.P.M. 

Constant rate 

OF LOADING. 

Stress rate 10,000 lb./sq.in./min. 

Ten tests made on each of six machines 

standard 


max. stress 

min. stress 

mean 

deviation 

coeff. of 

machine 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

(Ib./sq.in.) 

variation 

1 

13,800 

8,800 

11,300 

1,800 

0*160 

2 

14,600 

7,600 

11,100 

2.310 

0*208 

3 

12,700 

8,900 

11,100 

1,660 

0-142 

4 

12,700 

7,600 

10,900 

1,660 

0*161 

6 

13,200 

8,000 

10,600 

1,680 

0*169 

6 

14,400 

9.600 

11,700 

1,640 

0*140 

results of 

14,600 

7,600 

11,100 

1,720 

0*166 


60 testa 
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machines), and sets of tests were made in which the test pieces were (a) not rotated, 
{b) rotated at 14 r*p.m., (c) rotated at 10,000 r.p.m. In these tests the rate of increase 
of load corresponded to a stress rate of 10,000 lb./sq.in./min. Failure occurred in 
from 40 to 120 sec.; the results of these tests are given in tables 1, 2 and 3. 

The^re were thus, in aJJ six sets of tests, three in which the test pieces were loaded 
to constant maximum stresses, and three in which the stress was increased uniformly 
with time. 

In order to investigate any effect of time in the absence of stress, sixty non¬ 
rotating tests were made at a constant stress rate of 10,000 Ib./sq.in./min. Tests 
were made in batches of ten at suitable intervals during a total period of 1 month. 
No significant variation of strength with age was detected. 


5. Appearance of fractures 

The fractured surfaces contained a flat mirror-like surface, at which fracture 
appeared to have started. This merged into a surface containing very fine fissures 
giving a hazy appearance which in turn merged into a surface containing large 
radiating fissures. This merged into a comparatively smooth rippled surface which 
completed the fracture. 

The mirror-like surface was approximately at right angles to the axis of the test 
piece. The remainder of the fracture surface curved first toward the axis and later 
away from it, making in side view a rough letter S. 

The proportion of the total fracture surface which was flat and mirror-like varied 
greatly. In some fractures it amounted to 90 % of the whole fracture surface, and 
in such fractures the fissured surfaces were usually absent. The mirror surfaces 
usually contained ripples such as are formed on the surface of a pond by a local 
disturbance, the ripples apparently having their origin at the source of the fracture. 
In many fractures, two intersecting series of ripples were present, while in some the 
ripples were hardly visible. About three-quarters of the fractures could be placed 
in one of two groups, the first group having less than 6 % mirror fracture, and the 
second group greater than 60 %. 

In the small mirror area fractures, the surface of fracture divided at the perimeter 
of the mirror area, so that the rod was broken into three main pieces, but in the large 
mirror area fractures it was usual for the rod to be broken into two pieces only. 

The mean strength of the small mirror area fractures was significantly greater 
than that of the large mirror fractures, the difference being of the order of 40 %. 
Samples of ten test pieces randomly chosen from the non-rotating test pieces broken 
at a constant stress rate of 10,000lb./8q.in./mm. gave a mean failing stress of 
15,300 Ib./sq.in. for the small mirror area fractures and 10,800lb./sq,in. for the large 
mirror area fractures, t in ‘ Student’s’ test being approximately equal to 10. A similar 
comparison for test pieces rotated at 14 r.p.m. gave a mean failing stress of 
14,600 Ib./sq.in. for the small mirror area fractures and 10,000 lb,/sq.in, for the large 
mirror area fractures (t na 5). 
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The proportion of small mirror area fractures was greatest in the non-cyolic tests 
and least in the constant load cycUo tests at 14r.p.m», but there was no obvious 
difference in kind between fractures in the cyclic and non-cyclio tests. 

6, Discussion 

Comparison of figures 1 a, b and c reveals that there is little difference in the times 
to fracture when the test pieces are stationary, or are rotated at 14 or 10,000 r.p.m. 
The standard deviation of the median points is about 0-6 on the log time in seconds 
scale. The differences between the three curves are therefore not significant. It is 
clear that the primary fatigue effect is independent of the number of cycles to 
fracture, and that the nature of cyclic fatigue in glass is quite different from that in 
metals. The experimental results are consistent with the hypothesis that cyclic 
fatigue in glass is caused by the spreading of cracks under the action of tension stress, 
and is thus a manifestation of the same phenomena as static fatigue (or delayed 
fracture) which has recently been discussed by one of us (Gurney 1947 ). Even on this 
hypothesis, however, there are a number of factors which might lead to differences 
in the curves obtained for the cyclic and non-cyclic tests, but these are evidently 
small or self-cancolling. In the cyclic tests, the whole surface of the glass between the 
bearings is subjected to the maximum stress, whereas in the non-cyolic tests, high 
tensile stresses are confined to the region in the neighbourhood of the generator 
drawn through diameters perpendicular to the neutral axis. On the hypothesis 
that fracture starts from the biggest of a large number of flaws having random 
distribution of size (Griffith 1920 ), the cyclic tests would be expected to give the 
lowest failing load. Inertia forces associated with the high-sjieed tests would give 
an effect of the same sign. Support for these ideas is obtained from the tests in which 
the stress was increased at a constant rate (tables 1 to 3). Here the means of the 
sixty tests are significantly different {t « 3). The strengths of the non-cyclic tests are 
highest, the mean breaking stress being 13,400 lli./sq.in. as compared with 12,300 
and 11,100 lb./sq.in. for the tests at 14 and 10,000 r.p.m. The factor which in the 
constant load tests (figure 1 ) partially counteracts this tendency of the cyclic fatigue 
results to be lower than the static results, is probably the short time per cycle, for 
which the point at which fracture starts is subjected to high tensile stresses in the 
cyclic tests. The effect of the compressive stress part of the cycle is not likely to be 
important as glass can withstand without apparent damage compressive stresses 
many times higher than the fracture stress in tension. 

As the appearance of the fractures in the cyclic loading tests is not essentially 
different from that in the non-cyclio tests it needs no special discussion in connexion 
with this paper. The S-shape appearance of the fractures in side view is a common 
feature in the bending fractures of thin cylindrical rods of most non-metallic 
materials. It does not usually occur in fracture caused by tension or radial pressure 
and is therefore presumably associated with the elastic curvature of the test piece. 
When a bent rod is partly cracked, the material adjacent to the crack whose axial 
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stress has been relieved by the formation of the oraok has a tendency to straighten, 
blit it is constrained to have the same curvature as the material beneath it by traus^ 
verse tensile stresses between the cracked and unoraoked material. These transverse 
stresses would be zero before the crack had started and also just as the crack is 
completed. They would be expected to be maximum when the unoracked and cracked 
parts of the rod have comparable bending stiffnesses. This occurs when the crack has 
proceeded about half-way through the rod. The combination of the transverse stress 
with the axial stress near the end of the crack may result in a greatest principal stress 
inclined to the axis of the rod, the greatest deviation being near the centre of the 
rod. If the fracture occurs at right angles to the direction of the greatest principal 
stress an S-shaped fracture would be expected. The above explanation needs the 
support of mathematical analysis before it can be accepted as other than tentative. 

The fissured part of the fracture surface of glass rods could only be produced by 
high inertia stresses due to rapid rate of change of stress when the crack spreads. The 
variation in the extent of the mirror-like surface is probably caused by the variation 
in inertia stresses with failing stress. Low failing stress, whether due to initial 
weakness of the glass, or to prolonged loading, will be associated with relatively 
smaller inertia stresses, and therefore with less shattering. 

The authors are indebted to Professor W. E. S. Turner for the analyses of the glass 
and to Messrs General Electric Co. for the measurement of internal stresses. 
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The laminar boundary-layer equations 
I. Motion of an elliptic and circular cylinders 

By D. Mbksyn, D.So. 

(Communicated by 0 . Temple, F.R. 8 .—Received 3 June 1947) 


The main results obtained are as follows: 

(а) The problem is reduced, for the front part of a cylinder, to a non-linear differential 
equation of the same form as that studied by Falkner & Skan (1930), namely, 

r+/r«A(i-/'*). 

This equation has been numerically solved by Hartree (1937), so that the evaluation of 
velocities and surface friction requires only very simple and short computations. 

Near the separation point the problem lea<l8 to a more complicated differential equation 
(3-20). 

(б) Elliptic cylitider. The calculated and observed velocities agree up to and including 
the point x ^ 1-457 (§5), where x is the distance along the boiuidary of the ellipse from the 
forward stagnation point, expressed as a multiple of the minor axis. 

An approximate integration, by neglecting certain terms in the equation (3-20), gives the 
separation point at about 108® 30' from the stagnation point, tis against 103° observed, where 
tho angle corresponds to the elliptic co-ordinate of (4*1). 

(c) Circular cylinder. In all cases the calculated surface friction shows good agreement 
with the observed results, and the results previously obtained from experimental pressure 
distributions, for the front part of tho cylinder. 

In the cose of the cylinder of diameter d =s 5*89 in. the calculated results (by neglecting 
certain terms in the equation (3-20)) show good agreement with observations almost up to 
separation point. 

(d) Pre-smre consists of two tt^rms: one is equal to tho pmssurc of the potential flow, the 
other one depends on the thickness of the boundar)" layer. 


1. Introdxtction 

Several methods have been developed for the solution of the laminar boundary- 
layer problems in two dimensions. 

Critical surveys were recently given by Howarth (1934) and Goldstein (1938), 
and are well known; accordingly, no attempt is made to give here a detailed account 
of the methods which they discuss, but only to indicate their main trends. 

The solution of laminar flow equations is based on Prandtl’s (1904), and Prandtl 
& Betz (1927) idea of a boundary layer; namely, that the velocity of flow parallel to 
the surface of a solid body reaches the value corresponding to potential flow, from 
zero on the surface, through a very thin layer the thickness of which is of order R~i, 
compared with the dimensions of the body, where R is an appropriate Reynolds 
number; this enables us to simplify the equations of motion, and the simplified 
equations were solved by Blasius (1908) and Hiemenz (1911) for the case of an 
infinitely thin plane lying parallel to the main flow. 

Their method of solution could not, however, be applied to other boundaries, 
because in the case of a plane the pressure gradient vanishes, whereas it appears in 
the equations of motion for other boundaries. 
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Accordingly, it was necessary in such oases either to make use of the pressure of 
the potential flow, or to measure the pressure, or else to assume certain functions 
for the velocity outside the boundary layer. 

The equations were then solved either by expansion in double series, so that the 
partial differential equations were reduced to a set of ordinary equations (Blasius 
1908; Hiemenz 1911; Falkner & Skan 1930; Howarth 1938; Bairstow 1939; or 
by step-by-step integration (Bairstow 1925; Green 1930; Goldstein 1930). 

K 4 rm 4 n & Millikan (1934) integrated Mises’s (1927) form of the boundary-layer 
equations for assumed velocity distributions outside the boundary layer. 

DoenhofiF (1935) and Millikan (1936) applied K 4 rm 4 n’s method to the pressure 
distribution measured by Sohubauer on an elliptic cylinder. 

A different line of approach was put forward by K 4 rm 4 n (1921); integrating the 
equations of motion across the boundary layer, K 4 rra 4 n obtained the momentum 
equation. 

Assuming simple expression for the velocity across the boundary layer, Polhausen 
(1921) obtained good approximate solutions. 

This method was extended by Dryden (1934) for cases where Polhausen’s method 
failed. 

Thom (1928) suggested the solution of the equations of viscous flow by an iterative 
process, by dividing the flow into a rectangular net; this method, however, is very 
laborious. 

Piercy, Preston & Whitehead (1938) attempted to solve the equations by successive 
approximations. 

The equations of laminar motion were solved rigorously by K 4 rm 4 n (1921) for 
the cose of an infinite rotating disk. 

The aim of the present paper is to derive and integrate the equation of the boundary 
layer in two dimensions, for boundaries which do not have very small radii of 
curvature, and the potential flow around which is known. 

The work consists of two parts. In the fiirst (hydrodynamical) part the general 
equations of the boundary layer are derived, partly solved for the cases of an 
elliptic and circular cylinders, and the results obtained compared with Sohubauer’s 
(1935) and Fage & Falkner's (1931) measurements. 

In the second part the mathematical details of the solution are given. 

A. EQUATIONS OF STEADY MOTION OP THE BOUNDARY LAYER 

2. Semi -INFINITE plane case and its oenbealization ; 

THE MATHEMATICAL ANALYSIS 

The boundary-layer equation for a semi-infinite plane lying along the main flow, 
which is in the direction of x positive, is 

du du dht 

• - V 


(2-1) 
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in the usual notation, the boundary conditions being 


tt 5 = v 0 at J/ = 0, 

5= Uq at jy = GO, 

(2-2) 

where Uq is the velocity at infinity. 

If we introduce the stream function 



dilr 

U = X " , 

dy 

d\b 

(2-3) 

and new variables tr = y, 

2\vxl ^ 

f = (2vu^)if((r), 

(2-4) 


the equation ( 2 * 1 ) is reduced to an ordinary differential equation 

r+/r-o, (2*5) 

and the boundary conditions 

fz=:f'zziO at (T = 0, /'= 1 at or =* 00 . (2*6) 

This equation can be solved by successive approximations (Weyl 1941 ). As a 
first approximation, assume 

r(0) - a, (2*7) 

whence / = ( 2 * 8 ) 


which satisfies the boundary conditions at ^ = 0. Substituting ( 2 * 8 ) in (2*5), and 
integrating 

/" (2*9) 

From (2*7) it is obvious that A ^ a, ( 2 * 10 ) 


whence the constant a is found from the condition at infinity ( 2 * 6 ) 



da 


1 . 


( 2 * 11 ) 


The integral ( 2 * 11 ) can be evaluated in gamma functions, and leads to the value 
a “ 0*684, as against the rigorous value a = 0*664, the difference being about 3 %. 
A better approximation can be easily obtained, but it is not needed for our purpose. 
It is important now to fix the order of magnitude of Since for laminar flow, 


assuming that the kinematic viscosity = 1, 



/4—x length-iif», 

(2*12) 

it follows from ( 2 * 3 ) that 

9 y* 

( 2 * 13 ) 

whence ( 2 * 4 ) 


( 2 * 14 ) 

36-3 



548 


D, Meksyn 

Consider now laminar motion round a boundary whose inviscid flow is given by 
the velocity potential a and stream function /?, referred to speed unity at infinity; 
a and y? have, thus, the dimensions of length, and a + i/? is the complex potential, 
on the boundary fi ^ 0, 

Assume that the viscous stream function is represented by an expression like 

I do)l (2*15) 

Jo Jo 

where w — R*y?a(a), 

where A((o, a) and a{a) are slowly varying functions, and 

J e^<"»“M(oi,a)dee>'^order unity, (2*16) 

and where v is assumed to be unity. 

The function a) is, of course, negative for large values of w, and is such that 
gf(6>.a> tends rapidly to zero for moderate values of oj. 

The assumed form of ^ can represent the flow in the boundary layer; in fact, 



Jo 

(2-17) 

and 

^ = 0 at B = 0 )^ 0 , 

dy 

M dB 

at B=:o) = ao\ 
oy oy j 


(2-18) 


the same holds good for dif/ jdx. 
The frictional force is 




(2-19) 


and 



at /? = 0, 


i.e. the velocity and the frictional force have the correct orders of magnitude in 
such an expression. 

Consider now the order of magnitude of the differential coefficients of 
Since is a slowly varying function of a, the derivatives dijrlda, ... are of 

the same order of magnitude as 
The differential coefficients with respect to are of orders 


dfi' 


B, Bi, 


( 2 - 20 ) 


whence the following important conclusion obtains: 

Laminar motion can be expressed in the space of a and (the velocity potential 
and the stream function) by a function ^ whose second derivative with respect to 
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fi ie B, function of a and fi consisting of a slowly varying factor multiplied by an 
exponential function, rapidly varying with respect to and which tends to zero 
for very small values of JS. 

The derivatives with respect to a preserve the order of magnitude of the function, 
whereas the derivatives with respect to /? increase the order of the function by Jf*; 
the order of magnitude of ^ is R^, 


3. The bqtjatioks of motion 

Let a and be the velocity potential and the stream function respectively, corre¬ 
sponding to a given boundary, and the speed unity at infinity, i.c. a and ^ have the 
dimensions of length. 

It is also assumed that on the boundary /? = 0, the curves a = const, and = const, 
are orthogonal. 

Let the usual Cartesian co-ordinates be x and j/, and let 


z = x-\‘ iy^ W = a 4- ip. 


dz 




the element of length ds in the space of a and /? being 




{3-1) 


(3-2) 


The equation of motion, in the usual notation, is 


where 


u = 


dxjr 

w 


V = 


di/r 

'dx' 


„ dv du r74 / I 

where is the stream function of the viscous flow. 

Transforming ^ (3'3) to the new co-ordinates* a and /?, we obtain 


(3-3) 




(3-4) 


whence the equation of motion becomes 


0/9 "aa 0 a ^ V^a* 


(3-6) 


We have now to expand (3-6), and to assess the order of magnitude of the terms; 
to that end it is necessary to bear in mind that h and its derivatives are slowly 
varying functions of a and ^ of order unity. 


• The transformation to the a and P co-ordinates was previously used by Piercy et al. (1938). 
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Now \]f (2-14) is of order Jf?*; hence the equation (3-5) becomes (3*4): 


m 

R 






aa\ 0 a® 

i?‘ 


a/f2i 

Ri 


R R‘ 


Ri 


da* 

Ri 


0 Y 3V 


R* Rt 


Rt 


R* 


Ri Rt 

dh / ^x[r 3®y^\1 

■0^va^*0^'^^7j 

R R* 


where the order of magnitude of the terms is indicated underneath (it is assumed 
that V = 1). 

It we retain the terms of orders i?* and j that 


av diogh^dr/rd^ip^ av^aY ra^ravsiogfe^i 
dfidadfi^'^ da dfid^ dadfi^ [dadfi* 0/? J 

where terms in the square brackets are of order JR®. 
Now when log is expanded in powers of 

a log A® _ /aiogA®'^ 


/ 2 ^+ 

dfi* 


L ¥ WS 


\ aa /o \ dadp /o 


{3*7) 


(3-8) 


where the expressions in the brackets are taken for = 0. 
From (3-7) and (3-8) 

a ra^^- 0Y ai^av i/a log a* 


dfi L$ da dp 'da d/3^ 2 {'"da 


/¥\n plogA*\ dr/rd^rfr d<frd*fdlogh^ 

/o Wl J 7o ¥ 9^^ ^ 


9Y « 

y —JL. 4 . 2 l> -. 

dp*^ dp dp» 


da dfi* dfi 

a log A* a Y 


(3-9) 


We now integrate (3-9) with respect to fi from coU> p, and rearrange the terms, 
obtaining 

'"'dp* dT^adp^Wdfi* 2 \'a« /oLlw'^J 

I ¥ )t>^fi^ ]J[\ ^OLdp )^dpdfi*P \ dp )odadp*r^' 


where 


¥ 


at p == 00 . 


( 311 ) 


The second and third derivatives of ifr vanish at infinity; on the right-hand side of 
( 3 .10) all the terms are of lower order, therefore the values of {dlogh*ldp) ... are 
taken at » 0. 
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The equation ( 3 - 10 ) can be considerably simplified, and transformed partly into 
an ordinary differential equation, as follows. 

Put ^ + a = ( 3 * 12 ) 

where lisa, length such that at the stagnation point 

i + asy=:: 0 . ( 3 * 13 ) 

It is also assumed that the velocity of the main fiow is in the direction of x positive, 
and is equal to at infinity. 

Now, in the usual Cartesian co-ordinates, 




II 

11 

4 - 

( 314 ) 

but at infinity 


cy ’ 01/ ’ 

( 3 - 16 ) 

whence 


u = ~/a at p ~ CO. 
dp 

( 3 - 16 ) 

Introducing 

new variables 





* (2»'«oy)*/(o'.r). 

( 3 - 17 ) 

we obtain 

df df 

dp " 

0Y «o/'2Moy0*/ ui d^f 

dp^ ~'2\py} dcr^' dp^ 2l>yd(7^’ 



d\lr 1 /'2into 

0a ~ 2\'y 


^ ( 3 - 18 ) 


dadfi 2y 0<r’^ “StrBy* 


From ( 3 ' 11 ) and ( 3 ' 18 ) 




whence q « u^, and 


cV 


= 1 at 


at /? = 00, 
<r — 00. 


( 3 - 19 ) 


If we substitute ( 3 ‘ 18 ) in (3-10), and make use of ( 3 * 19 ), the general equation of 
motion of the boundary layer is obtained, namely, 


da^ 


M «. 2 "I-]. ‘n r(|A* 

[dy dcr^ dtr dadyj ^ \ dsx /<, 


1 


+ 


a«0/? ^ ao-a<r» 


where the order of magnitude of the terms api)ear8 explicitly. 


( 3 - 20 ) 
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Since the velocity vanishes on the boundary, i.e. at /? = <r =» 0 , the function 
f{(T, y) satisfies the following conditions (3-19): 

= 0 at or -0, 1^ = 1 at <r = ao. (3-21) 

''da- da 

For the front part of the cylinder the equation (3-20) can be simplified and 
takes the form 

r +//” = - (1 -n = A(i -n, (3-22) 

where the differentiations are taken with resjiect to cr, and A is introduced for brevity. 

This has the same form as the well-known equation, of Falkner & Skan ( 1930 ). 
It was numerically integrated by Hartree { 1937 ). An abridged table of Hartree’s 
results is given at the end of the paper in table 4; its analytical solution is discussed 
in the next paper. 


B. ELLIPTIC CYLINDER 
4. Gknbbajl. poemulab 

We now introduce the usual elliptic co-ordinates 

X «= c cosh ^ cos 71, y ^ c sinh ^ sin rj, 
x-\-iy c cosh(g-h iy) = c cosh 

where ^ should not be confused with vorticity. 

Consider the flow round an ellipse corresponding to g major axis being 

directed parallel to the main flow which is in the direction of x positive, the velocity 
at infinity being Wq, 

For this case 


(4-1) 


a = cosh (g - cos sinh (g - ^q) sin y, (4'2) 


whence 


W == a -f 1/? == cosh (S - £0 + ^V)> 


dW dWd^ 

dz 

d^dz 

A 2 = 

dW» 

dz 


sinhC ’ 

eiio 

cosh 2 ^ — cos 2 j/ 


( 4 - 3 ) 


We have now to evaluate the differential ooefBcients of log A* with respect to 
a and /?; to that end the differential coefficients of ^ and i) have to be found with 
respect to a and fl. 

On differentiating (4-2) we find that 


da =a ce£''[8inh cosijd^ - cosh sin ijdri], \ 

dfi =: ccf«[co8h(§-|o)8in^d| + sinh{g-go)co8^d9].j 


( 4 - 4 ) 
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From these results it is easily found that 


sinh (g-go) COS 1/ 


0 

1 

0a “ A 

dr 

A 

01/ cosh (I-go) sin 1/ 

01/ 

sinh (g-go) 0081/ 

0a “ A 


A 


A = ce^o[8inh* — ^q) cos ^rj -h cosh® sin® ij]. ) 

We now introduce the new co-ordinates y (3*12), 

y = ce^o 4 . a = ce^»[l 4- cosh (g — ^ 0 ) cos tj], (4'0) 

where, as assumed, y vanishes at the stagnation point 




On differentiating log A® (4'3) it is found, after few transformations, that 



dadfi jo 


cosh 2 ^q — 1 cos 7} 
cosh 2^0 — cos 2i] sin® ^rj ’ 

2 sinh 2^y . 


y 


[cosh 2^0 — 146 sin® t/] sinh 2 ^^ cos^ cos 

(cosh 2^q ~ cos 2ij)^ sin® ' 


(4-7) 


the above expressions being evaluated for = 0 , i.e. on the boundary. 

For the front part of the cylinder the simplified equation (3‘22) will be considered, 
and it will be shown below that it leads to results in complete agreement with 
observations. 

The equation (3-20), where the terms containing partial differential coefficients 
with respect to y are disregarded, will be considered for the motion near the separa¬ 
tion point. 


5. Experimental results. Preliminary formulae 

Extensive measurements were carried out by Schubauer ( 1935 ) on a flow round 
an elliptic cylinder, the major and minor axes of the ellipse being 

2 a =11-78 in., 26 = 3-98 in. (5*1) 

respectively. 

The cylinder was placed in a wind tunnel with the major axis of the ellipse along 
the main flow, the velocity of the main stream being about Uq = 11 *5 ft,/sec. 

The pressure on the boundary and the velocity u parallel and close to the boundary 
were measured at many points before and after separation. 

The co-ordinate x was measured along the boundary, starting from the forward 
stagnation point, and the distance, expressed as a multiple of the minor axis, was 
denoted by x; the co-ordinate y is taken normal to the boundary. 
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The angles tj (4*1) corresponding to the x’s at the measured points are given in 
table 1, where only data needed below are included. The angular distance from the 
forward stagnation point is equal to tt —separation was observed at a? = 1-99, 
i.e. at 103'’ 10' from stagnation point. 


Table 1 

X 0 0-180 1097 1'467 1-832 1-99 

7! Tt 16 ^ 32 ' 111 ° 69 ' 97 ° 36 ' 83 ° 6 ' 76 ° 60 ' 


The connexion will now be found between Schubauer's length x and our units 
expressed in the space of a, /?. 

The expressions to be considered are 


2\ V ) r’ 

a = ce^o cosh (£ - cos if, 

/? = ce^o ainh (g -sin y, 
y - ce£«[l + cosh cos y]., 


(5-2) 


It is important, in what follows, to distinguish between different systems of 
co-ordinates; three of them are used in the present analysis; 

(i) the ordinary Cartesian co-ordinates x, y (not to be confused with Schubauer’s); 

(ii) elliptic co-ordinates y, where 

X = ccosh 1 008 j;, y = csinh^ sin?/; (6-3) 

(hi) the co-ordinates a, (6-2) which can be termed the ’potential co-ordinates’. 
Lengths in different systems of co-ordinates are connected by the rule that an 
element of length ds is invariant with respect to transformations of co-ordinates; 
whence for the case of Cartesian and elliptic co-ordinates 


ds* = dx® -f- dy® == ^ (d^® -f dy®). 


(cosh 2g—008 2y), 


(6-4) 


,9^ i ' 


(6-6) 


and the components of the velocity parallel and normal to the ellipse are respectively 

d\jr 

Below only the velocity will be required, whence 

,^xlr , hfdor\ df,_ZB 


(5-6) 
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Since the thickness of the boundary layer is very small, it was assumed in the 
above that across the boundary layer ^ and the expression ( 6 * 6 ) was simplified 
accordingly. 

We have to find, in what follows, the velocity in the boundary layer at a point 
Tj = const, as a function of its normal distance from the boundary; from (5-2) 






since y ~ ce^<»(l + cost/) remains constant, and (5*2) 

A/? “ cosh — ^o) . A^^ sin rj . A^. 

Since an element of length in elliptic co-ordinates is 

d8^ = ^ (cosh “ cos 2 t/) + d?/®), 

an element of length dn along a normal to the ellipse (7 = const.) is 

j / cosh 2 ^ 0 cos 2 w\ * „ 

dn = cl- ^ --M Ai, 

whence combining (5*7), (5*8), (5*10) and from (5*6) it is finally obtained: 

A, - - ,A..| 

where q is introduced for brevity. 

Schubauer expressed lengths in terms of 


(6-7) 

(5-8) 

(5-9) 

(5-10) 


(5-11) 


ym 


2b 


{5-12) 


where is taken normal to the boundary, and measured in the usual units of length. 

It is clear that y„ = An, (S'13) 

, Act 2bq 

whence . 

which gives the connexion between our variable A<r and Schubauer’s length yR*. 


(5-14) 


6. The VBLOorry in the boundary layer. Front part 


A comparison will now be made between the calculated velocities in the 
boundary layer, and those measured by Schubauer. 

From the stagnation point up to 70 % to the separation point the simplified 
equation ( 3 * 22 ) 

r+z/'-Aci-/'*), ] 


A = 



fcosh 2 g ^ — 1 ] cos y 
[cosh 2 ^ 0 —cos 2y] sin* ’ 


( 6 * 1 ) 
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holds good, i,e. the influence of the disregarded terms is unimportant; that corre¬ 
sponds to Sohubauer’s measurements up to 

a; = 1-457, i.e. = 97^36'. 


The equation ( 6 - 1 ) was solved numerically by Hartree ( 1937 ), who used the form 



r+ff- 

= A(r-i). 

( 6 - 2 ) 

accordingly 


-A, 

(6-3) 


a relationship which is important to bear in mind in using Hartree’s solution; the 
results were tabulated for the function/' starting from A = — 2-4 up to A = 0-199, 
the latter corresponding to the separation point; at the stagnation point A = — I 
in our case. 

For the sake of convenience Hartreo’s abridged results are given in table 4 at 
the end of the paper. 

In the following these results were used; the values of/', corresponding to inter¬ 
mediate A, were found by simple interpolation. 

As an example, a detailed calculation will be given for the case x = 1-457. 

(a) The ellipse 


2a =11-78 in., 26 = 3-98 in., 6 * = 5-54302, 

a = ccosh^o, 6 = ccoshgo, = 0-3614, 

= 1-421, ceS« = 7-880, co8h2go = 1-267, sinh2go = 0-7622.^ 


(6-4) 


(6) Point X = 1-467 

17 = 97'^ 36', A = -0-027, 7= 0-838, (r = 21-13/?,1 
Ay?=l-33Aw, Acr= 2M3A/? = 28-lAw, J 

where An is taken along the normal to the ellipse; it is measured in the usual units 
of length. 

For this case Schubauer plotted the velocity against yR* where B = 22,700, and 
y is the ratio of the distance along the normal, say, y^ divided by 26, whence 


yiJ* = 37.86y„, ^ = 0-742, 

Since An = y^. 

From ( 6 ' 11 ), and making use of the expression for A/?, 

Mo d^Aii~ 


( 6 - 6 ) 


(6-7) 


where corresponding to the above value of A, is taken from table 4 , and by 
interpolation. 





«/«• 
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The computed velocities are given in table 2. 


Table 2 


Act 

yR^ := A<r/0-742 

Tier) 

u/uq — 1-33/' 

0 

0 

0 

0 

0-2 

0-269 

0*100 

0-133 

0-6 

0*809 

0-294 

0-391 

1-0 

1-36 

0-478 

0-636 

1*4 

1-89 

0-642 

0*863 

1-8 

2*43 

0-776 

1-030 

2-2 

2-96 

0-873 

1-161 

2-6 

3*60 

0-937 

1-246 

30 

4-04 

0-972 

1-292 

3-4 

4-68 

0-989 

1-316 


In the figures 1 to 3 are plotted the calculated velocities against yR^ for the cases 

x=^(hlHO, 1-097, 1-467. 

The points corresponding to the observed velocities were taken from enlarged 
photocopies, kindty prepared by the Aerodynamics Division, National Physical 
Laboratory. 



FiarnaiB L a? = 0-180; R =r 24,400; Figube 2, a? = 1-097; B = 22,700; 

O, observed. O, observed. 
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As can be seen, our results are in good agreement with the observed values* 

There is no difficulty in evaluating the velocities at other intermediates points 
measured by Schubauer; the above points were considered as sufficiently repre¬ 
sentative. 

For the next observed point x = 1*832 the calculated and measured velocities 
begin considerably to diverge. 



7. Separation 

To find the separation point the complete equation (3-20) has to be considered. 
Since the simplified equation (3*22) gave good results for the front part of the 
cylinder it will be considered also in the present case. 

Accordingly /’'+//*-I-/'«) = A(1-/'*). (7-1) 

The separation point is given by the condition that the surface friction vanishes 
at that point, i.e./*(0) = 0. 
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According to Hartree (i 937 )> separation corresponds to A = 0*199, whence (4*7) 
i.e. it is 115" from the forward stagnation point, as against Schubauer^s 
observed value of about 103". 

If the remaining terms in ( 3 * 20 ) are taken into account, except those dependiiig 
on the differential coefficients with respect to y, it can be shown that they lead to 
the result that the separation is about 108" 30' from the stagnation point. 

A short account of these computations is given in the second part. 


8. Pressure 


Pressure is found from the general tensor equation of motion (Goldstein 1938 , 

P- Sv /p \ 

g- - vxcu = -grad^^-f —vcurlca, 

where v and c*> are the vectors of velocity and vorticity respectively. 

In the present case only one component of cu remains, namely, 


( 8 * 1 ) 



^ \0a*^3/?V’ 

( 8 - 2 ) 

whence 

curl CO = h-^, 

(8-3) 

where h is found from 


■ (8-4) 


da being an element of length. 

We have to find the pressure on the surface of the cylinder; since v vanishes on 
the surface, the equation ( 8 * 1 ) becomes 


hdp _ , 0 

= — i^curlto = m 




( 8 - 6 ) 


pda 

Introducing the variable cr, and making use of (3*17) and (3'18), the equation 
( 8 - 6 ) is transformed into 

1 8p 2*’ (1^ >°e 


( 8 - 6 ) 


Inserting/"(O) from (3‘20) 
1 ^^2^* 

\pul da yo 




where primes denote derivatives with respect to <r. 

Denoting for brevity 

5(i/) = jVd<r, C(fi)^jy^rda, 

consider the three terms in (8-7) separately. 


(8-7) 


( 8 - 8 ) 
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The term 

4pm§ 0a \ 0a /o 

(8-9) 

can be immediately integrated; namely, 


^^j,. = con.t. A'. 

(8-10) 

Since on the boundary (4-3) 


J(j2 

cosh 2^q — cos 2^ * 

(8.11) 

, . 1 . e*^o(l — co8 2«) 

we obtain , iPi = 1-r—i- - , 

Ipwg cosh 26a — cos 2^ 

(8.12) 


where the constant of integration is found from the condition at the stagnation point 

(8-13) 


pul 


7} = n, Pi = 

The above expressions of p, is equal to the pressure in the case of inviscid flow. 

The second term in (8-7) is 

<s.H, 

From (4'7) and (8-14), after few transformations, 

1 0p2 8e®^"sinh2fo /unce^<>\-i . n a ,a a 

—^ 5 --,— = :;— 7-^ -—I f-/(0, y) + .B - ^ + 01 sm w sin 4i7, (8-16) 

^puldri (cosh 2 ^ 0 - 008 2j/)®\ p J ^ J ' ' 

where in the above use was made of (4-4) 

0 1 


(8-16) 


(8.17) 


0a c«*« sin if dif' 

The third term in (8.7) is 

1 0p3^ 4AV2Moyo\-t p«Iogfe« \ 

ipul 0a 7o\ V ) ^®\ 0aa/? )„ 

whence, making use of (4.7) and (8*16), 

1 0p3 16e*Hco8h2go-l + 68in*i;]8inh2go/MoC€«»\-* 

- (.ori.2i.-oo. 2,)> - “(-V-) m^ncoAin. (818) 

Pj and Pa are found from the condition at the stagnation point 


the total pressure being 


V = iT> p* = Pg = 0, 
p =p,+Pa+p,. 


(8-19) 

( 8 - 20 ) 
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C. CIRCULAR CYLINDER 
9. Thbobbtioal bbsults 

The formulae for a circular cylinder can be obtained from the corresponding 
expressions for an elliptic cylinder by putting 

io = <x>, c = 0, ce£» = 2 a, (9-1) 

where a is the radhis of the cylinder. 

Accordingly (4-7) 

/01ogA®\ cos^ /01ogA*\ g/0*logA*\ cos does ^(9 

(9-2) 

where r and 0 are the usual polar co-ordinates. 

The flow is assumed in the direction of x positive; the forward stagnation point 
is at 6^ = TT, and the undisturbed velocity is equal to 

The velocity potential and the stream function, corresponding to speed unity are 


a = -f ^ j 008 ^ j 8 ini 9 ; 


y = 2a-ha, = 1 


2 tt* cos 20 a* 
-+ 


Pressure is found from (8*12), (8*16) and (8*18), namely, 
ss: — 1 + 2 cos 20y 

^ __ 1 1 » A i n\ ^ 


/ 2 aw 0 \"'* 

M 00 - ' •'. 

where -4, B and C are given by (8*8). 

Pi is the inviscid pressure; it satisfies the condition at the stagnation point 


(-r(0, 7 ) + JS - ^ + C) sin 6^ sin \0, 


A{ri)co^0 cos 


O^n, = 

where as p, and p, satisfy the condition 

0 = JT, pg = p, = 0, 

The total pressure being P = Pi +P%+Pn- 

Frictional force is found from 


Since (3*18) 


0 /?* " 2 \vy}^ 


few simple transformations lead to 

g/™ 

pttj“ \ V 


®(^') */'(<>. 7 ) 008*0 sin* i0. 


(9*10) 


(9*11) 


Voh X9I. A. 


37 
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10. EXPBRIBitEKTS 

Extensive experiments and computations were carried out by Fage & Falkner 
( 1931 ) on circular cylinders. 

The intensity of friction and the pressure were measured on two cylinders of 
diameters d — 2»93 in. and d = 5*89 in. respectively; they were mounted with very 
small clearance between the floor and the roof of the N.P.L. 4ft. tunnel, and the 
measurements were made on the median section. 

The velocities of the stream, and the corresponding Reynolds numbers for the 
larger cylinder are given in table 3. 


Table 3. 

d ==! 5*89 in. 

Vo 

(ft,/see.) 

R = v^‘d/v 

71*9 

2-12 X 10® 

56-4 

1*66 

35*8 

1*06 

36*5 (distributed 
stream) 

1*08 


The separation point for the case R — 1*06 x 10 ^ was at 78^' from the forward 
stagnation point; in the other cases the boundary layer became turbulent shortly 
before separation. 


Separation point 


11. Comparison WITH EXPERIMENTS 


The simplified equation is (3*22) 


r+/r-A(i-f*), 

and the separation point is found from the condition 



which leads to 84® 48', 


( 11 * 1 ) 


( 11 * 2 ) 


i.e. separation is at about 95® from stagnation point, as against the observed value 
of 78®. 

The terms in (3*20) depending on the thickness of the boundary layer, but dis¬ 
regarding the terras depending on the differential coefficients with respect to y, 
advance separation to 94®. 

Surface friction is (9* 11 ) 




(11-3) 
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To find F for any particular value of 0, the quantity 


r{0) = A = 



cos (9 
sin* ^0 


(11-4) 


is first evaluated, and the corresponding value of/'(O) is found from table 4. 
As an example, consider the Case 


^ = 212x10®, (? = 7r-60° = 130°. 


{ 11 - 6 ) 


From (11-4) A = -0-783, 

and from table 4 (by interpolation) 

/"(0)= 1-109, (11-6) 

whence from (11-3), (11-6) and (11-6) 


F 

—5 = 6-66x10“*. (11-7) 

pul 

The final results, together with Fage & Falkner’s measurements and calculations, 
are given in figures 4 to 7 on p. 564. 

As can be seen from the figures, our computed values are in good agreement with 
the observations, and in close agreement with Fage & Falkner’s ^computations for 
the ascending parts of the friction curves. 

In the cases of i? =* 2*12 x 10 ®, 1-66 x 10 ® and 1*08 x 10 ® (disturbed stream) the 
boundary layer becomes turbulent before separation; but, if the curves of the 
laminar surface friction are continued, they intersect the axis at about 92^ from 
the stagnation point. 

On the other hand, according to the simplified equation (IM) separation is at 
about 94"' from stagnation point. 

As can be seen from figures 4 and 6 the agreement between the computed and 
observed values of surface friction is very satisfactory in both cases up to almost the 
separation point. 

The case of the Oin. cylinder {v^d/v = 0*943 x 10 ®) considered by Green, Falkner 
& Thom (Fage & Falkner 1931 , figure 6 ) was also solved; our results show close agree¬ 
ment with the above calculations in the ascending part of the friction curve. 


12. Evaluation of dujdr and 

To find the friction the velocity was measured at a very short distance from the 
surface, the relation between du^ldr and /^uJAr being found theoretically. 

These quantities will now be derived for a particular case, and compared With 
Page & Falkner's results. 

Consider the case 

d « 5*89 in. Mo = 71-9ft./8eo., i? = = 2-12 x 10», 0 = 180°-30‘’ = 160°. 

( 12 - 1 ) 

37.3 



,01 X (S»w^/^) 
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The requisite formulae for an ellipse were given in § 6; they are much simpler in 
the present case. 

We have, in the tisual notation, 



Fioun® 4. = 2-12 X 106; O, observed; Fiourb 7. J2 = 100 x lO*; observefl; 

4*, calculated (F. & F.). +, calculated (F. & F.). 



Figure 6. i? = 1*66x 10®; O, observed. 


Figure 6. JK =» 1*08 x 10* (disturbed stream); 
Of observed; +, calculated {F, & F,)* 
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, d^da di^dfi d\jrdfi » • a 0 • a 

accordingly + 

(12-3) 

since 

doc dfi 

— - 0, ^ = 2 sm 0, at r o, 

or or 

(12-4) 

and dijrjdfi is given by (3*18), 


Similarly 


(12-6) 

and from (12*3) 

Uq o<r 

(12-6) 

In the present case 

a = 2-945 in., Ar = 0-0025 in., 

(12-7) 

since the velocity was measured at 0-0025 in. from the surface. 
Accordingly, after a few simple computations, 



Ac- = 444-- = 0-377. 
a 

(12-8) 

We have now to find/'(cr) and/"(O); to that end it is necessary to solve the equation 



(12-9) 

In the present case 

/0IogA*\ 008 0 ^ „oo 

(12-10) 

whence from table 4 (at the end of the paper), by interpolation, 



/-(O) = 1-192, /'{0-377) = 0-3836. 

(12-11) 

Since {3'18) 

II 

(12-12) 

it is found by difierentiating (12-3) with respect to r, and making use 
and (12>6) 

of (12-4) 

(12-13) 

whence ^ 

0 r 

= ’1«. 1.56 ,< 10*. 

(12-14) 

From (12’6) 

1-32x10®. 

Ar 0-0026 

(12-15) 


the ratio being M7; the corresponding values as given by Fage & Falkner ( 1931 , 
p. 194) are 1'46 x 10® and 1'26 x 10® respectively, whence the ratio is 1*16. 

For the case 0 * 180® - 20 ® » 160® the calculated ratio is M7. 



666 D. Meksyn 

Table 4 


/'"+//* = A(1-/'»), A=/"'(0). /=/'=:0 at «r=0, at «r = oo 

Values of/'(0-) 


-A 

-0*10 

0 

0*1 

0*2 

0-3 

0*4 

0-6 

0-6 

0*8 

1-0 

\r(0) 












0*319 

0*4696 

0*587 

0*687 

0*775 

0*854 

0*928 

0*996 

M20 

1*2326 

01 

0*0324 

0*0469 

0*0682 

0*0677 

0*0760 

0*0834 

0*0903 

0-0966 

0*1080 

0*1183 

02 

0*0659 

0*0939 

0*1154 

0*1334 

0*1490 

0*1628 

0*1766 

0*1872 

0*2081 

0*2266 

0-3 

0*1003 

0*1408 

0*1715 

0*1970 

0*2189 

0*2382 

0*2668 

0*2719 

0*3003 

0*3262 

0-4 

0*1356 

0*1876 

0*2265 

0*2584 

0*2858 

0*3097 

0*3311 

0*3606 

0*3848 

0*4144 

0-6 

0*1718 

0-2342 

0*2803 

0*3177 

0*3495 

0*3771 

0*4016 

0*4236 

0*4619 

0*4946 

0*6 

0*2088 

0*2806 

0*3328 

0*3747 

0*4100 

0*4403 

0*4670 

0*4907 

0*5317 

0*5662 

0*7 

0*2466 

0*3266 

0*3839 

0*4294 

0*4672 

0*4994 

0*6276 

0*6624 

0*6947 

0*6298 

0-6 

0*2849 

0*3720 

0*4335 

0*4816 

0*5212 

0*6646 

0*5834 

0*6086 

0*6512 

0*6859 

0-9 

0*3237 

0*4167 

0*4815 

0*5312 

0-57)8 

0*6066 

0*6344 

0*6596 

0*7015 

0*7350 

1*0 

0*3628 

0*4606 

0*6274 

0*5782 

0*6190 

0*6526 

0*6811 

0*7056 

0*7460 

0*7778 

1*2 

0*4415 

0*5453 

0*6135 

0*6640 

0*7033 

0-7351 

0*7616 

0*7837 

0*8194 

0*8467 

1*4 

0*5194 

0*6244 

0*6907 

0*7383 

0*7743 

0*8027 

0*8258 

0*8449 

0*8748 

0*8968 

1*6 

0*5948 

0*6967 

0*7683 

0-8011 

0*8326 

0*8568 

0*8860 

0*8917 

0*9154 

0*9324 

1*8 

0*6660 

0*7610 

0*8160 

0*8528 

0*8791 

0*8988 

0*9141 

0-9264 

0*9443 

0*9669 

2*0 

0*7314 

0*8167 

0*8637 

0*8940 

0*9151 

0*9305 

0*9421 

0*9614 

0*9644 

0*9732 

2*2 

0*7896 

0*8633 

0*9019 

0*9260 

0*9421 

0*9637 

0*9621 

0*9689 

0*9779 

0*9841 

2*4 

0*8398 

0*9011 

0*9315 

0*9600 

0*9617 

0*9700 

0*9760 

0*9807 

0*9867 

0*9905 

2*6 

0*8817 

0*9306 

0*9537 

0*9672 

0*9754 

0*9812 

0*9852 

0*9884 

0*9922 

0*9946 

2*8 

0*9153 

0*9529 

0*9697 

0*9792 

0*9847 

0*9886 

0*9913 

0*9933 

0*9966 

0*9971 

3*0 

0*9413 

0*9691 

0*9808 

0*9873 

0*9908 

0*9933 

0*9952 

0*9062 

0*9976 

0*9985 

3*2 

0*9607 

0*9804 

0*9888 

0*9924 

0*9946 

0*9962 

0*9974 

0*9979 

0*9987 

0*9992 

3*4 

0*9746 

0*9880 

0*9931 

0*9957 

0*9970 

0*9979 

0*9986 

0*9989 

0*9993 

0*9996 

3*6 

0-9841 

0*9929 

0*9961 

0*9976 

0*9984 

0*9989 

0*9993 

0*9996 

0*9997 

0*9998 

3*8 

0*9904 

0*9959 

0*9978 

0*9987 

0*9991 

0*9994 

0*9997 

0*9997 

0*9998 

0*9999 

4*0 

0*9944 

0*9978 

0*9988 

0*9993 

0*9995 

0*9997 

0*9999 

0*9999 

0*9999 

1*0000 


From D. R. Hartree ( 1937 ), p. 237 . 
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The laminar boundary-layer equations 
II. Integration of non-linear ordinary differential equations 

By D. Mjsksyn, 1 ).S<\ 

{Communicated by G. Temple, F.R.S.—Received 3 June 1047) 

1. This pkobI/EM 

The aim of this paper is to find particular integrals of non-Uneu.r differential equations 
which satisfy certain boundary conditions and tend exponentially to zero at infinity. 

The equations arise in connexion with the problem of integration of the equations 
of laminar flow in two dimensions. 

The paper consists of two parts. In the first part the equation 

/'"+//" = A(!-/'») 

is discussed, where A is generally a known parameter, and the primes denote devia¬ 
tions with respect to the independent variable, x. 

This is the well-known Palkner & Skan’s ( 1930 ) equation. It was derived in con¬ 
nexion with the solution of the boundary-layer problem for a particular distribution 
of the velocity outside the boundary layer. 

It appears, however, that this equation is of far more fundamental importance in 
the problem of laminar flow, although, of course, A has a different meaning in the 
general case than it has in Falkner & Skan’s treatment. 
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The equation was numerically integrated by Hartree (1937), who writes A 
The second part deals with the approximate int^ration of a more general equation 
of the type t r^x 1 

r+/r = A(i-/'2)+ej«/'+ ^jbfr+c3^T)dxY 

where e, a, b and c are known parameters, and e is very small of the order of 

No attempt is made to give a rigorous discussion of the integration; the solution 
is pursued only in so far as it is needed in the hydrodynamical problem. 


A. EQUATION /"' +//' = A( 1 -/'•) 

2. PaiNCipnES of integration 
C onsider the equation /'" +//"’ == A(1 —/'*). 

The integral has to satisfy the boundary conditions 

/=/' = 0 at a: = 0, I 
/" = 0, /' = 1 at X = 00 . j 

The equation (2-1) has three integrals. An obvious solution is 

/ = X + const. ( 2 * 3 ) 

The behaviour at infinity of the other two integrals can be found as follows. 
Differentiating ( 2 ’ 1 ) we find that 

/*'' +/r + {1 + 2 A)/ 7 ' » 0 . ( 2 - 4 ) 

At infinity /->x, ( 2 ’ 6 ) 

Substituting these asymptotic values in ( 2 - 4 ) we obtain the approximate result 

/iv + x/»' + (l + 2A)r = 0, (2-8) 

whence the asymptotic behaviour of the two integrals is given by 

( 2 - 7 ) 

a result previously found by Hartree (1937). 

In what follows we shall lie concerned only with the exponential solution, which, 
gener.Uy,i.ofth«form (2-8) 

where A(x) and e*<*> are respectively slowly and rapidly varying functions. 

The integration, which is done by successive approximations, has to be guided 
by the following rules: 

(i) The function ^(x) has to be found from the equation (2-1) and the boundary 
conditions at x == 0 (2-2) as closely as possible from the start. 

If a start is made with an erroneous analjrtic expression for S(x), the successive 
approximations may not converge to the correct result. 


( 2 - 1 ) 

( 2 - 2 ) 
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(ii) If the first term in ^(x) is negative (for positive x), it may be sufficient to start 
with it; if, however, the first term is positive, more terms have to be taken until the 
highest term in is negative. 

(iii) The slowly varying function A{x) can be found by successive approximations, 
following the rules given below. 

(iv) The first approximation should be, as far as possible, ' self-consistent \ 

In the physical applications the parameter A is usually known, except in the case 
when it is required to find the value of A, so that the integral may satisfy the additional 
condition /''(O) = 0, which case is associated with the separation point in hydro¬ 
dynamics. 

The method of integration depends on the range of A, and has to be done in three 
separate steps which, using the hydrodynamioal terms, are: (1) from stagnation 
point up to a point close to the separation point (A negative, and positive less than 
0*199), (2) the separation point (A ^0*2), (3) after the separation point (A > 0*2). 

Only the first two cases, needed in the hydrodynamioal part, will be considered. 

We shall start with the simplest case of the separation point. 


3. The CASE/''(O) == 0. To find A 
Since the function/(a:) satisfies the conditions 

/(0)-r(o)-r(o) = o, 

and from (2*1) follows that f^(0) = A, 

it is assumed, as a first approximation, 

/''(a;) = Aa: or / = -^- 


(3-1) 

(3-2) 

(3-3) 


Consider first the equation (2-1) without the right-hand side terms. Substituting 
instead of/(*) its value (3‘3) and integrating, we find that 

fix) =» Ae-^i^. (3-4) 

This value can now be substituted in the right-hand side of (2-1), and the resulting 
equation integrated as a non-homogeneous linear equation. 

As a first approximation, neglect the term/'*, whence 

(3-6) 

This solution satisfies the rule of self-consistency since, for small values of x, it 
agrees with the assumed expression for/'(a:) (3*3); A is found from the condition 

J*Ae-***«*a:dx = l. (3-6) 

Xx* 

Putting IT “ 

and integrating in gamma functions, we find A « 0'213, as against the correct value 
of A » O*109 found by Hartree. 
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A better approximation can be obtained as follows. Let 


/ = 


3! 


. ^7^ , 

Ill 


11 


+ . 


(3‘8) 


Substituting (3-8) in (2* 1), where now all ierma in (2-1) have to be taken into account^ 
it is easily found 


/(*) 


sf 


2 A*(2 + 3A)a;’ 16A®(8 + 7A)(2 + 3A)a:“ 


7! 


11 ! 


(3-9) 


whence substituting (3-9) in (2-1), and, first integrating by disregarding the right- 
hand side, and, then solving the non-homogeneous equation, the self-oonsistent 
solution is obtained in the form 


,_( Aa^ , 2A2(2+3A)a:« 16AS(8-t-7A) (2 +3A)xJ»| 

/ -Aa;exp! .-. i 


(3-10) 


Since the third term in the exponential is negative, the remaining terms may be 
disregarded. 

A is found as follows. In the factors 2 4- 3A and 8 -f 7A we can substitute the first 
approximation A = 0-212. Then writing 



(3-11) 


the integrand (3-10) becomes independent of A. On carrying out the above trans¬ 
formation, we find that 

/'(a:)s(24A)* fexp{-<*H-0-0763<*-0-0ll76t»*}<dt. (3-12) 

Jo 

The numerical value of the integral for < = oo is about 0-460; A is found from 

(24A)t 0-460 = 1, 

whence A » 0-197 as against the correct value A = 0-199. 

In table 1 are given few results for/'(*) as compared with Hartree’s solution. 


TABI.S 1 


X 

n^) 

Hartree 

1*0 

0*098 

0*099 

hi 

0*192 

0*1927 

1-8 

0*311 

0*3126 

2-0 

0*379 

0*3802 

2*4 

0*622 

0*523 


X 

/'(^) 

Hartree 

2*8 

0*664 

0*6635 

3*2 

0*786 

0*7868 

3*6 

0*884 

0*8789 

4*0 

0*947 

0*9399 


If/'® is taken into account the results obtained, after the first substitution (the 
exponential remaining the same), are almost identical; and the value of A is some¬ 
what inoreeised. 
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4. Feom stagnation to separation point; A>0 
From the equation + //' = A(1 -/'*), 

it is found, as before, that /"(O) = A. 

Let fi^) = «• 

Accordingly, as a first approximation, 

^ ax* Ax® 

whence from (4-1), disregarding the right-hand side terms, 

and the complete ‘ self-consistent ’ integral is 

Z'' = {a-h A:r) exp I • 

A is given here, and a is found from 

(a + Ax)expj-~-^jdx= 1. 


ox® Ax* 


(4-1) 

(4-2) 

(4-3) 

(4-4) 

(4-6) 

(4.6) 

(4-7) 


Two cases have to be considered, namely, A positive, and A negative. 

We start with the simpler case of A positive; a can be found by successive approxi¬ 
mations; to that end expand retaining only a single term de|>ending on x; 

whence 

1 w / /Tf >1 A \ 

(4-8) 


r* 1 OAX* A*X®\ , 


If we put 


ax“ 

T 




(4-9) 


the integral can be evaluated in gamma functions; whence, after few simple trans¬ 
formations, 

A*a“* 

1.626a*-i-0.125Aa“»- — ^ 1. (4.10) 


2 


If, for example, 


0 . 1 , 


(411) 


then solving (4*10) by successive approximations, o = 0.326 against Hartree’s value 
of a « 0-819. 


6. From stagnation to separation point; A <0 

This case is more complicated because the term — Ax*/24 in the exponential (4-6) 
is positive and cannot be expanded; it has to be either disregarded, or more terms have 
to be taiien in the exponential. 

The approximations should also converge slower, because a is obtained from a 
difference of two terms, which is nearly equal to unity; and it is clear, therefore. 
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that a small ohange in these terms might lead to a comparatively large deviation 
of a from its true value. 

The correct procedure is to start from A = 0 in successive steps, say, A —O*!, 
— 0 * 2 , etc.; since, however, the equation was numerically integrated, we shall 
consider a case that can properly elucidate the method. 

Accordingly, let A == — 1. 

First approximation 

From (4-6), disregarding the term — Aa:*/24, 


K-- 

= e-*““*(o + Aa;) = e-*““*(o-a:). 

(5-1) 

where a is found from 

f ”e-*«**(o-a:)da: = 1, 

Jo 

(6-2) 

whence 

a S1-50 

(5-3) 

against the correct value a - 

= 1 232. 



Second approximation 

More terms are taken in the exponential of/''(x). We now write again 

r(0)«a, r(0)=.A, (5*4) 


and differentiate successively the equation (4-1), putting a; = 0 . Then we easily 
find that 

, ax^ Ax* (l + 2 A)aV (4-f6A)aAx* (4 + 6 A)AV _ 

= + „-^-gj- f, -+-. (5-6) 


whence from (4*1) and (5*5) the self-consistent solution is 

, f ax* Ax* (l + 2 A)a*x® ] _ 

r(x)^ (a + Ax)exp|- ^-^7 +-(S‘^>) 

Since in the present case A » — 1 , we can retain in the exponential ( 6 * 6 ) the first 
three terms; accordingly, as the second approximation 

( ax^ X* a*x*l 

/,"'(a!) = (a-*)exp[—^j. (6-7) 

To evaluate/'(oo), assume, as before, 


aafi 




( 6 - 8 ) 


and in the transformation of the second term in the exponential (6*7) write a » 1’6. 

To ease the computations, a somewhat higher value is taken for the coefficient 
of t*', whence a is found from the equation 



exp {- <* + 0* 3f* - 006t*} j^a - tJ df 


1 . 


(6-9) 
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The integrals were evaluated numerically and gave the values 

J”exp {-+ 0-3«« - 0-05<«} S 0-980, 

I "^exp { -«« + - 0*05««) idt Z 0-650, 

jo 

whence a = 1-625. 

It is interesting to note that in the first approximation 

^ 0-893, \e-^tdt = 0-461, 
jo jo 

so that the additional terms in the exponential change only very slightly the value 

of a. 


(5-10) 

( 6 - 11 ) 

( 6 - 12 ) 


Third approximation 

Consider now the complete equation (4-1). In the right-hand side instead of/' 
substitute the second approximation (5*7); whence the third approximation is 

/a ae~*^ +f (l-fi^)e^dx, (5-13) 

jo 

where for brevity the exponent in (5-7) is denoted by — S. 

If we make use of the transformation (5*8) the necessary integrals can be evaluated 
by numerical integration, and lead to the result 

aSO-916. (5-14) 

The average value of the second and third approximations is a = 1-22 which almost 
completely coincides with Hartree*s result; this value of a can be used for the next 
and final approximation. 

This example shows that, even in such an unfavourable case, this method leads 
comparatively quickly to the correct value. 


B. THE GENERAL EQUATION 
6. SlCFARATION POINT 

Consider the equation 

r.ff . 

where 70(3 log h^/SjS )^... are given parameters, usually of order unity, and { 2 u, 0 yjr)~i 
is a very small parameter of order 

The equation (6*1) is obtained from the general equation (part I (3-20)) of motion 
of the boundary layer by disregarding the terms which depend on the differential 
coefficients with respect to the second variable y. 
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The equation (6*1) is therefore of limited importance, although it gives a much 
better approximation for the separation point in the case of the elliptic cylinder. 

Accordingly, a brief treatment will be given here of its integration, only in so far 
as it is needed to explain certain salient points of the method which may also be 
of use for the complete equation. 

The equation (6*1) is solved by successive approximations. In the first approxi¬ 
mation the sraaU terms, proportional to 2(2 wq7o/*^)“‘*, are disregarded and the 
equation is reduced to 

(«- 2 ) 

At the separation point f"(0) =*= 0, and the integral of (6*2) is to a high degree of 


approximation of the form 




where the value of k is as yet undetermined. 

Substituting (6*3) in the integral of (6*1), and putting also 


we find that 


r^rr 

J CO 


t't 
J ~ a > J ' 


da: = - Zkxer>^l^ + 3 k er^'^dx = - 3/' + 3* 


where in the last expression (6-5) use is made of (6’3). 

If we transform similarly the remaining terms, the equation (6'1) is reduced to 

r + {e+f)r = -/'*) + e,[J*A;e-*-*/«dx-J\c-^/“da:], (6-6) 

where for brevity we write 


and 



(6-7) 


It should be noticed that, although in integrating (6*2) we put it = — 7o(3 log 
in the more general equation (6-1) it has to be found again. 

As can be seen from (6-6), the original assumption as to the form off is eliminated, 
except for the terms depending on the integrals. 

The equation (6-0) is integrated by the method similar to that used in the first part. 


We have 


/*( 0 ) - 0 , r(0) = - k. 


The latter equation follows from (6*6); the second expression in (6"8) is a 
transcendental equation in k, and it determines the value of/'"(0). 
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To find the higher derivatives of f{x) for x = 0, the equation (6-1) can be succes¬ 
sively differentiated; however, since e and are small the simpler equation (6*6) 
may be used. 

The application of the above equation to the case of the elliptic cylinder, con¬ 
sidered in the first part, leads to the result that the separation point is at about 
108^30' from the forward stagnation point (the degrees refer to the elliptic co¬ 
ordinate). 

In the case of a circular cylinder the extra terms in (6* 1) as against (6*2) have very 
little influence on the position of the separation point. 
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An experimental and theoretical investigation of 
diffusion in a two-phase alloy 

By Vera Daniel, Ph.D., Cavendish Laboratory, University of Cambridge* 
(Communicated by Sir Lawrence. Bragg, F.R.8.—Received 6 June 1947) 


The present paper describee an investigation of diffusion in the solid state. Previous experi¬ 
mental work has boon confined to the ease in which the free energy of a mixture is a nununmn 
for the single-phaBe state, and diffusion decrefiises local differences of concentration. This may 
be called ‘diffusion downhiir. However, it is possible for the free energy to bo a ininimuin 
for the two “phase state; diffusion may then increase differences of concentration; and so may 
be called ‘diffusion uphill*. 

Becker ( 1937 ) has proposed a simple theoretical treatment of these two types of diffusion in 
a binary alloy. The present paper describes an experimental test of fhis theory, using the 
unusual properties of the alloy Cu 4 FeNi,. 

This alloy is single pliase above 800*" C and tw'o-phaso at lower temperatures, both the 
phases being faoe-oentred cubic; the essential difference between the two phases is their 
content of copper. On dissociating from one phase into two the aUoy develops a series of inter¬ 
mediate structures showing striking X-ray patterns which are very sensitive to changes 
of structure. It wa« found possible to utilize t))o»e results for a quantitative study of 
diffusion ‘uphill* and ‘downhill* in the alloy. 

The experimental results, which can be expressed very simply, are in fair agreenaent with 

conclusions drawn from Becker’s theory. It was found that Fiok’s equation, 

can, within the limits of error, be applied in all cases, with the modification that c denotes 
the difference of the measured copper concentration from its equilibrium value. 

The theory postulates that D is the product of two factors, of which one is Do. the ooef- 
dcient of difftision that would be measured if the alloy were an ideal solid solution. The 
theory is able to calculate D/D*. if only in first approximation, and the experiments confirm 
this calculation. It was found that in most cases the speed of diffusion—‘uphill* or ‘down¬ 
hill *—has the order of magnitude of D^. 

♦ Now with British Eleotrioal Besearch Association. 
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Inteodxtotion 

As a rule diffusion is expected to equalize local concentration differences; that is, 
the current of diffusion is expected to flow ‘ down * the gradient of the concentration. 
This, however, is only a special case. In general, diffusion always tends towards 
thermodynaraic equilibrium, that is, towards a minimum of the thermodynamic 
potential; in the cases to be treated this potential is equivalent to the free energy. 
For an ideal solution the free energy is a minimum if all components are completely 
mixed and the gradient of the concentration vanishes. However, in a mixture which 
is not an ideal solution, the free energy may be a minimum in the two-phase state, 
so that there may be differences of concentration present in equilibrium. In this 
case, the fact that diffusion tends towards a minimum of the free energy means that 
it will tend to increase differences of concentration to their equilibrium value. If 
the initial differences of concentration are smaller than their equilibrium value, 
diffusion will proceed *up’ the gradient of concentration. 

However, a treatment of diffusion which is to include diffusion ‘uphiir meets 
many difficulties, both theoretical and experimental. There exists a somewhat 
tentative theoretical treatment by Becker ( 1937 ) for the case of a binary alloy which 
breaks up into two phases of different composition but identical crystal structure, 
but no quantitative experimental work has yet been done on the problem. The reason 
for this is that diffusion ‘ uphill * is, in general, very difficult to isolate from other 
phenomena such as nucleus formation and grain growth. 

The alloy Cu 4 FeNi 3 , the properties of whiqh have been studied by Daniel & 
Lipson ( 1943 , 1944)5 offers unusual facilities for the study of the general case of 
diffusion. It has been found possible to devise an experimental method to in¬ 
vestigate diffusion 'uphiir and ‘downhilF separately from other phenomena, and 
in a form which allows a relatively simple mathematical treatment. 


The propeeties op Ou4PeNi3 

The alloy Cu 4 FeNi 3 is single-phase face-centred cubic above 800° C, and dis¬ 
sociates into two face-centred cubic phases at lower temperatures. The essential 
difference between the two phases in equilibrium is their content of copper; the 
proportion of nickel to iron remains very nearly 3 :1 in both phases. The difference 
of copper concentration between the two phases in equilibrium increases with falling 
temperature, as can be seen from figure 1 . The behaviour of the alloy is thus similar 
to that of a binary alloy in the centre of an almost symmetrical solid-solubility gap. 

If a single-phase specimen of Cu 4 FeNi 3 is annealed for some time at a temperature 
for which its equilibrium condition would be two-phase it develops a characteristic 
intermediate structure. Concentration differences are set up at more or less regular 
intervals while the coherence of the single-phase lattice remains. As a matter of 
mathematical simplification the structure may be described as a periodic variation 
of copper concentration with distance. In first approximation the concentration of 
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copper plotted against a linear extension in the alloy may be represented by a sine 
curve. This structure shows striking X-ray effects, which make it possible to measure 
both ‘wave-length’ and amplitude of the periodicity. On a powder photograpli of 
the alloy in the periodic state the X-ray pattern for the single-phase state is modified 
in such a way that satellite lines appear at both sides of every Debye-Scherrer line. 
From the separation of these side-bands from the main lines the wave-length Q of 
the periodicity can be deduced; it is convenient to express Q as a number of unit 
cells. The measurements of intensities give the amplitude, 6, of the variation of the 
lattice parameter which is roughly proportional to the amplitude, of the variation 
of copper concentration, p. We may also express as p the maximum difference of 
copper concentration b(^tween a copper-rich and a copper-poor aggregate. In this 
notation we consider as ' aggregate ’ a half-wave of the periodicity, that is, the siste 
of an aggregate is IQa, where a is the lattice parameter. 



% On 


Figukb 1. The equilibrium concentration of copper in the alloy m a function of temperature. 


This ‘ periodic ’ structure is the first observable stage of the dissociation of the 
alloy from one into two phases. If the annealing is prolonged at constant temperature 
after the periodic structure has been formed, it is found that the wave-length of the 
periodicity increases with time, while its amplitude remains constant. In the course 
of time the structure changes gradually to a normal two-phase structure.* 

The amplitude of the periodic structure, which is established even after the shortest 
time of annealing giving the side-band pattern, depends on the temperature alone. 
It is proportional to the difference of copper concentration between the two phases 
in equilibrium in the normal two-phase structure, and for a given temperature can 
be calculated from figure 1, 

* Here two-phase means a structure consisting of distinct crystallites of two kinds, differing 
in composition, but not in crystal structure. 
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Expeeimbntal procbdubk 

The properties of the alloy Cu 4 FeNi 8 make it possible to produce by a suitable 
heat treatment a periodic structure of any desired wave-length and amplitude, 
within certain limits. If the alloy is not in equilibrium, the approach to equilibrium 
can be followed quantitatively in considerable detail. This makes the alloy suitable 
for the study of diffusion, provided one can arrange for the approach to equilibrium 
to occur in conditions simple enough to allow a quantitative interpretation. In the 
previous work (Daniel & Lipson 1944 ) changes of wave-length were measured, the 
amplitude being constant. This process is analogous to grain growth; its quanti¬ 
tative interpretation is difficult. However, it has been found possible to measure 
changes of amplitude with time, keeping the wave-length constant, and this process 
allows a quantitative interpretation in terms of a generalized theory of diffusion. 

If a specimen of the alloy is allowed to attain a given wave-length at a certain 
temperature Tj, it will have the amplitude characteristic of that temperature. If it 
is then brought to another temperature the amplitude is found to reach its now 
equilibrium value in a time too short to alter the wave-length. Figure 2 illustrate 
the process. This method has the advantage that it makes it possible to study 
changes of amplitude in aggregates that are already formed by a treatpient previous 
to the experiment. Thus the problems of nucleus formation are eliminated. Further¬ 
more, the wave-length Q remains constant during the experiment, so that changes 
of amplitude can be studied separately from phenomena of grain growth. 



Fiottbe 2. Schematic representation of the concentration of copper as a function of distance 
in the alloy, (a) in equilibrium at Tj, (6) after a short subsequent annealing at 
(c) in equilibrium at 

Changes of amplitude may be observed in both possible directions; that is, the 
final amplitude may be larger or smaller than the initial one, corresponding to 
diffusion ‘uphill* and ‘downhill’ respectively. The changes of amplitude are com¬ 
pletely reversible; the amplitude always adjusts itself to its equilibrium value 
independently of the previous history of the specimen. 
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Experimentally, the amplitudes and wave-lengths are deduced from X-ray powder 
photographs, by methods described in the previous publications. The photographs 
are very sensitive to changes of b, if the values of Qbja used are chosen to lie between 
about Qbja ^ 0-2 and Qbja = 1*2. For small values of Qbja photometry was used, 
and for larger ones the appearance of second-order side-bands. Figure 3 shows 
microphotometer curves of reflexions 222 from the same specimen in diiferent stages 
of increasing amplitude. The curves also show that the wave-length of the periodicity 
remains constant within the limits of error. 






Figure 3. Miorophotometer curves of reflexions 222 from a specimen of Cu^FoNia that had 
been annealed, (a) 20 min. at 760^ C; (6) 20 min. at 750^ 0 + 22 hr. at 450*^ C; (c) 20 min. at 
760® C + 64 hr. at 460® C; (d) 20 min. at 750® C + 4 weeks at 460® C. Fo Ka radiation. In- 
tensities reduced to equal total intensity. 

Changes of amplitude can also be measured on specimens which have already 
completely broken up into two phases. Each phase gives a face-centred pattern, 
the two patterns being slightly displaced with respect to each other. The amount of 
displacement gives the difference of lattice parameter of the two phases, which is 
proportional to the amplitude in the periodic state and is roughly proportional to 

38^3 
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the difference of concentration. For such specimens it is not possible to speak of 
a wave-length Q. However, we may consider a linear extension of an average aggre¬ 
gate of one phase as corresponding to \Qa because the amounts of the two phases 
are approximately equal. The X-ray evidence makes it probable that the variation 
of concentration is essentially one-dimensional, that is that the structure is lamellar ; 
the thickness of a lamella then corresponds to ^Qa. 

If a two-phase specimen showing a difference of lattice parameter corresponding 
to one temperature is then brought to another temperature, the difference of the 
lattice parameters approaches its new equilibrium value in the same way as the 
amplitude does in the periodic state. The changes ai*e again quite reversible. 

The times of annealing varied between half a minute and several weeks. The 
shortest times of annealing needed a special technique, because it always takes a 
certain time for a specimen to reach the temperature of the furnace. In order to 
reduce this time to a minimum, the specimens wore made so as to have a very small 
heat capacity. They were sealed into evacuated silica tubes of a wall thickness of 
about 0*1 mm. and were dropped into a container which was already at the required 
temperature. For this purpose the furnace was tilted, and a large closed silica tube 
put into it so that the closed end was in the middle of the furnace. When the large 
tube had attained the temperature of the furnace, the specimen was allowed to 
slide in. The effectiveness of this arrangement was tested by sealing antimony powder 
into thin silica tubes of the kind used in the experiments, and sliding them into a 
furnace slightly hotter than the melting point of antimony (630"^ C). The antimony 
was melted within 5 sec. The specimens were quenched by taking the large tube out 
of the furnace and tipping the specimens into water; this took about 1 sec. 

m 

Theory 

There are many processes in the solid state which involve diffusion; for instance, 
the homogenization of a solid solution, the formation of new phases, grain growth 
in a two-phase alloy, etc. Diffusion implies two conditions: that atoms interchange 
their positions, and that this interchange leads to the migration of particular kinds 
of atoms in preferential directions. For an understanding of the kinetics of the 
processes in question it may be useful to consider these two conditions separately. 
(For a general discussion of this concept see DehUnger 1939 .) 

The existence of thermal vibrations must always lead to a certain number of 
atoms changing their sites per unit time. This number will depend on the mechanism 
of the place change, but it will in general be given by an expression 

n ^ NA , ( 1 ) 

where N is the number of atoms in the alloy, E is the activation energy, and A is 
a factor which does not much depend on temperature. 

In thermodynamic equilibrium the composition of a material of several con¬ 
stituents does not change with time. That is, there is no diffusion of any particular t 
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kind of atom in any particular direction, although place changes occur* However, 
diffusion will occur in a material not in equilibrium if it helps to bring it into equi¬ 
librium, that is if it leads to an increase of the free energy* 

We may attempt the calculation of the rate of diffusion if we can find an expression 
for the changes of free energy involved in the process in question. (For a general 
consideration of this problem see Glasstone, Laidler & Eyring ( 1941 ).) 

The simplest process of the kind considered is diffusion in an ideal solution under 
the influence of a concentration gradient. In this case the forces exerted by an atom 
on another are independent of the kind of the otlier atom. The fi'ee energy depends 
on the concentration conditions in the material only by its entropy term, which 
implies that equilibrium is reached if all concentration differences vanish. In this 
case it is possible to allow for the influence of the concentration differences in such 
a way as to measure directly the number of place changes of atoms per unit time; 
this is the significance of the coefficient of diffusion for an ideal solid solution. 

In general, it is very difficult to find a quantitative expression for the free energy 
involved in a diffusion process. However, it becomes possible in some specially 
simple cases, such as that of a binary alloy which breaks up into two phases of 
different composition but identical crystal structure. For this case diffusion has 
been treated quantitatively by Becker ( 1937 ). Becker assumes, as a first approxi¬ 
mation, that we can define energies necessary for separating pairs of similar or 
dissimilar atoms (this is an analogy to the chemical bond). He introduces the term 
— 1^4 for the energy of separating two atoms of the metal Ay and similarly — 
and for the energies of separating combinations AB and BB respectively. 

The free energy of the alloy is then made up of terms containing and V^j^y 

plus an entropy term. 

Using his expression for the free energy, Becker derives the differential equation 
for the diffusion in an alloy of this type, in terms of the concentration c of one of 
its constituents, ^ . P ^ . 

it = cliv{x>o[l-o(l-c)-^yJgradcj, (2) 

where the constant A’ is given by 

Z being the co-ordination number of the crystal stnicture and N Avogadro’s number. 

For an ideal solid solution A == 0, and in this case equation (2) reduces to Fick’s 
equation ^ 

| = i>oAo. ( 3 ) 

with Dp as constant coefficient of diffusion. Dp is proportional to the number of 
place changes per unit time in the alloy. For an alloy of face-centred cubic structure 

Ztp-(lo) 
where a is the lattice parameter. A and E have the same meaning as in equation (1). 
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The case K <0 correspondB to an alloy in which dissimilar atoms are more firmly 
bound to one another than similar ones. There is a tendency towards the formation 
of superlattices and if we define 


as the concentration dependent coefficient of diffusion, D{c) is always larger than D, 
For jfiC > 0 , similar atoms are more firmly bound to each other than dissimilar ones, 
and thus similar atoms will tend to segregate separately. Consideration of the 
equation of the free energy shows that the mixture will be single phase at high 
temperatures and two phase at low temperatures. There will be a solubility gap, 
which closes at a temperature 

- Tp' 


This gives the possibility of measuring K experimentally. 

For K >0, D(c) may be positive or negative according to the values of c, T and K. 
Positive D(c) corresponds to what we have called diffusion ‘downhill’, negative 
2>{c) to diffusion ‘uphill’. For the discussion of equation ( 2 ) with JT > 0 it is con¬ 
venient to introduce as variable oc{x,t) =sc(ic,t) —^ (Becker’s treatment assumes 
perfect symmetry with regard to the two constituents, the solid solubility gap 
closing at c = ^). In terms of ct{z,i) equation ( 2 ) becomes, for the one dimensional 

where i — RTjK. The term <j^ is zero for T — Tj^. Above that is, at tem¬ 
perature where there is no solid solubility gap, is always negative, and thus D(a) 
always positive. That is, we have only diffusion ‘downhill’. For T positive. 

In this case D{<x) is negative for t) < g^, while for oc^x, ^) > it is positive. That 

is, we have diffusion ‘uphill’ until the concentration differences reach a value 
determined by oc^(x,t) = g^. This value g^{T) is near, but not identical with, the 
equilibrium value of the difference of concentration, calculated from the minimum 
of free energy (Becker 1937 )- As the difference between the two values of {x^x,t) is 
not large and the experiments cannot distinguish between them, we shall in the 
following refer to a^(xj) - g^T) as equilibrium, bearing in mind that this is only 
approximately true. 

The alloy Cu^FeNig is in its behaviour very similar to the idealized binary alloy 
treated by Becker. The alloy is thus suitable to test the theory, provided that the 
experimental conditions are simple enough to be interpreted quantitatively. 


Mathematical tekatmknt 

Consideration will now be given to the data provided by experiment fcH* the con¬ 
centration of copj>er as a function of time and distance in the alloy, and to the 
question how far they can be represented by a solution of Becker’s differential 
equation, 
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The periodic structure in Cu 4 FeNi 3 appears to be essentially lamellar, i.e. the 
copper concentration appears to vary mainly in one direction. There is an element 
of doubt, because the experimental evidence on this point is not quite conclusive. 

Nevertheless, a variation of the concentration in the x direction only will be 
considered; the treatment of a simultaneous periodic variation in the x, y and z 
directions does not lead to materially different results. 

For the experiments in which the wave-length Q of the periodicity is constant, 
the change of copper concentration c with time is assumed to be expressed by an 
equation 

c(x, f) = I + pit) cos ^, (5) 


where p is the amplitude of the variation of c. It remains an open question whether 
c(x, i) is purely sinusoidal or whether it should really be expressed by a Fourier series, 
of which equation (5) gives only the first term. This point will be discussed later. 

A sinusoidal variation of the concentration, in which the amplitude only varies 
with time, is a solution of Pick’s equation (3) provided that 


p(f) const, exp 


( 


47r» 


2)<j. 


( 6 ) 


A sinusoidal variation of the concentration is thus convenient for measuring 
coefficients of diffusion if Pick’s equation is obeyed. It has, indeed, been used by 
Du Mond& Youtz ( 1940 ). They electrodeposited layers of different metals alternately, 
so that their thickness was known, and allowed the concentration differences to be 
reduced by diffusion, measuring their amplitudes as a function of time. Although 
by this method the variation is initially not sinusoidal, the authors show that it 
becomes sinusoidal in a negligible time. 

The integration of Becker’s equation and its comparison with the experimental 
evidence, embodied in equation (5), proves difficult. The equation is mathematically 
more complicated than Pick’s, and there is also a physical difficulty involved. We 
can show this best by using a(x, t) - c(x, 0 ” i variable and by writing Becker’s 
ecpxation in the form of equation (4). 

Equation (4) implies that for equilibrium OL(x,t) ^ ±g. Physically this means 
thatinequilibrium we shouldhavea two-phase structure with sharj) grain boundaries, 
i.e. that the periodic variation of c should have a rectangular wave form. Thus a 
simple sine wave as assumed in equation ( 6 ) cannot be a solution of Becker’s equa¬ 
tion. We may overcome this difficulty in two ways: either by assuming that equation 
(5) is only a first approximation and that overtones of the fundamental wave-length 
Q are present, or, if overtones are not present, by modifying Becker’s equation. 

In principle it should be possible to distinguish between the two possibilities in 
question by investigating experimentally the wave form of the periodic variation 
in Cu^FeNig, i.e. the existence and intensity of higher Fourier components, over¬ 
tones, in c{x,t). Unfortunately, the X-ray photographs are not very suitable for 
this purpose. The term relevant for the contribution of the wth overtone, to the 
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X-ray pattern, is Qbjna, where Q is the wave-length of the fundamental wave, 
and 6 ^ the amplitude of the spacing variation for the nth overtone; 6 ^ is proportional 
to the amplitude of the variation of concentration for the nth overtone. If 
Qbjna 1 , the intensity of the side-band produced by the nth overtone is (Qb^/2na)^; 
thus it contains in the denominator. In consequence, the overtones contribute 
little to the diffraction pattern. For larger values of Qb^Jfui the intensity conditions 
are more favourable, but then tlie diffraction pattern becomes more complicated, 
owing to the appearance of second and higher order side-bands for the fundamental 
wave-length (Daniel & Lipson 1944 ). On the whole, the X-ray diffraction patterns 
given by Cu 4 FeNi 3 are in excellent agreement with the theory, with the assumption 
of a purely sinusoidal variation, as indicated by equation (5). However, the presence 
of overtones cannot be excluded, although the intensity distribution of the side-bands 
indicates that the amplitudes of the second and third orders must be less than half 
that of the first order. 

The X-ray evidence is thus not conclusive with regard to overtones. In particular, 
it does not exclude the possibility that c(x, t) may be given by the Fourier series 
for a rectangular wave form, so that 


■H 


"JLTfX 
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Q 
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We shall, therefore, attempt to find a solution of Becker's equation by a modified 
equation (5), using as variable (x(x, 1). We shall assume a(x, t) to be given by a Fourier 
series, with coefficients dependent on i only. Thus 


a{x, t) = p^{t) cos cos — + •••• 


Q 


(5a) 


This type of expression is applied by I>u Mond & Youtz ( 1940 ) as a solution of Fiok's 
equation. It is convenient to express GQ^2mixlQ in exponentials. 

If we carry out the multiplications and differentiations, we find that both sides 
of equation (4) can be expanded into an infinite series of cosine terms, with coef¬ 
ficients containing dpjdt and the different Putting tliese coefficients equal on 
both sides, gives a differential equation for each p^^ of the type 


That is, a system of an infinite number of simultaneous differential equations, which 
gives, in principle, the possibility of determining the values of j)„, provided that the 
values of the p^’s for t = 0 are known. The actual calculation is extremely involved. 

Wo shall attempt an approximate solution, writing the differential equation for 
the first term p, only and neglecting all p„ other than p,. This gives an equation 
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Equation (7) implies an asymptotic approach to equilibrium as dpjdt contains 
the term — The equilibrium value postulated for is 2g, which is twice the 
value postulated for equilibrium if the wave form is rectangular. If we assume, as 
is plausible, that in equilibrium the difference of average concentration between 
a copper-rich and a copper-poor aggregate is independent of wave form, we should 
expect the equilibrium value of the amplitude to be larger if we approximate a 
rectangular wave by a rounded curve. For a pure sine wave we should expect 
Pi == 1^0- 

A further refinement of the solution indicated seems not worth while, as the 
overtones of the periodic variation are, so far, exi^erimentally inaccessible and 
Becker's equation is only a first approximation. It is easily conceivable that c{x,t) 
is given by a sinusoidal wave and not by a rectangular periodicity, i.e. that there is 
a gradual transition between lamellae. This might be due to the strain introduced 
by grain boundaries; it may well be that a gradual transition between aggregates 
would introduce less strain than a sharp grain boundary, and that a gradual transi¬ 
tion would be thermodynamically more stable. If this were the case, Be<!ker’8 
theory would have to be modified so as to take into account energies of strain at 
grain boundaries. 


Comparison of thk theory with experiment 

* 

At this stage it will be useful to recapitulate the available experimental material 
and its bearing on the theory. The alloy Cu^FeNia forms an intermediate structure 
which can in first approximation be described as a periodic variation of copper 
concentration with distance. The wave-lengths and amplitude of this periodic 
structure can be changed by various heat treatments. Each such change represents 
an approach to equilibrium, involving a more or less simple case of diffusion. 

For the purposes of the present work the following procedute was chosen: The 
alloy was first brought into the periodic state so tliat it had a certain wave-length 
and Amplitude. Then it was brought to a temperature at which the equilibrium value 
of the amplitude was different, it was found that the amplitude then reached its 
equilibrium value in a time too short to alter the wave-length. Thus the amplitude 
changed with time, the wave-length and temperature being constant. This represents 
a case of diffusion to which Becker’s treatment is applicable, and his differential 
equation was accordingly evaluated for the conditions in question, giving equation 
(7). This equation will now be verified by comparing it with the experimentally 
found changes of the amplitude, p, with time. 

The theoretical equation (7) has three essential features. First, it postulates that 
p should approach equilibrium asymptotically, and gives an expression for the 
mode of this approach. Secondly, it postulates that dpjdt should be proportional 
to 1 IQ^. Thirdly, it shows that for the same difference ofp from its equilibrium value, 
dpjdt will be smaller if the absolute values of p and g are small, 
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As for the first and second points, the experimental results can most concisely be 
summarized in an equation 

( 8 ) 

where pj^; is the equilibrium value of p and D is a constant. That is, experiment 
conlirms the asymptotic approach to equilibrium postulated by theory. When 
integrated, equation (8) assumes the form 


Q t Pis^Po 


(10 


where p^ is the value of p for t = Figure 4 shows log ——as a function of t. 

It can be seen that the curve, the slope of which gives i), is a straight line within 
the limits of error. 



p ^pU) 

Figurk 4. logp- H8 a function of time (data partly from the curves shown in figure 3), 

Ps-Po 


As for the details of the approach to equilibrium, experiment does not agree very 
well with equation (7) in so far os the fit of the experimental data with the integrated 
form of equation (7) is less good than with equation (9). However, in many cases 
the experimental data may be interpreted by either equation, within the experi¬ 
mental error. The experiments are thus not very suitable for an investigation of the 
finer detail in question. 

As for the second point, the dependence of dpjdt on l/$®, experiments were made 
with different values of Q, Three discrete values of Q were employed at 560^ C, 
powder specimens being used. Thus each of the three to five measurements of p{t) 
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for a constant Q was made on a different specimen which is a test for the reproduci¬ 
bility of the results. All measurements at other temperatures refer for the same value 
of Q, to the same specimen (sintered rods). The results are shown on the first part of 
table 1. It can be seen that there is a certain discrepancy between individual speci¬ 
mens, but altogether the dependence on Q indicated by equation (7) appears to 
hold good within the limits of error. The discrepancy between different specimens is 
to be expected, smce the measured wave-length is only an average. There is always 
a range of values present in each specimen, the distribution of which may affect the 
speed of diffusion. 

Table 1 

Rising amplitudes 


temperature 

Q unit 

D 

D average 


Do 

rc) 

ceils 

(cm.* 

/sec.) 

(cin.*/sec.) 

D/D, 

(cni.*/sec.) 


{ 70 

6-6 X 

10-“ 1 

3-7 X 10 “ 

0*61 


450 

{ns 

0*9 X 

10 -) 

6*1 X 10-« 



4*8 X 





660 

] 68 

1-8 X 

lO-i’ \ 

30 X 10-” 

0*44 

6-8 X 10*1^ 


[no 

3*4 X 

lO-i’j 




660 

/122 

(119 

X X 

10 -‘M 

10 -^ 6 / 

2-5 X 10-»» 

0*26 

9*6 X 10-i» 

740 

122 

6-0 X 

10-16 

e-Ox 10 -“ 

0*076 

8*0 X 10”i< 


Falling amplitudes 


temperature equivalent Q 

D 


Do 

CC) 

unit cells 

(cm.*/ 8 ec.) 


{cra.*/se(?.) 

760 

1300 

2-2 X 10-“ 

0*26 

8*7 X 10-1* 

820 

1300 

3 3 X 10-“ 

0*16 

2*0 X lO'i* 

860 

6400 

l'4x 10 -“ 

0*17 

8-3x 10 “>* 


As for the third point, it is interesting that the empirical equation (8) may be 
derived from Pick’s equation, if c denote not the concentration itself but its difference 
from an equilibrium value That is, equation (8) is an integral of the equation 


5(c-Cg) _ B^c- Ck) 

dt dx^ 


( 10 ) 


However, the physical moaning of the constant D in equations (8) and (10) is not 
that of the coefficient of diff usion in an ideal solution, which depends on the 
number of place-changes of atoms alone. D will include terms dependent on thermo¬ 
dynamic conditions in the alloy, and it is a test of Becker’s theory whether it can 
explain quantitatively the difference between D and at various temperatures. 

To get an expression for D in terms of the theory we equate dp^ldt in equation (7) 
with dpjdt in equation (8), 

K 

D{p-pe) = D^-^Pi{kPi+fJ)(yi-g)- 
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As both sides of this equation refer to the same equilibrium value of p, we put 
~ Pt and p^ = 2g and obtain 

^ = ^o-^PiP+Ps). ( 11 ) 

where p is the experimentally measured amplitude. 

The right-hand side of equation (11) is of course not constant, as the factor 
p(p-\- pjs) varies during an experiment. Its maximum variation was by a factor of 7, 
but in general it was less. As a first approximation we shall use the average of 
treat it as constant. 

The essential feature of equation (11) is that it postulat-es two factors in the speed 
of diffusion measured by I). One of these is The second factor will generally be 
of the order unity, but may become very small for small values of p and pf^. In 
certain cases we should thus have very slow diffusion, although the place-changes 
of atoms are quite frequent. 

To test equation (11), we should measure D and for the same temperature. 
Here the difficulty arises that we cannot measure independently of D at any one 
temperature. However, we know that obeys equation (la), so that a plot of 
log/)© ^^gainst IjT must lie on a straight line. Besides, at temperatures which are 
large compared with Tjg-, the alloy can be considered an ideal solid solution, so that 
the measurements give /)© directly. W© can thus test equation (11) indirectly by 
calculating D© from it for a range of temperatures. If the equation is correct, the 
plot of the logarithm of the calculated D© against IjT will be a straight line. The 
logarithms of values of D© measured directly at high temperatures will lie on the 
continuation of this straight line. 

At temperatures higher than Tj^ the measurement of D unfortunately meets with 
experimental difficulties, because at such temperatures the process of diffusion is 
already rapid, while it is not possible to use times of annealing of less than 30 sec. 
This difficulty can to some extent be overcome by using large values of Q, since for 
large aggregates the changes are slower than for small ones. Because the X-ray 
photographs allow the direct measurement of Q only up to about Q = 150, an indirect 
method for measuring higher values of Q was evolved. 

A DIFFUSION METHOD OF MEASURING AGGREGATE SIZE 

The method used consists in comparing changes of amplitude with time in the 
unknown specimen with changes in a specimen with known Q at the same tem¬ 
perature. This method presupposes the dependence of dpfdi on as postulated 

by equation (7). 

In practice, p(t) for the unknown specimen was measured with rising amplitudes 
at some temperatures, 550 or 650° C, for which D was known, and Q was calculated 
from equation (9). 

To obtain aggregate sizes large enough for use at temperatures above 800° C the 
specimens had to be given a heat treatment which made them two-phase. The two 
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Bpecimens used were sintered from fresh filings by annealing for 1 day and 10 days 
at 750® C; the specimens obtained are called 1 and 2 respectively. 

The experimental method of finding p{t) for specimens in the two-phase state has 
been described above. Measurements of p{t) with rising amplitudes were made on 
both specimens in order to determine the value of Q corresponding to the average 
aggregate size. 

Incidentally, these measurements showed that there is a range of aggregate sizes 
present also in two-phase specimens. After their treatment at 750® C specimens 1 
and 2 showed sharp X-ray lines. However, when the amplitude changed, the change 
was not equally fast for all aggregates and so the lines became broadened. Thus the 
diffusion method described might be used for a determination of the distribution 
of aggregate sizes, as well as for the determination of the average aggregate 
size. 

For s|>ecimen 1 , Q was determined to be 1300 (measurements were made at 550 
and 660® C) and for specimen 2 , Q was determined to be 5400 from measurements 
at 650° C. 

Specimens 1 and 2 were used to measure the coefficient of diffusion at 820 and 
850° C respectively. A measurement with falling amplitude was also made at 750° C, 

The temperatures reached were not high enough to consider the alloy as an ideal 
solid solution. Becker’s pquation shows DjD^y to be only about 0*2 for the measure¬ 
ments made. This is unfortunate, as it would have been desirable to measure diffusion 
at temperatures high enough to give l\ directly. 

Results 

The results are summarized in table 1 . Column 3 gives D as calculated from 
equation ( 9 ), that is, it characterizes the actual speed of diffusion observed. The 
ratio DjO^ was calculated for rising amplitudes from equation ( 11 ), for falling 
amplitudes directly from Becker’s equation. 

Measurements at constant temperature and varying wave-lengths confirm, within 
the limits of error, the dependence of dpjdi on Q predicted by theory. That is, D for 
any one temperature is constant for different values of Q. The limits of error are 
fairly wide and so the confirmation is not as good as might be desired, but, as pointed 
out above, the measurements with varying Q at 650° C correspond each to an average 
over several specimens and so carry more weight than the others. 

The theory postulates that as calculated above, is the coefficient of diffusion 
that would be measured if the alloy were an ideal solid solution and depends thus 
exponentially on temperature. Figure 6 shows that this is indeed the case. This 
appears to be suflSoient proof of the theory, in view of the fact that Dq was derived 
from measurements of diffusion ‘uphill* and ‘downhill’, over a wide range of 
temperatures. The results justify the calculation of the activation energy according 
to equation (la), The measurements give a value ofE ^ 6-6 ± 0*4 x 10 * oal,/g. atom, 
while ^Aa* « 47 cm.*/ 8 eo. 
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The values of DjD^ tabulated in table 1 show that in most cases the speed of 
diffusion should depend for its order of magnitude on This one would expect 
from first principles. It is of special interest to note the case of diffusion ‘ uphill' 
at 740° C, where D is found to be considerably smaller than Dq in accordance with 
the theory. The theory implies indeed that for small differences of concentration near 
the temperature where the single and two-phase state of the alloy are in equi¬ 
librium, the speed of diffusion should tend to zero. This point was also qualitatively 
confirmed by results found for diffusion ‘downhill' above at very small ampli¬ 
tudes. Here the general blurring of the X-ray diffraction lines, due to variations 
in grain size, made quantitative measurements impossible. 



l/TxW 

Fiourb 6 . Calculated values of log Dq as a function of l/T. 

Correlation of the coefficient of difftjsion with grain growth 

Before concluding the relation of the coefficient of diffusion to the increase of Q 
with time may be briefly considered. This process, which is considerably slower than 
the approach of concentration differences to equilibrium, is analogous to grain 
growth and thus of considerable practical interest. 

The mechanism of the increase of Q can be understood qualitatively if we assume 
that large aggregates are thermodynamically more stable than smaller ones and that 
they will grow at the expense of the smaller aggregates. This must lead to the dis¬ 
appearance of a certain number of aggregates per unit time and so to an increase of 
the average aggregate size. 

It is not easy to make this reasoning quantitative, as the mechanism of the 
interaction of small and large aggregates must necessarily be hypothetical. But we 
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may expect that, whatever the model of interaction, dQjdt will have to contain 
aa a factor. From this point of view it may bo interesting to compare — — for 

X/q (tt 

constant values of Q at different temperatures. This is done in table 2; the data used 
are those of Daniel & Lipson (1944) and some unpublished measurements. It can be 
1 dQ 


seen that 


dt 


falls with rising temperature for both ^ = 50 and Q = 80 . This 


effect is outside the limits of error. It means that grain growth is relatively slower at 
higher temperatures, i.e. that at liigher temperatures a smaller percentage of place 
changes of atoms leads to grain growth than at lower temperatures. We may explain 
this if we take into account that in Ci^FeNig the amplitude of the concentration 
differences decreases with t>emperature. It seems plausible that the difference in 
stability between larger and smaller aggregates becomes smaller as the amplitude 
decreases. 

Table 2 


t-emporature 

ro 

550 

650 

760 


IdQ 

D,^dt 


y = 60 

64 X U)» 

11*6 X 10» 
6-0 X 10« 


Q = 80 

260 X 10 * 
36 X 10 * 
4-2 X 10 * 


Conclusion 


The aim of the present work was to investigate diffusion in an alloy which deviates 
widely from an ideal solid solution and for which the thermodynamic conditions 
are yet simple. 

The alloy Cu4FeNi3 is uncommonly suitable for an investigation of this kind. The 
thermodynamic conditions in it are simple, and it allows the use of a very con¬ 
venient experimental method. This method has the advantage that it allows dif¬ 
fusion to be observed within aggregates of a size of 10 ® cm., while each measurement 
averages over very many aggregates. Thus complications due to imperfections of 
the crystal structure are unimportant, and the measurements are well reproducible. 

The measurements give detailed information in a mathematically fairly simple 
form. In spite of this the theoretical treatment could only be a first approximation, 
and experiment could still not follow the finer details of the theory. However, it 
confirmed its main conclusions. 

It was found that as a first approximation the speed of diffusion could be charac¬ 
terized by a quantity D, constant for any one experiment. This quantity could be 
considered as the coeffioient of diffusion in a modified forhi of Fiok’s equation where 
c denotes not the concentration itself, but its difference from an equilibrium value. 
Theory shows that D contains two factors. The first, Dq, is proportional to the number 
of place changes of atoms per unit time, while the second embodies the thermo¬ 
dynamic conditions. It was predicted by theory and confirmed by experiment that 
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in most cases the order of magnitude of D is determined by Dq, but that in certain 
cases the thermodynamic factor becomes important. This second factor could be 
evaluated theoi'etically, if only in first approximation. 

Similar considerations seem also to be applicable to grain growth in the alloy. 
Here also the rate of grain growth may be considered as a product of Dq and another 
factor. However, in this case it was not found possible to evaluate the second factor 
theoretically, although the experimental results qualitatively confirm the theoretical 
ideas. 

Both theory and experiment show diflFusion to be slower for large than for small 
aggregates. This provides a method for the measurements of aggregate sizes. 

The author wishes to thank Professor Sir Lawrence Bragg, F.R.S., Professor 
N. F. Mott, F.R.S. and Dr H. Lipson for their interest in this work and valuable 
suggestions, Dr A. J. C. Wilson for help with the mathematical treatment, and the 
Iron and Steel Federation for financial assistance. 
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On th(; theory of electrical fluctuations 

By R. FtJRTH, Physics Department, Birkbeck College, University of London 
(Communicated by M, Born, F.R.S,—Itecewed 9 June 1947 ) 


Ill the first part of this paper a critical analysis of the fundamental principles of the theory 
of ‘thermal fiuctnations of electricity * is |*:ivont and a new derivation of Nyquist’s theorem is 
presented which avoids some of the main difihndties oncoimterod by Nyquist’s original work. 
The chief aim of the second part is to show that the two types of electrical fluctuation 
phenomena, namely, the 'thermal fluctuation’ and the ‘shot effect’, are in fact identical, 
in spite of the apparently different origin of the fluctuations. For this purpose the 
methods for the derivation of the expressions for the shot fluctuations and their meaning 
are critically analyze*!, and the leosons discussed which lead to the above-mentioned 
conclusion. Finally, on the basis of this idea, a tentative derivation of a general formula for 
the shot-effect in diodes is given which ought to bo valid throughout the whole range of the 
characteristic. 


1. Revised theory of thermal, flitctuatioks of electricity 


§ 1. In his famous paper on the Brownian motion Einstein (1906) postulated for 
the first time that a spontaneous irregular motion of electricity should ocunn* in 
electric circuits. He derived a formula for the mean square of the total electric 
charge Q which according to this phenomenon should be transferred through a 
cross-section of the circuit in time t: 





(M) 


where R is the resistance of the circuit, k Boltzmann’s constant and T the absolute 
temperature. 

In her well-known book on the Brownian motion Mrs de Haas-Lorentz (1913) 
gave an expression for the average square of the current I due to this Brownian 
motion of electricity: ^ _ 

( 1 - 2 ) 


(where L is the self-inductance of the circuit), which was based on the assumption 
that the mean magnetic energy of the current should be equal to \kT by the 
equipartition law. She also showed that if the circuit contained a condenser the 
average square of the voltage V across this condenser should be equal to 




kT 

C 


( 1 - 3 ) 


(where C is the capacity of the condenser), which implies that the average magnetic 
energy of the circuit is equal to its average electric energy. 

The most important progress was made by Nyquist (1928) who derived formulae 
for the current and voltage fluctuations in any branch of an arbitrary electrical 
network. 
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His formula for the current fluctuations reads 


/» = 


2kT Riot) , 

^ Jo I/>(")!* 


( 1 - 4 ) 


Here P is the mean square of the fluctuation current measured by means of a gal¬ 
vanometer in some branch of the network, p{o)) the complex impedance for an alter¬ 
nating current of angular frequency o) = 2;r/supplied by a generator in series with the 
galvanometer and measured across the terminals of the generator, and i?(w) the 
real part of p(6j). 

The formula for the voltage fluctuations is 


_ r** 

R'{o))doj, ( 1 * 5 ) 

^ Jo 

Here F* is the mean square of the fluctuating voltage measured by means of an 
electrometer connected to two terminals of the network and the real part of 
the complex im|)edance for a current of frequency w supplied by a generator in 
parallel with the electrometer and again measured across the terminals. 

Formula (F 4 ) is usually interpreted as meaning that if /{/) is expanded into a 
Fourier series the fluctuations due to all those harmonic components within a 
range /... /-f A/ of frequency give rise to a mean square current 


0 - ('■«) 

Similarly, one can interpret (i’6) as meaning that the mean square voltage due to 
the fluctuations within the frequency range A/ is equal to 

Vj^ikTR'Af. ( 1 - 7 ) 

The purpose of the first part of the present paper is to give a critical analysis of 
the above-mentioned underlying principles of the theory of ‘ thermal fluctuations 
of electricity ’ (as these phenomena are usually called) and to give a new derivation 
of Nyquist’s theorem which avoids some of the main difficulties encountered in 
Nyquist’s original work. 

§ 2. Einstein’s equation (1 ■ 1) is obtained by analogy from his formula for the mean- 
square displacement in an arbitrary but specified direction of a particle in a viscous 
medium in virtue of its Brownian motion. This in turn rests on the assumption that 
the mean kinetic energy of this movement is equal to ^kT. Now according to the 
equipartition law the mean kinetic energy of an arbitrary system in statistical 
equilibrium with a ‘ bath’ of temperature T is equal iX)\kT per degree of freedom in 
the limit of sufficiently high temperatures. As a solid particle is certainly a system 
of very many degrees of freedom one has first to prove that, in spite of this feet, 
the method of observation of the Brownian displacement makes it equivalent to 
a system of one degree of freedom only to which the classical equipartition law can 
be applied even at low temperatures. 
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As the generalized co-ordinates which determine the configuration of a material 
system can be arbitrarily chosen, provided they determine this configuration 
uniquely, it is clear that some of them can be chosen such as to be macroscopically 
observable, the rest being only microscopically observable. The former are usually 
called ‘ phenomenological co-ordinates’ (see, for example, Fiirth 1929). They are 
in general defined by certain averages over the whole system like the position of the 
centre of gravity, the density, etc. As they are macroscopically defined the formulae 
of classical statistical mechanics, and in particular the classical equipartition law, 
can be applied to measurements based on the observation of such phenomenological 
parameters. 

Thus the above-mentioned formula of Einstein is, strictly speaking, valid only if 
the projection of the displacement of the centre of gravity of the particle upon a 
specified direction is observed and measured as a function of time. Although this 
may prove very diflScult in some cases it becomes particularly simple when the 
dimensions of the particle are small compared with the measured displacements. 

Similarly, in the case of the electrical Brownian movement, in order to check 
formula (M) one would have to observe the movement of the electrical centre of 
gravity of a definite number of electrons (or other charged particles) within an electric 
circuit. This, however, is obviously not possible; the only thing that can be observed 
is the fluctuation of the electric field due to the movement of all electrons in the circuit. 
In particular, the position of the centre of gravity of the whole system of electrons 
will be stationary. Hence formula (Id) is of purely academic interest. 

On the other hand, the true speed of the Brownian motion of a material particle 
cannot be measured by macroscopic observation, and hence the fundamental assump¬ 
tion that the mean kinetic energy of the movement of the centre of gravity of the 
particle is ^kT cannot be directly verified. In the electrical case, however, the 
combined effect of the irregular movement of the electrons produces a magnetic 
field which can be observed. The average magnetic field strength in some specified 
region of the field can thus be measured, for example, by the deflexion of a magnetic 
needle which can be calibrated by sending a steady current I through the circuit. 
This quantity can now be defined as the time derivative of a phenomenological 
co-ordinate to which the equipartition law may be applied. As the energy of the 
magnetic field belonging to a given / is equal to \LI^ we obtain formula (1-2) at 
once by equalizing its time average to \kT. 

This, it is hoped, will make it clear under what circumstances and why an electric 
circuit can be considered as a system of one degree of freedom as regards electrical 
fluctuations in spite of the fact that every electrical system ha(3 a very large number 
of normal modes of vibration. Formula (1*2) applies only if the' current ’ I is defined 
by a measurement of the average magnetic field of the whole circuit, in particular, 
for instance, if the circuit consists entirely of the coil of the measuring galvanometer. 

Similar considerations apply to formula ( 1 * 3 ). The measurable quantity in this 
case is the average electric field strength in some region of the electric field of the 
condenser, exhibited, for example, by the deflexion of a charged fibre and calibrated 
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by a static voltage V across the condenser plates. This again shows that formula 
( 1 * 3 ) only applies if the ‘voltage’ F is defined by a measurement of the average 
electric field of the whole condenser, in particular, for example, if the condenser plates 
are used as the deflecting plates of an electrometer. 

§ 3. The theorem about the equality of the time averages of magnetic and electrical 
energy in a damped oscillating circuit was derived by de Haas-Lorentz (1913) by 
using her improvement of the method of Einstein & Hopf (1910)* That this theorem 
holds for ideal undamped oscillators can be regarded as common knowledge. But it 
seems that its generalization to damped oscillators is not so well known. It is there¬ 
fore perhaps not superfluous to give a short derivation here which is based on a 
general statistical theorem of Einstein (1906) (see also Fiirth 1929) which is extremely 
valuable for many problems of statistical mechanics: 

Consider a system for which certain phenomenological co-ordinates 
are defined and which has the property that each configuration of values of these 
parameters has the same probability. If now external forces are introduced which 
can be derived from a potential the distribution will be altered. Call 
the work which would have to be done against these forces in order to bring the 
system from its position of minimum potential energy IF — 0 into a configuration 
confined to the infinitesimal intervals a-round ^n- Then Einstein’s 

theorem asserts that the probability of finding the system in this configuration is 
given by 

= const, exp dll... (1-8) 

It follows immediately from (1*8) that the mean potential energy is equal to 

J...J ...,|Jexp[-- ^<^^’y’ -^-"J]dg. ...d|„ 

In the particular case of only one phenomenological co-ordinate | and taking 
W = which is characteristic for a harmonic oscillator, the above formula gives 

W =x \kT (MO) 

independently of the amount of damping. In the electrical case just considered one 
has W = which by virtue of (MO) immediately leads to formula (1*3). 

§ 4. From what has been stated in §2 it appears that in such cases where the 
Brownian motion of a complex mechanical system is observed by ‘marking’ an 
arbitrary point on its surface and measuring the Brownian displacements of this 
point with respect to a fixed system of co-ordinates, the system cannot be regarded 
as having one degree of freedom only, but all (or at least a considerable number of) 
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degrees of freedom have to be taken into account. The general method of dealing 
with such a problem is due to Omstein (1919) and has been applied by himself 
(Omstein 1927) and other workers (Houdijk 1925; van Lear & Uhlenbeck 1931) to 
the special problems of the Brownian movement of stretched strings and elastic 
rods. The application is possible in all such cases where the eigenfunctions of the 
equations of motion of the system under the given boundary conditions have the 
character of damped harmonic oscillations, which is, indeed, the case in the two 
examples mentioned above. Thus the system is completely equivalent to an assembly 
of independent damped harmonic oscillators, and the displacement at any point of 
the system will be the superposition of all the displacements of the component 
oscillators to each of which, as was shown in § 3 , an average potential and kinetic 
energy \kT can be assigned. 

Similarly, in all such cases where the current or voltage fluctuations in a part of 
an electrical network are observed, the relations ( 1 - 2 ) and ( 1 * 3 ) do not apply and the 
system must be treated as one of many degrees of freedom. This could be done by 
calculating all normal modes of vibration of the network and assigning tlie value 
\hT to their average magnetic and electric energies. This method, however, is 
cumbersome and not generally applicable. Moreover, it cotild not lead to Nyquist’s 
theorem although it was allegedly used by that author for deriving his formula ( 1 * 5 ). 
For it would give an expression for the mean>square voltage fluctuation containing 
a sum over the discontinuous spectrum of eigenfrequencies of the network, wliereas 
formulae ( 1 * 4 ) and ( 1 * 5 ) contain integrals over certain continuous functions of 
frequency which express the response of the network to alternating voltages. 

In order to obtain his theorem Nyquist uses the trick of replacing the actual 
circuit by two resistances connected by a transmission line of practically infinite 
length, in one of which the fluctuations are supposed to be 'generated' and in the 
other to be ‘dissipated’ and vice versa. Hence the frequency spectrum simply 
consists of the harmonics of an extremely low fundamental frequency and thus is 
practically continuous in the relevant part of the spectrum. But this procedure is 
by no means justified. Moreover, the notions ‘generation’ and ‘dissqDation’ of 
power which are borrowed from the dictionary of electrical engineering have no 
meaning if applied to fltiotuations which are essentially identical with the thermal 
motion and therefore incapable of being ‘dissipated ’ into heat. 

The following simple treatment of the phenomenon avoids these difficulties by 
replacing the given network by a virtual system of damped harmonic oscillators 
chosen in such a way as to have the same electrical characteristic with respect to 
alternating voltages as the given real network, f 

§5. In order to get the expression for the current fluctuations, consider a 
large number N of simple oscillating circuits (figure 1), each consisting of an 

t After the completion of this paper the author's attention was drawn to an unpxiblished 
confidential N.F.L. Report by R. E. Burgess, which has now been released for publication, 
where a very similar consideration is used, but not for deriving Nyquist’s theorem. 
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inductance L^, a capacity and a resistance and accordingly a proper fre- 

. -i- 

and a complex impedance —-^y -j 

for an alternating current of frequency w. 


(Ill) 

(M2) 



As they are connected in parallel the overall impedance p(w) is given by 

1 ^ 1 

2 :- 7 -^- ( 1 - 13 ) 

/o(w) «»ip„(<a) 

For a given set of values , 2N of the 3JV parameters L„, 0„, /?„, say X„, Cb, can 
be arbitrarily adjusted. Thus in the limit N ->oo two complete real functions Z/(w„) 
C{(i)n) are adjustable so as to yield any arbitrarily given complex function p(w) from 
(M2) and (M3). This proves that the virtual assembly of oscillators can be made 
equivalent to the given network to any desired degree of accuracy and that this 
equivalence is unique. 

Now because of the independence of the fluctuations in the different oscillators 
the total mean square current fluctuation will be equal to the sum of the expressions 
(1-2) over all the oscillators _ . 

P^^hTZ-r-- (M4) 


On the other hand, it can be shown by means of Cauchy’s theorem of residues (see 
Appendix) that the real part of the integral 


joP„(a>)’ 


(M6) 
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where is the expression (M 2 ), is equal to 


5R(«») = 2X" 

independently of the other quantities cfintained in (M2). Thus, substituting into 
(M 4 ) and using ( 1 ' 13 ), we have 


P 


2 kT 

n 


JV *>4.71 

S 9 ?(a«) = --- 



2 kT 

n 



p*{<t))(l( 0 \ 

lp(w)i*/ 


2 * 7 ’f- i 7 (w) - 

J. 17 ^*''“' 

(M 7 ) 


which is identical with Nyquist’s fommla ( 1 * 4 ). 

The procedure for obtaining the expression for the voltage fluctuations is similar, 
the only difference being that in order to get the total mean-square voltage fluctua¬ 
tion as the sum of the fluctuations in the single oscillators we must now assume them 
to be cunnect/ed in series as indicated by figure 2. 
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In this case the complex impedance p', of the wth oscillator is instead of (I • 12 ) 

ft,, + uoL„ 


Pn = 


1 + 


N 


and the total impedance p' is p'{(o) = X p'lM- 

n-l 


Instead of (M 4 ) we have now in consequence of ( 1 ’ 3 ) 

^ 1 
= kT V 

n-l' ti 

Again it can be shown (see Appendix) that the real part of the quantity 


(M8) 

(M 9 ) 

(1-20) 


( 1 - 21 ) 

is equal to 9 i(^«) = 2^- ’ (1-22) 

all the other quantities contained in (M 8) dropping out. Hence from (M 9 ) and (I * 20 ) 

( 1 . 23 ) 

n n-i ^ \Jo / Jo 

which is identical with Nyquist’s formula (1*6). 
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§ 6, The above-presented derivation of Nyquist’s formula evidently does not 
require the frequently used notion of an irregular fluctuation composed of harmonic 
oscillations with a continuous spectrum. This seems to be a definite advantage 
because it is by no means clear what is actually meant by such a statement. For the 
decomposition of a strictly periodic function of time into a discrete series of harmonic^ 
components can, of course, be carried out by Fourier analysis, and similarly the 
decomposition of a non-periodic function, which is defined within and restricted to 
a finite time interval^ into a continuous Fourier spectrum is also possible by means 
of Fourier transforms. But in the case of a non-periodic function which does not 
satisfy the above-stated condition the result of the Fourier analysis will depend on 
the arbitrarily chosen zero point of time and has therefore no definite meaning unless 
this zero point is given. Hence it is difficult to see why a random function of time 
should indeed have a definite continuous spectrum at all (see also Fry 1925). This 
criticism does not apply to such fluctuations which arise out of the superposition 
of incoherent harmonic modes of vibration, but here the si>ectrum is, of course, 
always a discontinuous one. 

An interpretation of formulae (1*6) and ( 1 * 7 ) which avoids these difficulties can 
be given on the basis of the results of § 5 . Formula ( 1 * 4 ) reduces to (1*6) if the 
mean-square current fluctuation is observed in a network which has the character 
of a narrow ‘band-pass’ filter of width A/ and uniform impedance p within that 
interval, and formula (i* 5 ) reduces to ( 1 * 7 ) if the voltage fluctuations are observed 
across the terminals of a ‘ band-stop ’ filter of uniform impedance/?'. This is equivalent 
to using a ‘spectral filter’ or monochromator in an optical investigation, and is in 
fact the only means by which information about the alleged ‘spectrum’ of the 
fluctuations can be obtained experimentally. 

§ 7 . A further question which we are now going to analyze critically is whether, in 
view of the fact that the current and voltage fluctuations m a circuit are clearly the 
outcome of the fluctuations in density and velocity of the electronic gas in the con¬ 
ducting parts of that circuit, the formulae for the observable effects ought not to 
be derived from the statistical theory of electrons in metals. The formulae resulting 
from such a theory would then express the current and voltage fluctuation in terms 
of the atomic constants of the conductors concerned. A derivation of formula ( 1 * 7 ) 
has, indeed, been given on these lines by Bemamont (1937) with the help of Lorentz’s 
classical theory of electrons. This result is rather astonishing in view of the fact that 
the Boltzmann energy distribution law which forms the basis of the Lorentz theory 
is not really valid at ordinary temperatures, the electron gas being almost com¬ 
pletely degenerate in the sense of the Fermi-Dirac statistics. Furthermore, it seems 
remarkable that the atomic constants should drop out of the final formula, which, 
apari/ from the Boltzmann constant k, contain^ only the bvlk quantity R*, 

The first of these facts can be explained by remembering that the observed effect 
is the fluctuation of a macroscopic parameter, equivalent to a system of compara¬ 
tively few degrees of freedom (that is, few as compared with the actual number of 
degrees of freedom). Thus we are not concerned with the energy-distribution law 
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of the single electrons but with the statistical distribution law of whole systems 
comprising very many electrons. It can be shown by statistical mechanical reasoning 
(Fiirth 1929) that the probability density- finding such a system in 

a configuration defined by certain values of the generalized co-ordinates 
and corresponding momenta Pi,jPm given by 





(1*24) 


where E(q^, • MjPw) total energy of the system in this configuration and C 

a constant to be determined in such a way as to make the integral of (1*24) over all 
configurations equal to unity. Now, in the overwhelming majority of configurations 
E will be very large as compared with kT, and hence the term 1 in the denominator 
of (1 *24) can be practically neglected, oven at low temperatures, so that the formula 
reduces to the classical Boltzmann law. 

The explanation of the second fact mentioned above can be given on similar lines. 
As long as the quantity whose fluctuations are observed has the character of a 
phenomenological co-ordinate only such physical constants ought to aj)pear in the 
fluctuation formulae as determine the time variation of that quantity under the 
action of external forces, that is again macroscopic and not atomic constants. Thus if 
a fluctuation formula is in fact obtained from a detailed electronic consideration, the 
atomic constants concerned can appear in this formula only in such a combination 
that they can be replaced by bulk constants. This shows that the procedure is 
unnecessarily complicated and that such derivations as the one presented in § 5 
are more appropriate for dealing with the problem because, apart from the equi- 
partition law, only macroscopic considerations are used. Here again the situation is 
completely analogous to that of the theory of the mechanical Brownian movement 
w here the same argument was first used by Einstein (1906) in his classical derivation 
of the formula for the Brownian displacement of a particle in a viscous medium which 
apart from k contains only the dimensions of the particle and the bulk viscosity 
of the surrounding medium* 

The justification for using the classical oquipartition law in all such problems is 
finally to be found in the argument of the preceding paragraph which answers the 
query put in the first paragraph of § 2. 

The method will break down, however, when the observed quantity is no longer 
a phenomenological co-ordinate in the true sense of the word, for instance, if the 
band width of the recording instrument is so wide that time intervals of the order 
of magnitude of the mean time interval between successive collisions of electrons 
with metal atoms have to be taken into account. In all such cases formulae (1-4) 
and (1'5) are no longer valid and have to be modified on the basis of a detailed 
statistical treatment. Such investigations were carried out by Bakker & Heller 
(1939), whose formulae, indeed, contain atomic constants apart from the bulk 
constants. 
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In view of certain discussions to be found in the literature on electrical fluctuations, 
for example,^in Moullin's book (1938), as to the actual source of the fluctuations, it 
is perhaps not superfluous to state clearly once again that this source is, of course, 
the thermal movement of the electrons, and neither the * resistance’ nor the ‘in¬ 
ductance ’ nor the ‘capacity ’ of the circuit components, similarly as the source of 
the ordinary Brownian movement of a particle is the thermal agitation of the 
molecules of the surrounding medium and not its ‘viscosity’. It depends entirely 
on the method of observation which of the above-mentioned bulk constants and 
in what combination they will appear in the fluctuation formula. 

2. General statistical thermodynamical theory of the shot-effect 

§ 8. Section 1 of this paper was devoted to the fluctuations of current and voltage 
usually called ‘ Thermal electrical fluctuations ’ or ‘ Brownian motion of electricity \ 
Another type of electrical fluctuation phenomena was predicted by Schottky (1918, 
1922) and is usually referred to as ‘shot effect’. It occurs in thermionic valves and 
similar devices where the current consists in the emission of electrons from an 
electrode and is therefore considered to be essentially due to the electronic structure 
of electricity, and hence of an entirely different nature from that of the thermal 
fluctuations. This is also indicated by the fact that the thermal fluctuation formulae 
contain the quantity fcT, the statistical measure of temperature, whereas the shot- 
effect formulae contain the quantity e, the magnitude of the electronic charge. 

However, under certain limiting conditions (retarding field condition in electronic 
valves) the shot-effect formula can be brought into a form which is very similar to 
(1-6), and a special investigation of the shot-effect under these conditions by Mac¬ 
Donald and the present author (Ftirth & MacDonald 1946, MacDonald &> Ftirth 1947) 
has completely confirmed the theory. This fact has frequently been discussed in the 
literature, e.g. by Schottky (1937), North, Harris & Thomson (1941,1942), and it has 
been suggested that in this limiting cose the two phenomena become identical. It is 
the main aim of section 2 of this paper to show that the two phenomena are actually 
always identical, in spite of the apparently different origin of the fluctuations; in other 
words, it is maintained that there exists only one kind of in trinsic electrical fluctuation 
phenomenon which assumes different aspects under different experimental conditions. 

In the following the methods for the derivation of the expressions for the shot- 
fluctuation and their meaning will be critically analyzed and the reasons discussed 
which lead to the above-mentioned conclusion. Finally, on the basis of this idea, 
a tentative derivation of a general formula for the shot-effect wiU be given which 
coincides with the expressions obtained by the electronic theory in all those cases 
where this latter theory is workable. 

§ 9, The phenomenon of current fluctuation in a diode due to the shot-effect was 
successfully treated by Schottky (1918,1922) under .the assumption that the emission 
of the individual electrons from the cathode was a sequence of random events, 
and that the transits of these electrons through the valve were independent of each 
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oth«r, which is actually the case when the diode is operated under saturation con¬ 
ditions, He introduced here for the first time the idea of resolving the irregular 
fluctuations into a continuous spectrum of harmonic oscillations and random phases 
(see §6). 

Calling 81 the deviation of the actual value / of the current from its average /, 
and denoting by (< 5 /)/ that part of the total current fluctuation which consists of 
harmonic components in the frequency rangehe obtained the formula 

^/TH2e/A/, (2-1) 

where e. is the magnitude of the electronic charge. 

The general objections against the notion of a harmonic 8|>ectrum of irregular 
fluctuations have been discussed in § 6, and they apply, of course, also to the 
case of shot fluctuations. A derivation of the formula for the current fluctuations 
in an oscillating circuit connected to a diode, where this artifice is not used, w'as 
first given by the present author (Fiirth 1922). It consists essentially in treating the 
discharge of the individual electrons through the valve as sudden charging up 
processes of the circxut condenser. A somewhat similar but more general and very 
ingenious method of treating the shot-effect was recently published by (.ampbell & 
Francis (1946), who consider the individual passages of the electrons through the 
valve as sharp ‘pulses’ of current. The method is based on what is usually known 
as ‘ ('ampbelFs theorem ’ and on the use of Fourier transforms, and in view of its 
extreme usefulness may be summarized here as follows: 

Suppose the fluctuation to be the outcome of independent ‘ events ’ a:(^), the number 
of these events in time dt being Xdt, and call the Fourier transform of x{t) 

Suppose further that the recorded effect is described by a time function y(t) whose 
Fourier transform is called Ffw). The quantity <I>(w) defined by 

y(w) = X(u>)<b{(a), (2-3) 

which may be called the ‘ characteristic ’ of the device used is a function of frequency 
which is completely determined by the macroscopic electrical and mechanical 
properties of that device. The functions X((o), Y(u)), will, of course, in general 
be complex. ^ 

It can be proved by Campbell’s theorem and by the ‘ folding theorem ’ of Fourier 

transforms that __ 

iSy)* - (y-yf == 2aJ^ | |>dw. (2-4) 

If »(<) has the character of a sudden pulse of short duration t and magnitude 
one has from (2-2) 
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K in partioxilar 07(0 is the ‘ current * due to the transit of a single electron of charge 
e one has evidently ^ 

and hence with the help of ( 2 - 4 ) and ( 2 * 5 ) 

= --- f “|<D(w) |adw. ( 2 - 7 ) 

^Jo 

Let us now first assume that the measured quantity j/ is the current / and 
accordingly the (complex) response characteristic ^?(a;) of the recording instrument 
plus attached network to alternating current of angular frequency w. Then from ( 2 * 7 ) 

(if/)* = ~ r“| (G((a) (2-8) 

^ Jo 

If, in particular, the recording device has the properties of a narrow 'band-pass 
filter* of width Af ~ AojI 27 t with unit response within that range formula (2*8) 
leads at once to Schottky’s formula (2*l).t 

If y is the voltage across two terminals of a network connected with the diode, 
0(6>) is the product of the 'transfer impedance’ Z(w) of the network (i.e. the ratio 
of the output voltage to the currant input) and the response characteristic (?'(o>) 
of the recording device, hence 

(Tf)! = - f*| Z{bt) 0'{0)) \*d4a, (2-9) 

^ Jo 

It may be noticed that formulae (2*8) and ( 2 * 9 ) contain, apart from e, only macro¬ 
scopic properties of the electric circuits; this reflects again the typical behaviour 
of the fluctuation of phenomenological co-ordinates as discussed before (§ 6). 
Their validity is again restricted to periodic times 27 r/w which are long compared 
with the mean time intervals between two successive interactions of an electron 
with atoms, that is, in this case the mean ‘transit time’ of the electrons through the 
valve. Modifications of (2*1) for such extreme conditions have been discussed by 
Ballantine (1928), Spenke (1937) others. 

§ 10. The next task is to discuss the reasons for the alleged identity of the two 
phenomena, thermal fluctuation and shot-effect, in spite of the fact that the formulae 
in § 1 contain the temperature and the formulae in § 9 the electronic charge and 
therefore seem to have nothing to do with each other. In order to make the 
argument clearer let us first study the analogous phenomenon of density fluctuations 
in gases (Fiirth 1920). 

If it is supposed that the probability for an individual molecule of the gas to be 
found in an arbitrary volume v is independent of the presence of other molecules in 
that volume (which is the case in a rarified ideal gas), then it follows immediately 

t An independent derivation of (2*1) on almost the some lilies was given by D. K. C. Mac¬ 
Donald in on unpublished paper in 1945. 
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from a well-known theorem of the theory of probability that the mean square of 
the relative density fluctuation within v is given by the formula 

M-'. (..10) 

\p) n 

where n is the average number of molecules in 

On the other hand, it follows from Einstein’s theorem (1*8) that the probability 
P(v)dv for a fixed mass rn of the gas, kept under constant pressure to occupy 
a volume between v and v -f dv (e.g. by having it contained in a cylinder with a loaded 
piston) is equal to 

P{v) dv = const, exp 



where W is the work to be done in compressing the gas from its initial volume 
to V = + Sv. 

For small values of Sv one has 


W(v) = 



(2*12) 


and hence from (2*11) 

F{v)dv = const.exp^- P{v)dv = ij, ( 2 - 13 ) 


from which immediately follows for the mean square of the spontaneous volume 
fluctuation //// \ 

Now it is readily seen that the density fluctuation Sp is connected with 8 v by 


where is the normal density belonging to Hence from ( 2 - 14 ) and ( 2 * 16 ) 


( 2 - 16 ) 


/Spy _ kT 

It* / ~ vlidpldvjf, 

which, by introducing the compressibility 

^ 1 /dvX 

^ ~ ~ **0 Wo’ 


can be written in the form 


U/ ~ «o 


( 2 - 16 ) 


( 2 - 17 ) 

( 2 - 18 ) 


According to the first treatment the phenomenon of density fluctuation seems to 
be entirely due to the molecular constitution of matter, and, indeed, formula (2'10) 
contains the quantity n which depends on the mass of the molecules concerned. 
According to the second treatment the phenomenon seems to be due to the statistical 
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nature of heat and, as a consequence, formula (2*18) contains apart from the 
macroscopic quantity k only the quantity kT, 

In actual fact, however, the two formulae can be brought into the same form. 
For by introducing the compressibility aTq of an ideal gas 


“ NkT 


(2-19) 


(t) = molar volume, N = Avogadro’s number), one can write instead of (2*18) 


1 / 0 / ~ KqWv^~ Kon' 


and this reduces to ( 2 ' 10 ) for an ideal gas. 

This shows that the two treatments only reflect two different aspects of one and 
the same phenomenon for which both the discontinuous constitution of matter and 
the thermal movement are essential. For there would be no fluctuation in the 
absence of an irregular thermal agitation, and there could be no such agitation in 
a real continuum. 

In a non-ideal gas formula ( 2 - 20 ) remains still valid while ( 2 - 10 ) becomes invalid. 
Although due account could be taken of the inter-molecular forces in the purely 
statistical treatment and thus a modification of ( 2 * 10 ) derived for such gases, it 
appears that the treatment by statistical thermodynamics gives the desired result 
in the form ( 2 ' 20 ) in a much simpler manner, at the same time introducing no other 
than macroscopic constants (k/kq), as it ought to be according to the general discus¬ 
sion in § 7 on the fluctuations of phenomenological co-ordinates. 


§ 11 . Returning to the case of electrical fluctuations it must now appear highly 
plausible that the two treatments presented in §§5 and 9 also reflect but two 
different aspects of one and the same phenomenon for which both the electronic 
structure of electricity and the thermal movement of the electrons are essential. 
For again there is no reason why an electric current, even if consisting of the passage 
of single electrons, should exhibit any irregular fluctuations unless these are brought 
about by the irregularity of the thermal movement of the electrons, and, on the 
other hand, no such thermal movement would occur in a truly continuous electro¬ 
magnetic field. 

The reason why the ‘shot-effect’ formulae contain c instead of kT is, so to speak, 
more or less accidental. For in order to get a discharge through an electronic valve 
at all the order of magnitude of the thermal kinetic energy of the electrons within 
the cathode metal must be the same as the potential energy eV^, where TJ is the 
negative potential barrier at the cathode surface. Thus e can be replaced by kTjVf, 
wliioh brings in the factor kT that is supposed to be characteristic of the ‘thermal 
fluctuation’ effect. 

This becomes particularly evident in a derivation of Nyquist’s formula ( 1 ' 6 ) by 
Campbell & Francis ( 1946 ) in the already mentioned paper where these authors 
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use the same method as the one described in § 9 , assuming the primary events 
responsible for the phenomenon to have again the character of sharp * pulses’. 
By supposing that these fluctuations are ‘generated’ in a simple circuit having 
the character of a system of one degree of freedom (see § 2), and from there 
transferred to the measuring instrument by a network with given properties, they 
can make use of the equipartition theorem and put the mean electrical energy of 
that circuit equal to \kT. By this procedure the quantity e is eliminated and kT 
substituted instead, which eventually leads to formula ( 1 * 5 ) for the thermal fluctua¬ 
tions of voltage. The success of this procedure shows very strikingly that there can 
be no difference in the statistical behaviour of thermal and shot fluctuations, at 
least within the frequency range indicated by the discussions in §§ 7 and 9 . 

§ 12 . In view of the preceding argument we are now justified in trying to reverse 
the procedure, namely, to apply the method of statistical thermodynamics for the 
derivation of the shot-effect formulae. Moreover, in analogy to the conclusions 
reached in the last paragraph of § 3 , we may expect that this treatment will hold 
not only in the case of a valve under saturation conditions where the electrons 
are independent of each other, but also in the more general case of a valve under 
‘ space-charge limitation ’ conditions where they are more or less strongly interacting 
with each other. But before proceeding with this programme we must first try to 
invalidate certain obvious objections against the method. 

It can first be objected that the shot-effect seems to be intimately tied up with the 
flowing of a finite mean current I through the valve, whereas it was supposed that 
no mean current flows in a circuit exhibiting thermal fluctuations, and it may there¬ 
fore be suspected that the presence of a source of power, for example, a battery, is 
essential for the shot phenomenon. But it is easy to see, on the one hand, that one 
can include a battery in a metallic circuit which will produce a non-vanishing steady 
mean current but will obviously not alter the magnitude of the fluctuations. One 
has simply to replace the quantity /* in the fluctuation formulae by (iJ/)* »= (/ - /)2. 
And similarly in the case of a constant e.m.f. acting between the terminals across 
which the voltage fluctuations are measured one will just have to replace the 
quantity F* by ( 5 F)®. 

On the other hand, it is by no means essential to have a mean current flowing in 
a circuit in which shot fluctuations are measured. This becomes evident when con¬ 
sidering the circuit diagram shown in figure 3 , which contains two identical valves 
connected to one and the same anode battery in a completely symmetrical circuit. 
If the voltage across the terminals . 4 , jB is measured by means of a galvanometer O 
it will exhibit fluctuations due to the independent shot fluctuations in the two halves 
(ACDEA) and (BCDEB) of the circuit, and this in spite of the fact that no mean 
current is flowing through 0 and that the average potential difference between A^ B 
is zero. 

The circuit of figure 3 is evidently equivalent to that of figure 4 , which con¬ 
tains one valve with two cathodes and a ‘grid’ anode between them; here, too, the 
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gal^aabmeter will exhibit ‘shot fluctuations', although the mean current through 
the instrument is zero. 

The second objection is that in the derivation of Nyquist's theorem it is tacitly 
assumed that the circuits employed contain only linear conductors, that is, con- 


G 



A 



ductors which obey Ohm’s law, whereas valves are non-linear conduotoars, the 
current I being a non-linear function of the voltage F. However, as the fluctuations 
are invariably small one can always with negligible error consider 1 to be linear 
in F within the range of fluctuations and thus replace the ohmic resistance R by the 
reciprocal of the differential conductivity dIjdV. 
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The third objectionis of a more serious nature. It is directed against the application 
of statistical thermodynamics in general and of the equipartition theorem in 
particular to valves from which a current is drawn, as in such a case the electrons 
are not in thermodynamic equilibrium with the emitting electrode and with the 
rest of the circuit. Now the fact that the electrons are moving from the hot towards 
the cold electrode would in itself not justify this objecti<^ as it only means that 
there is a steady ‘ drift ’ motion superposed over the irregular thermal movement of 
the electrons which has been dealt with above. But as a result of the emission 
mechanism of the electrons from the hot electrode the velocity distribution law is 
essentially asymmetrical, a fact which cannot be reconciled with a statistical 
equilibrium. 

This difficulty can be overcome by again considering the symmetrical circuit of 
figure 4 . Here the outer circuit {ACBEDF) contains both emitting electrodes 
symmetrically and is therefore (if the thermal fluctuations generated in the cold 
part of that circuit are neglected) equivalent to a device in which the velocity 
distribution of the electrons is completely symmetrical, so that they can now be 
regarded as being in thermal equilibrium with these electrodes at their temperatqre T, 

There still remains the difficulty that this circuit (and in fact any circuit used for 
measuring the shot-effect) consists, apart from the valves, of an external part which 
is at a much lower temperature TJj. The problem of treating thermal electrical fluc¬ 
tuations in a simple oscillating circuit in which the temperature is not constant 
throughout hm been solved by Omstein (1927), and his theory has been experi¬ 
mentally confirmed by himself and his collaborators (Ornstein, Burgers, Taylor & 
Clarkson 1927). The result of this theory can be simply expressed by saying that the 
formula (1*2) still holds in such a case provided that T is replaced by an ‘effective 
temperature’ 

( 2 - 21 ) 

» a 

where R, is the resistance of that part of the circuit which is at temperature T^. 
Applying this result to the circuit figure 3 or 4 it follows that, as long as 2r70 is kept 
sufficiently small compared with {dVldI)T, the thermal fluctuations due to the 
external part of the circuit can be practically neglected and the observed fluctuations 
attributed to the fluctuations of the electrons within the valves. 

Now the differential conductivity dljdV for the external circuit (AGBEF) of 
figure 4 is the same as that for the asymmetrical circuit {ACDF), as every electron 
that succeeds in overcoming the space-charge barrier in front of F and penetrates 
through a mesh of the grid into the other part of the valve will reach the other 
‘cathode’ E and therefore encounter no additional resistance in that other part. 
On the other hand, the mean-square voltage fluctuation observed across 2r will be 
twice that measured across r, as the fluctuations in the two halves of the circuit 
are independent of each other. Hence if formulae (1*6) and (1*7) are applied to 
a non-symmetrioal circuit containing a valve with one hot electrode the factor 4 
has to be replaced by a factor 2. This fact has been frequently disooesed by several 

Vol. 19*. A, 


40 



R. Ilirth 


authors (e.g. Schottky 1937; Bakker & van der Pol 1938; North and collaborators 
1941,1942) for the particular case of a valve under ‘retarding field conditions* (see 
later), and it is sometimes referred to as to mean that the ‘ effective temperature ’ for 
making the shot fluctuations appear as thermal fluctuations is equal to one-half of 
the cathode temperature of the valve. The above consideration shows that the 
significance of the fact is much more general and by no means restricted to the 
special case mentioned. 


§ 13 . Having thus cleared the ground by the foregoing discussion, we can now 
proceed with the treatment of the shot-effect on the basis of statistical thermo¬ 
dynamics. It will be sufficient to derive the generalization of formula (2*1) for a 
valve under arbitrary working conditions, as the formulae ( 2 * 8 ) and ( 2 * 9 ) can be 
then obtained by straightforward macroscopic network analysis. 

The mean current 1 will, in general, be a function of the mean saturation current 
\ and of the anode voltage in turn depends on the cathode potential barrier 
voltage Vf, and the cathode temperature T according to 


const, exp 


[i]' 


( 2 * 22 ) 


where e is again the magnitude of the electronic charge. 

We now follow the example of Ornstein (1919) and others (see, for example, 
Uhlenbeck & Ornstein 1930) by assuming that the current fluctuations are ‘pro¬ 
duced* by some small additional irregularly fluctuating ‘electromotive forces* 
and the seat of the first of these being the surface layers of the cathode and 
that of the second the interelectrode space. and are then the averages of the 
quantities 

^ TT rr . ¥7 ¥7 . ftT7 /rt 


F, = P^ + (SF„. K = V^ + SV„, 
and the total e.m.f. acting on the electrons is 

F = Fe+F„. 

It follows from ( 2 - 22 ), ( 2 - 23 ) and ( 2 - 24 ) that 


( 2 - 23 ) 


( 2 - 24 ) 


SI = + 

( 2 - 26 ) 

ww ® A. 

wj,; biJr.tT 

( 2 - 26 ) 

We now apply formula (FO), remembering that according to § 12 the factor 4 has 
to be replaced by a factor 2, the quantity Rl\p |* by SI/SV and 1} by (W)J; hence 

SSJ 

(SI)} * 2 fcr|iA/. 

( 2 - 27 ) 

which, by means of ( 2 * 26 ), can be witten 



( 2 - 28 ) 

and where, because of ( 2 * 24 ), + = 1 . 

8V dV 

( 2 - 29 ) 
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This formula may first be checked by applying it to a diode valve under' retarding 
field condition’, where % has a sufficiently large negative value so as to make the 
potential within the valve increase monotonically from the cold towards the hot 
electrode. In that caseT^ acts in the same way as the potential barrier and one 
has accordingly in analogy to ( 2 - 23 ) 



/ = const. 4 exp 

( 2 - 30 ) 

Thus from ( 2 ' 26 ) 

el 1 el 

{ 2 - 31 ) 

and consequently from ( 2 * 28 ) and ( 2 * 29 ) 



( 81 )) = 2c/A/ (retarding field), 

( 2 - 32 ) 


which is seen to be identical with (2vl). The fact that Schottky’s formula should hold 
not only in the saturation region but also in the retarding field region has been 
frequently commented upon and has been experimentally proved to be correct by 
MacDonald and the present author (P’Urth & MacDonald 1946, MacDonald & Fiirth 

1947)* 

In the particular case just considered the quantities ^VJSV happen to appear 
in the final formula only in the combination of their sum which is always equal to 
unity. In the general case, however, the two quantities will appear explicitly in the 
expression for the fluctuation, and as they are not independently determined we 
have to substitute their time averages into ( 2 ‘ 28 ). Thus in the general case 

Wff = , ( 2 - 33 ) 

where, of course, from ( 2 - 29 ) ( 2 ' 34 ) 

Let us hrst apply ( 2 * 33 ) to a valve under saturation. In this case one has / = /, 
and by (2-22) and (2’20) = IgtjkT. A current fluctuation 81 will then be cor¬ 

related to a fluctuation Jl^, brxt as 4 is independent of it will not be c.orrelated to 
a fluctuation SV^. Thus we can put = 0 and consequently according to { 2 - 24 ); 

(5) “ (If) * 

(W)Ja=2e/,A/ (saturation). (2-35) 

This is again Sohottky's formula (2'1), which is known to hold under saturation 
conditions. 

Let us now apply ( 2 - 33 ) to the case of a valve under ‘space-charge limitation’ 
when it is operated at a point within the lower bend of the characteristic, but still 
at positive anode potential. Under this condition I is practically independent of 
4 , as follows from the well-known Langmuir-Child theory. Therefore we have here 


40-2 
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j/e =* 0, Further, dl will now be correlated to dV„ only but not to SVg, and hence 
(5TJ) = 0, and from (2-34) (If) * which substituted into (2*33) yields 


{SI)) = 2hTg^^f. (2-36) 

In order to compare this formula with the classical Schottky formula ( 2 * 1 ) it is 

usual to write —— 

{81)) - 2 e/A/n, (2-37) 


where the factor F* is called the * space-charge reduction factor’, 
and (2-37) we find , ^ 


Comparing (2-36) 
(2*38) 


The expression (2*38) is essentially identical with the one obtained by North and 
collaborators ( 1941 , 1942 ) from a theory which involves the detailed evaluation of the 
potential interelectrode field and the paths of the electrons within this field, and is 
incomparably more complicated than the present one. It is true that North’s 
formula contains a numerical factor which is almost constant and equal to 1*3 in 
the above-mentioned region, and drops more or less suddenly to unity by approaching 
the retarding field region. The reason for this discrepancy is most probably that in 
the present derivation I is assumed to be completely independent of 4, which would 
be the case only if the electrons would leave the cathode with zero velocities, and 
which therefore is evidently only an approximation.f 
In the three special coses just dealt with it was possible to eliminate the quantities 
(SVJ8V) and (8VJ8V) from the expression (2*33) and to obtain formulae for the shot- 
effect which, in accordance with the principles laid down in § 6 , contain only 
macroscopic parameters. To achieve the same object quite generally seems to be 
rather difficult. But the preceding procedure suggests that at least a very approxi¬ 
mate solution will be obtained by assuming the quantities (SVJ8V) and (SVJSV) to 
have aluxiys statistical weights proportional to and respectively. This leads 
immediately to the relations 


Ul^r^+sr„’ \svj~g,+g„' 


(2-39) 


which evidently satisfy (2-34). 

Substituting (2'39) into (2'33) we get eventually 

(2-40) 

which for g^ - g^ - eljkT (retarding field) reduces to (2*32), for * 0 , = eTjkT 

(saturation) reduces to (2*35), and for g^ — 0, ga<0 (space-charge limitation) to 
t MacDonald & Hortree (in an unpublished paper) have shown that in the limiting cose 

of of the space-charge limitation region j 7 ,|Ss/--rr^ —; thus according to (2*26) one 

\dlg/%kT 

has gtt^gc in this case (as in the retarding field region), which immediately leads to (2*36) in 
conformity with the results of the present investigation. 
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(2*36). For (ordinary operating condition) one can, with the help of (2*26) 

write it in the form (2*37) with 



This formula hae been derived by D. K. C. MacDonald from a different considera¬ 
tion and discussed in his Ph.D. Thesis (Edinburgh). 

It would be highly desirable to check formula (2*40) by conducting an experi¬ 
mental investigation of the shot-effect in a diode over the whole range of operating 
conditions, and at the same time to determine the anode and temperature character¬ 
istics of that same diode from which the quantities and in their dependence on 
the operating conditions can be derived. 

{Note added in proof. Quite generally formula (2*40) can be written in the form 

Af 

which differs from (2*30) by the factor (l-}-a*/l + ^x) which is unity for a = 0 and 
a 1 (and approximately so within these limits) but increases rapidly for in¬ 
creasing values of a. This formula also holds for diodes with two electrodes (double 
diodes) apart from the fact that the factor 2 has to be replaced by 4. It has been 
shown by the present author (Fiirth 1947 ) that recent experiments on such valves 
by D. K. C. MacDonald ( 1947 ) are satisfactorily explained in this way.) 


3. Appendix 


In order to prove formula (1*16) substitute (M 2 ) into (1*15) and introduce the 


new variable 

U)Ln 

(3-1) 

Then 

1 1 *® xdx 

(3-2) 

where x^, are the roots of the equation 




(3-3) 

whence 


(3-4) 


The int^and/(a;) of (3*2) has evidently the two poles which, as is easily 

Been from (3*4), are both in the upper half of the complex oj-plane. Their respective 
residues are 

w* _* 


*1 *« 


1 . 


(3-6) 


Integrating along the indicated contour in figure 6 we obtain now from (3’6) by 
Cauchy’s theorem . 

^f(x)dx » 27ri(ri + rj) « 2ni. 


(3-6) 
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On the other hand, as for large values of x, /(*)-> l/x, the integral along the half- 
cirole of large reulius X tends towards 



(3-7) 


and hence in the limit for Z -^oo and for real x 


/•+00 

fix)dx 

J - CO 


= ni. 


(3-8) 



Now it is seen from (3-2) that 


Thus from (3'8) 
and finally 


J J(x)dx==-^j^f{x)dx'j . 
f(x)dx = f{x)dx^ = ni, 


(3-9) 


Similarly, in order to prove formula (1'22), substitute (M8) into (1*21) and again 
introduce the variable (3*1). Thus 

h -_1 

~ /- I 

where x^ are the same quantities (3*4) as before, and the two poles of the integrand 
/'(*) of (3*10) therefore are again situated in the upper half of the complex x-plane. 
The sum of the residues is now , , ■ , v 

Integration along the contour of figure 6 gives now 

f{x)dx « 27ri(ri + ri) * -2»r, 


J, 


(1 +ix)dx 


0 {x-xA\x-x^Y 


(310) 


(3*12) 
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and that along the half*cirole of large radius X 



J f\x)dx->~7t. 

(313) 

Hence in the limit for X 

~>(X) and real x 



/• + » 

f'(x)dx=:-n. 

J — CO 

(3-14) 

Now it appears from (3*10) that 



J J'(x)dx ^j^f'(x)dxj . 


Thus from (3*14) J 

-hco / r® \ 

f'(x)dx = 29*11^ f\x)dx\ = -TT, 


and finally 

m.) = 

{3-16) 
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